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PREFATORY   NOTE. 

The  last  edition  of  Hall  and  Knight's  Elementary  Algebra  pub- 
lished in  Dr.  Knight's  lifetime  was  the  sixth,  issued  in  1890. 
Since  his  death  in  1894  many  alterations  and  additions  have 
been  made,  as  occasion  required.  These,  for  which  I  am  solely 
responsible,  may  be  summarized  as  follows  : 

Extract   from   the   Preface   to   the    Seventh    Edition   {Jan. 
1897) : 
*'  The  distinctive  features  are  : 

"  (1)  The  definitions  of  dimension,  degree,  homogeneous  expresbion 
are  transferred  from  Art.  10  to  Art.  24. 

"  (2)  Greater  proininence  has  been  given  to  the  fundamental  Laics 
of  Algebra  (see  Arts.  22,  29-32,  46-^8).  With  this  object 
parts  of  the  chapters  on  Multiplication  and  Division  have 
been  re-written. 

"  (3)  A  short  section  on  the  use  of  Detached  Coefficients  has  been 
given  on  page  37. 

*'  (4)  A  fuller  treatment  of  the  Remainder  Theorem  and  its  appli- 
cations will  be  found  on  pages  236,  237. 

"  (5)  Five  new  sets  of  Miscellaneou^s  Examples  have  been  added  at 
convenient  intervals  beginning  with  one  on  page  32,  which 
replaces  Examples  IV.  c.*" 

Extract  from  the  Preface  to  the  Xew  Edition  {Oct.  1907) : 

' '  The  leading  features  are  : 

"  (1)  A  full  treatment  of  Graphs  occupying  more  than  50  pages. 

"  (2)  A  new  set  of  Easy  Examples  on  Substitution  in  Chapter  I. 

"(3)  The  greater  part  of  Chapter  VIII.,  on  Simple  Equations, 
has  been  re-written  so  as  to  bring  the  use  of  the  fundamental 
axioms  into  greater  prominence,  and  to  urge  the  importance 
of  verifying  solutions. 
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"(4)  Chapter  IX.,  on  Symbolical  Expression,  has  been  enlarged. 
In  particular,  the  section  on  Formulae  has  been  illustrated  by 
a  new  set  of  Examples. 

"  (5)  A  section  on  Square  Root  by  inspection  has  been  inserted 
in  Chapter  XVI. 

"(6)  In  Chapter  XVII,,  on  Factors,  a  section  on  factorisation  of 
trinomials,  by  completing  the  square,  has  been  introduced. 
Also  a  large  number  of  easy  miscellaneous  examples  take  the 
place  of  the  Exercise  XVII.  1  of  earlier  editions. 

*'  (7)  Considerable  additions  to  the  chapters  on  Quadratic  Equa- 
tions. In  particular,  a  set  of  examples  involving  applications 
to  Geometry  will  be  found  at  the  end  of  Chapter  XXVII. 

"  (8)  The  chapter  on  Logarithms  has  been  re-written  so  as  to 
introduce  and  explain  the  use  of  Four-Figure  Tables.  The 
Tables  of  Logarithms  and  Antilogarithms  have  been  taken, 
with  slight  modifications,  from  those  published  by  the  Board 
of  Education,  South  Kensington. 

**  (9)  An  easy  first  course  has  been  mapped  out  enabling  teachers 
to  postpone,  if  they  wish,  the  harder  cases  of  '  Long '  Multi- 
plication and  Division,  and  the  rules  dependent  on  these 
processes. " 

I  am  thus  responsible  for  more  than  100  pages  of  new  matter. 
In  particular,  pages  371-431  are  my  sole  work,  being  taken 
verbatim  from  my  little  book,  A  Short  Introduction  to  Graphical 
Algebra^  which  was  first  published  in  1902. 

H.  S.  HALL. 

Fehniary,  1913. 


SUGGESTIONS  FOK  A  FIRST  COUESE. 

In  the  first  thirty  chapters  an  asterisk  has  been  placed  before 
all  articles  and  examples  which  may  conveniently  be  omitted 
in  a  first  course.  Notes  are  occasionally  given  suggesting 
the  most  suitable  place  for  a  section  which  may  have  to  be 
postponed. 

For  those  who  wish  to  defer  to  a  later  stage  all  the  rules 
dependent  on  '  Long '  Multiplication  and  Division,  so  as  to 
reach  Quadratic  Equations  earlier,  the  following  detailed 
course  is  recommended. 

Chap.  I.     Arts.   1-11,   13-15.     [Omit  Art.   12,  Examples  I.  c] 

Chap.  II. -V.     Arts.   16-40.     [Omit  all   the  rest   of  Chap.  V., 
except  Art.  44.] 

Chap.  VI.     Arts.  46-50.     [Omit  Arts.  51-55.] 
Chaps.  YII.-XIII.     Arts.  56-107.      In  connection  with  Chap. 
Xin.  Arts.  417-424  on  Elementary  Graphs  may  be  read. 

Chaps.  XIV.,  XV.     Arts.  108-113.     [Omit  Arts.  114,  115.] 

Chap.  XVL     Arts.   116-118a.     [Omit  Arts.  119-124.] 

Chap.  XVII.     Arts.  125-136.     [Omit  Arts.  136a-137.] 

Chap.  XVIII.     Arts.  138,  139.     [Omit  Arts.  140-148.] 

Chap.  XIX.     [Omit  Arts.   152,  153.] 

Chap.  XX.     [Omit  Arts.   159-163.] 

Chap.  XXI.     [Omit  Arts.   171,  172.] 

Chap.  XXn.     Arts.   173-179.     [Omit  Arts.   180-185.] 

[Chaps.  XXIII.,  XXIV.  may  be  taken  later.] 

Chap.  XXV.     Quadratic  Equations.     In  connection  with  this 
chapter  Arts.  425-428,  437-440  may  be  read. 

From  this  point  the  omitted  sections  must  be  taken  at  the 
discretion  of  the  Teacher. 
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ALGEBEA. 

CHAPTEE  L 
Definitions,     Substitutions. 

V  AlJGEBRA  treats  of  qiiantities  as  in  Arithmetic,  but  with 
^[reater  generalitv ;  for  while  the  quantities  used  in  arithmetical 
j)rocesses  are  denoted  hj  figures  which  have  one  single  definite 
value,  algebraical  quantities  are  denoted  by  symbols  which  may 
ihave  any  value  we  choose  to  assign  to  them. 

The  symbols  employed  are  letters,  usually  those  of  our  own 
alphabet ;  and,  though  there  is  no  restriction  as  to  the  numerical 
TaJues  a  symbol  may  represent,  it  is  understood  that  in  the  same 
piece  of  work  it  keeps  the  same  value  throughout.  Thus,  when 
we  say  "  let  a  =  l,"  we  do  not  mean  that  a  must  have  the  value  1 
always,  but  only  in  the  particular  example  we  are  considering. 
Moreover,  we  may  opei'ate  with  symbols  without  assigning  to 
them  any  particular  numerical  value  at  all ;  indeed  it  is  with 
such  operations  that  Algebra  is  chiefly  concerned. 

We  begin  with  the  definitions  of  Algebra,  premising  that  the 
symbols  +,  — ,  x,  -^,  =,  will  have  the  same  meanings  as  in 
Arithmetic.  Also,  for  the  present  it  will  be  assumed  that  all 
the  algebraical  symbols  employed  denote  integral  numbers. 

2.  An  algebraical  expression  is  a  collection  of  symbols; 
it  may  consist  of  one  or  more  terms,  which  are  separated  from 
each  other  by  the  signs  +  and  - .  Thus  7a  +  56  -  3c  -  .r  +  23/  is 
an  expression  consisting  of  five  terms. 

Note.     When  no  sign  precedes  a  term  the  sign  +  is  understood. 
E.  A.  A  (S 
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3.  Expressions  are  wittier  Simple  or  compound.  A  simple 
expression  consists  of  one  term,  as  5a.  A  compound  Compression 
■consists  of  tivo  or  more  terms.  Compound  expressions  may  be 
further  distinguished.  Thus  an  expression  of  tico  terms,  as 
2a  -  2b,  is  called  a  binomial  expression  ;  one  of  three  terms,  as 
2a  —  3b  +  c,  a  trinomial;  one  of  77iore  than  three  terms  a  multi- 
nomial.    Simple  expressions  are  also  spoken  of  as  monomials. 

4.  When  two  or  more  quantities  are  multiplied  together  the 
result  is  called  the  product.  One  important  difference  between 
the  notation  of  Arithmetic  and  Algebra  should  be  here  remarked. 
In  Arithmetic  the  product  of  2  and  3  is  written  2x3,  whereas 
in.  Algebra  the  product  of  a  and  b  may  be  written  in  any  of 
che  forms  a  x  6,  a .  6,  or  ab.  The  form  ab  is  the  most  usual. 
Thus,  if  a=2,  6  =  3,  the  product  a6  =  ax  6  =  2x  3  =  6 ;  but  in 
Arithmetic  23  means  "twenty-three,"  or  2 x  10  +  3. 

5.  Each  of  the  quantities  multiplied  together  to  form  a  pro- 
duct is  called  a  factor  of  the  product.  Thus  5,  a,  6,  are  the 
factors  of  the  product  bab. 

6.  When  one  of  the  factors  of  an  expression  is  a  numerical 
quantity,  it  is  called  the  coefficient  of  the  remaining  factors. 
Thus,  in  the  expression  bab,  5  is  the  coefficient.  But  the  word 
coefficient  is  also  used  in  a  wider  sense,  and  it  is  sometimes 
convenient  to  consider  any  factor,  or  factors,  of  a  product  as 
the  coefficient  of  the  remaining  factors.  Thus,  in  the  product 
Qabc,  6a  may  be  appropriately  called  the  coefficient  of  be.  A 
coefficient  which  is  not  merely  numerical  is  sometimes  called  a 
literal  coefficient. 

Note.  When  the  coefficient  is  unity  it  is  nsnally  omitted.  Thus 
we  do  not  write  la,  but  simply  a. 

7.  If  a  quantity  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  quantity,  and  is  expressed 
"by  writing  the  number  of  factors  to  the  right  of  the  quantity 
and  above  it.     Thus 

a  X  a  is  called  the  secoTid  power  of  a,  and  is  written  a? ; 

ay.  ax  a ...third  power  of  a, c^  ; 

and  so  on. 

The  number  which  expresses  the  power  of  any  quantity  ia 
called  its  index  or  exponent.  Thus  2,  5,  7  are  respectively 
the  indices  of  a%  a°,  a^. 

Note,  a^  is  usually  read  "a  squared";  a^  is  read  **a  cubed";; 
a^  is  read  " a  to  the  fourth" ;  and  so  on. 

When  the  index  is  unity  it  is  omitted.  Thus  we  do  not  write' 
a\  but  simply  a.    Thus  a,  la,  a\  la^  all  have  the  same  meanings 
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8.  The  beginner  must  be  careful  to  distinguish  between 
coefficient  and  index. 

Example  1.     What  is  the  difference  in  meaning  between  3a  and  a'? 
By  3a  we  mean  the  product  of  the  quantities  3  and  a. 

By  a^  we  mean  the  third  power  of  a ;  that  is,  the  product  of  the 
quantities  a,  a,  a. 

Thus,  if  a  =  4, 

3a  =  3xa  =  3x4  =  12; 

a^  =  axaxa=:4x4x4  =  64. 

Example  2.     If  6  =  5,  distinguish  between  4&2  and  26*. 
Here  462z=4x  6  x  6  =  4x  5  x  5  =  100  ; 

whereas    26'*= 2 x6x&x6x6  =  2x5x5x5x5  =  1250. 

Example  3.    If  a  =  4,  a;=  1,  find  the  value  of  5a:". 
Here  5x^  =  5  xxx  a;x  ccx  a;  =  5  x  1  x  1  x  1  x  1  =  5. 

Note.     The  beginner  should  observe  that  every  power  of  1  is  1. 

9.  In  arithmetical  multiplication  the  order  in  which  the 
factors  of  a  product  are  written  is  immaterial.  For  instance 
3x4  means  4  sets  of  3  units,  and  4x3  means  3  sets  of  4  units  ; 
in  each  case  we  have  12  units  in  all.     Thus 

3x4  =  4x3. 
In  a  similar  way, 

3x4x5=4x3x6=4x5x3; 

and  it  is  easy  to  see  that  the  same   principle   holds  for  the 
product  of  any  number  of  arithmetical  quantities. 

In  like  manner  in  Algebra  ah  and  ha  each  denote  the  product 
of  the  two  quantities  represented  by  the  letters  a  and  6,  and 
have  therefore  the  same  value.  Again,  the  expressions  abc^ 
ach,  hac,  bca,  cab,  cha  have  the  same  value,  each  denoting  the 
product  of  the  three  quantities  a,  6,  c.  It  is  immaterial  in 
what  order  the  factors  of  a  product  are  written ;  it  is  usual, 
however,  to  arrange  them  in  alphabetical  order. 

Fractional  coefficients  which  are  greater  than  unity  are  usually 
kept  in  the  form  of  improper  fractions, 

13 

Example.     If  a  =  6,  x  =  1,  z  =  5,  find  the  value  of  jQ^a^' 

13  13 

Here  ^aa;2=— x6x7x5=273. 
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EXAMPLES  I.  a. 

If  a  =  7,  6  =  2,  c=l,  ^=5,  y  =  3,  find  the  value  of 

1.     14a;.           2.     a;^.             3.     3aa;.          4.     a^             5.  5&y. 

6.     b^             7.     362.            8      2xa.          9.     GC*.          10.  4y3. 

11.     7c^         12.     96^         13.     Sbcj/.       14.     7y3.         15.  ga;^. 

If  a  =  8,  6  =  5,  c=4,  ^=1,  3/ =  3,  find  the  value  of 

16.     9a;y.        17.     8¥.         18.     Sx^.         19.     a:^.           20.  7y*. 

21.    c*.          22.    6^.          23.    r.          24.    a:*.          25.  y*. 

26.    a^.          27.    &^.           28.    a*'.          29.    c^.           30.  66a;y. 

If  a=5,  6  =  1,  c=6,  ^=4,  find  the  value  of 

31.    ^x^.       32.    tV^-     33.    3^         34.    2«.         35.  8^ 


8~  •  c.^.        lo* 


36.    7*.  37.    -^^acx.   38.    Iftca;.      39.    |c3.        40. 


64* 


10.  When  several  different  quantities  are  multiplied  together 
a  notation  similar  to  that  of  Art.  7  is  adopted.  Thus  aabhhhcddd 
is  written  a^h^cd^.  And  conversely  la^cd^  has  the  same  meaning 
as7xaxaxaxcxc?xo?. 

Example  1.     If  a;=5,  y  =  3,  find  the  value  of  Ax^-i^, 
4a;2y3_4x  52x33 

=4x25x27 
=  2700. 

Example  2.     If  a =4,  6  =  9,  a; =6,  find  the  value  of  ^    g' 

86a:^_8x9x62_8x9x36 
27a2~  27x43  ~  27x64 

11.  If  one  factor  of  a  product  is  equal  to  0,  the  whole  product 
must  be  equal  to  0,  whatever  values  the  other  factors  may  have, 
A  factor  0  is  usually  called  a  zero  factor. 

For  instance,  if  .r=0  then  ah^xy^  contains  a  zero  factor. 
Therefore  ah^xy^=0  when  .2^=0,  whatever  be  the  values  of  «,  6,  y. 

Again,  if  c=0,  then  c^=«0  ;  therefore  «6V  =  0,  whatever  values 
a  and  h  may  have. 

Note.     Every  power  of  0  Is  0. 
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EXAMPLES  I.  b. 

If  a  =  7,  6  =  2,  c  =  0,  :r=5,  y  =  3,  find  the  value  of 
1.     4ar2.  2.     a36.  3.     85^-  4.     3a-y2. 

5. 
9. 


13. 
17. 
21. 
25. 


^^x. 

6. 

PY. 

7. 

fxy4. 

8.     a^c. 

ahy. 

10. 

Sx^y. 

11. 

■^Qob^x. 

12.    ix^^. 

a  =  2,  6  = 

=  3,  c=l 

,P  =  0, 

q  =  4,  r  = 

6,  find  the  value  of 

86  ■ 

14. 

8a62 

15. 

6ah 
62  • 

ifi     ^^^ 

3a26<=. 

18. 

par. 

19. 

86? 
9a'"' 

20.     Sa'C. 

2a2^ 
7r 

5a^6« 
64r-» 

22. 
26. 

3*2*. 
32  * 

23. 
27. 

2*-a5. 
64 

24.     c*6?. 
28.    i^ 

[T'/ie  articles  and  examples  marked  icith  an  asterisk  may  he  post- 
po7ied  and  taken  in  connection  ivifh  Chap,  x^^.] 

*1 2,  Definition.  The  square  T/DOt  of  any  proposed  expres- 
sion is  that  quantity  whose  square,  or  second  power,  is  equal  to  the 
given  expression.    Thus  the  square  root  of  81  is  9,  because  9- =  81. 

The  square  root  of  a  is  denoted  by  ^/a,  or  more  simply  ^/a. 

Similarly  the  cube,  fourth,  fifth,  etc.,  root  of  any  expression 
ia  that  quantity  whose  third,  fourth,  fifth,  etc.,  power  is  equal  to 
the  given  expression. 

The  roots  are  denoted  by  the  symbols  If,  ;^/,  ^^,  etc. 

Examples.     ^^27  =  3  ;  because  3^  =  27.      4^32  =  2  ;  because  2^ = 32. 

The  symbol  ^  is  sometimes  called  the  radical  sign. 

Example  1.     Find  the  value  of  5^/(6a^6'*c),  when  a  =  3,  6  =  1,  c  =  8. 
5^{Qa%*c)  =  5  X  ^/(6  x  3^  x  1^  x  8)  =  5  x  ^(6  x  27  x  8) 
=  5x^/1296  =  5x36  =  180. 

Example  2.     Find  the  value  of  ^  /(  ^  ),  when  a  =  9,  6  =  3,  a:  =  5 

^lf^^^\-   ^//9x3^\_  ^If  9x81  \ 
'VV8x3;-A/V8x5V~VV8xl25J 
^//9x9x9\_  9 
y\    1000    /~10* 
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^EXAMPLES  I.   c. 


If  a  =  8,  c  =  0,  k=9,  .r=4,  y=l,  find  the  value  of 
1.     J{2a).  2.     s^^x).  3.     V(2aa;). 

4.     s/(2aF).  5.     4^(3^').  6.     ^{ax^). 

7.     4^(8a;3y3).  8.     ^'{cy^).  9.     2xJ{2ay). 

10.     5yV(4^^)-  11.     3cv/(^a;).  12.     2a:2/^/(4i/5). 

13.  V(S)-      ^^-  V(t)-      15-  V(^)- 

i«-  ^(i)-        ^-  ^/(^^)•       ^-  V(w)- 

13.  In  the  case  of  expressions  which  contain  more  than  one 
term,  each  term  can  be  dealt  with  singly  by  the  rules  already 
given,  and  by  combining  the  terms  the  numerical  value  of  the 
whole  expression  is  obtained.  When  brackets  (  )  are  used,  they 
will  have  the  same  meaning  as  in  Arithmetic,  indicating  that 
the  terms  enclosed  within  them  are  to  be  considered  as  one 
quantity. 

Example  1.     When  c  =  5,  find  the  value  of  c'*  -  4c  +  2c^  -  Zc^. 
Here  c^  =  5'*  =  5  x  5  x  5  x5  =  62o  ; 

4c=4x5  =  20; 

2c^  =  2x  5^  =  2  X  5  xo  X  5  =  250  ; 

3c2=3x52  =  3x5x5  =  7o. 
Hence  the  value  of  the  expression 

=  625-20  +  250-75  =  780. 

Example  2.     If  a  =  7,  &  =  3,  c  =  2,  find  the  value  of 

a{h  +  c)^-c{a-bf. 
The  expression  =  7 (3 +  2)2 -2 (7 -3)3  =  7.  52 -2.  43  =175 -128  =  47. 

Example  3.     When  a  =  o,  6  =  3,  c  =  l,  find  the  value  of 
„    a-b     ,„     a-c 
b  +  2c  (a  +  cf 

The  expression=52  x  3^^^^^^^  -  3^  x  ^^, 

2  4 

=  25xg-9x^ 

=  10-1  =  9. 


1.1 


DETINITIONS.      SUBSTITUTIONS. 


14.     By  Art.  1 1  any  term  which  contains  a  zero  factor  is  itself 
zero,  and  may  be  called  a  zero  term. 

Example    1.     If  a =2,  6  =  0,  x=?>,  y  =  3,  find  the  value  of 
5a^  -  ab^  +  2x^y  +  3bxy. 
The  expression  =  (5  x  23)  -  0  +  (2  x  5^  x  3)  +  0 
=  40  +  150  =  190. 
Note.     The  two  zero  terms  do  not  aflFect  the  result. 

Example  2.     Find  the  value  of  ^x^  -  ah/  +  labx  -  %y^,  when 

a  =  5,  b  =  0,  x  =  li  2/  =  l. 
^x^-ah/  +  7ahx-^y^=^.  V-b^.  l+0-#.  P 
=  291-25-2^=1,^'. 

Example  3.     Find  the  values  of  the  expression  x^-  lOx  +  21  when 
z  has  the  values  0,  2,  3,  7,  8. 

Here  the  following  arrangement  will  be  found  convenient. 


X 

0 

2 

3 

' 

8 

x^ 

0 

4 

9 

49 

64 

\^x 

0 

20 

30 

70 

80 

a:2-10x  +  21 

21 

5 

0 

0 

5 

Thus  the  required  values  are  21,  o,  0,  0,  and  5. 

15.  In  working  examples  the  student  should  pay  attention 
to  the  following  hints. 

1.  Too  much  importance  cannot  be  attached  to  neatness  of 
style  and  arrangement.  The  beginner  should  remember  that 
neatness  is  in  itself  conducive  to  accuracy. 

2.  The  sign  =  should  never  be  used  except  to  connect  quan- 
tities which  are  equal.  Beginners  should  be  particularly  careful 
not  to  employ  the  sign  of  equality  in  any  vague  and  inexact 
sense. 

3.  Unless  the  expressions  are  very  short  the  signs  of  equality 
in  the  steps  of  the  work  should  be  placed  one  under  the  other. 

4.  It  should  be  clearly  brought  out  how  each  step  follows 
from  the  one  before  it ;  for  this  purpose  it  will  sometimes  be 
advisable  to  add  short  verbal  explanations  ;  the  importance  of 
this  will  be  seen  later. 
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EXAMPLES  I.   d. 

If  a  =  2,  6=3,  c=l,  d=0,  find  the  numerical  value  of 


1. 

6a  +  5b-8c  +  9d. 

2. 

3a-46  +  6c  +  5d. 

3. 

5a  +  3c  -  26  +  Qd. 

4 

ab  +  bc  +  ca-  da. 

5. 

6ab-3cd  +  2da-  5cb  +  2db. 

6. 

abc  +  bed  +  cda  +  dab. 

7. 

Sabc  -  2bcd  +  2cda  -  4dab. 

8. 

26c  +  3cd-4rfa  +  5a6. 

9. 

3hcd  +  5cda  -  Idab  +  abc. 

10. 

a2  +  62  +  c2  +  cP. 

11. 

2a2  +  3&3_4c4. 

12. 

aHfe^-C*. 

If  a  =  l,  6=2,  c=3,  c?=0,  find  the  numerical  value  of 

13.  a3  +  63  +  c3  +  #.  14.     i6c3-a3-63-fa6Sc. 

15.  3a6c  -  62c  -  6a3. 

16.  2a2+262  +  2c2  +  2cP-26c-2cd-2da-2a6. 
17^  (?  +  ^ad^-Za^  +  bH. 

18.  a2  +  262  +  2c2  +  cP  +  2a6  +  26c  +  fcd. 

19.  2c2  +  2a2  +  262-4c6  +  6a6cd. 

20.  13a2  +  y^^  +  20a6  -  16ac  -  166c. 

21.  6a6-|«c2-2a  +  i64-3(Z  +  |c3. 

22.  a2-c2  +  62-d2+2a6-2cd. 

23.  2a6-f63  +  3ac-2c-cZ+3^ad.  24.     12564c  -  9d«  +  3a&s2(i. 

If  a  =  2,  6  =  1,  c=3,  a;=4,  y  =  6,  2=0,  find  the  value  of 

25.  c2(y-a;)-62(c-a).  26.     {2a  -  c)  (a;  +  2y  -  z), 

27.  |(c2-z2)+3(y2_a;2).  28.    ^  [cy  -  Ic")  +  ^  {xy -hc), 

29.  i:4M-  30-  p-^n^-^- 


oi      (a  +  y)^    6(c2-a)  „„      a^^_(a  +  6  +  z)2 

Oi.       7Z — ITs      IT/ -2  ,  ■"\-  «>^' 


(a;-z)3    7(a2  +  a;)'  ""•       a%''       [b  +  c-zf 

[a  +  bf  _  a{y  -  z)  g.      (a  +  6  +  c)2  ^  4(c-a)* 

{y-c)2     c(a:  +  z)*  c(y-z)        3(a  +  y)' 


L]  DEFINITIONS.      SUBSTITUTIONS.  8^ 

EXAMPLES  I.   e. 

1.  When  X  has  the  values  0,  3,  6,  8,  10  find  the  values  of 
a:2-9a;  +  20. 

7?- 

2.  Find  the  values  of  3  +  2a:  +  —  when  x  has  the  values  0,  1,2,  3,  4. 

4 

3.  Shew  that  y--  15y  +  56  is  0  if  y  =  7,  and  also  if  y  =  8.  What 
is  its  value  when  y  =  10  ? 

xy      x^ 

4.  Find  the  values  of  the  expression  y-r-z- +  y-r  4- 2x  when  x  has 

the  values  2,  6,  8,  10.  ^^^     ^'-' 

5.  Shew  by  substituting  10  for  a  and  3  for  h  that  the  two  ex- 
pressions 

4(a-6)  +  3(a  +  6),     5(a  +  &)  +  2(a-36) 
are  equal. 

Test  the  equality  also  when  a  =  6,  6  =  0. 

6.  Shew  that  a^^-Gx^+llx-G  is  0  for  each  of  the  values  x  =  \,  2, 
3.     What  is  its  value  when  x=  10  ? 

7.  Shew  that  the  expression  x?  -  132:--r44j:  is  equal  to  .32  when 
r=l,  4,  or  8, 

8.  Shew  that  x^-i-  10.r  is  equal  to  'x^  for  each  of  the  values  a:  =  0, 
2,  5.  Which  of  the  expressions  is  the  greater,  and  by  how  much, 
when  ar  =  6? 

9.  By  substituting  3  for  x  and  2  for  y  shew  that  the  expressions 

^'ji?^~xhj-y^    and    (2a;  +  y)(3a;-y)(a:  +  t/) 
are  equal. 

10.  Find  the  value  of  4a:- -f  4a; -3  when  ar  =  2,  and  when  x  =  \. 

11.  When  a;  =  5,  shew  that  4a;2  -  4x  -  3  is  equal  to  9  (a;  +  8). 

12.  Shew  that  %x?-Wx^^Zx  is  equal  to  0  when  x=\^  and  when 
r  =  |^.     Find  its  value  in  the  form  of  a  decimal  when  a;  =  Y^. 

Examples  for  Revision.     {Oral.) 

1.  What  do  you  understand  by  63  and  by  6  .  3  ? 

2.  What  is  meant  by  Aoxy  and  4 .  5xy  ?  If  a:  =  4,  y  =  5,  give  the 
arithmetical  value  of  each. 

3.  Which  is  the  greater  245  or  2 .  4 .  5,  and  by  how  much  ? 

4.  Give  the  product  of  t  and  u  in  three  ways. 
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5.  If  5  boys  have  p  marbles  each,  express  algebraically  how 
many  they  have  in  all.     If  jp  =  25  what  is  the  number  ? 

6.  If  X  cakes  are  to  be  shared  equally  among  6  boys,  express 
algebraically  how  many  each  will  have.  If  a:  =  42  what  is  the 
number  ? 

7.  If  54  books  are  divided  equally  among  c  boys,  express  each 
boy's  share  algebraically.     What  is  the  arithmetical  value  if  c  =  6  ? 

8.  What  is  the  difference  between  •*  twice  3  "  and  "  3  squared  "  ? 

9.  Give  the  expression  for  **  thrice  d,"  also  that  for  the  "  cube  of 
d."     Give  the  arithmetical  values  if  d  =  2. 

10.  Distinguish  between  "four  times  «"  and  **  a;  to  the  fourth." 
Give  the  respective  values  when  a:  =  3. 

11.  The  quantity  c  is  to  be  multiplied  by  the  quantity  x.  How 
is  this  expressed?     Give  the  product  if  c  =  7  and  a;  =  3. 

12.  If  X  factors,  each  equal  to  c,  are  to  be  multiplied  together, 

.  express  this  algebraically.     What  is  the  value  if  a;  =  3  and  the  factor 
c  =  11 

13.  The  quantities  a,  b,  c  are  to  be  added  together.  Express  this 
algebraically.     What  is  the  answer  if  a  =  5,  6  =  7,  c=ll  ? 

14.  The  quantity  r  is  to  be  taken  from  the  quantity  5.  Give  the 
algebraical  expression  that  denotes  this.  What  is  the  answer  if 
r  =  27  and  5  =  41? 

15.  A  boy  starts  playing  with  x  marbles  and  wins  y.  Express 
the  number  he  then  has.      If  a: =25  and  y  =  9,  what  number  has  he? 

16.  The  same  boy  plays  with  his  increased  number  and  loses  z. 
Express  the  number  he  then  has.      If  2=17,  how  many  has  he  left? 

17.  A  farmer  takes/ sheep  to  market  and  sells  g  of  them.  How 
many  has  he  left  ?     What  is  the  remainder  if,/=64  and  ^  =  48  ? 

18.  Another  fanner  takes  k  sheep  to  market  and  returns  with  I  of 
them.  How  many  has  he  sold?  If  k=15,  and  ^  =  32,  what  is  the 
number  he  has  sold  ? 

19.  Give  the  sum  and  product  of  the  three  quantities  a,b,c;  and 
if  a  =  5,  6  =  7,  c  =  6,  give  the  arithmetical  value  of  each. 

20.  If  I  walk  y  miles  per  hour  for  y  hours,  what  is  the  algebraical 
expression  for  the  length  of  my  walk  ?     If  y  =  4,  what  is  the  answer ! 


CHAPTER  11. 
Negative  Quantities.    Addition  of  Like  Terms. 

16.  ly  the  preceding  examples  the  sum  of  the  terms  to  be 
subtracted  has  never  been  greater  than  the  sum  of  the  terms  to 
be  added  ;  that  is  to  say,  every  operation  has  been  capable  of 
being  worked  by  Arithmetic.  But  in  an  example  that  reduces 
to  a  result  such  as  4  —  9  the  subtraction  cannot  be  arithmetically 
performed,  yet  as  an  algebraical  result  such  an  expression  can 
be  explained ;  and,  moreover,  a  subtractive  term  may  stand 
alone  and  its  meaning  be  quite  plain. 

17.  Algebraical  quantities  which  are  preceded  by  the  sign  + 
are  said  to  be  positive  ;  those  to  which  the  sign  —  is  prefixed 
are  said  to  be  negative.  When  no  sign  is  prefixed  the  -r  sign 
is  to  be  understood.  These  signs  are  frequently  used  to  denote 
a  quality  possessed  by  the  quantities  to  which  they  are  attached, 
as  explained  in  the  following  illustrations  : 

(i.)  Suppose  a  trader  gains  £100  and  then  loses  £70,  the  result 
of  his  trading  is  a  gain  of  £30,  that  is  +  £100 -£70= +£.30  ; 
and  the  +  £30  denotes  that  he  is  £30  better  off  than  when  he 
began. 

But  if  he  had  first  gained  £70  and  then  lost  £70,  the  loss 
would  exactly  balance  the  gain,  that  is  +£70  — £70  =  £0.  Thus 
he  would  be  in  the  same  position  as  when  he  began. 

If,  however,  he  had  first  gained  £70  and  then  lost  £100, 
the  result  of  his  trading  would  be  a  loss  of  £30,  that  is 
+  £70 -£100  =-£30,  and  the  -£30  denotes  that  he  is  £30 
worse  off  than  when  he  began,  or  that  he  now  has  a  debt  of  £30. 

Thus  we  see  that  the  —  £30  denotes  a  quantity  equal  in 
magnitude,  hut  opposite  in  character  to  the  +  £30. 

(ii.)  Again,  suppose  a  man  to  row  60  yards  up  a  stream,  and 
then  to  drift  down  with  the  current  for  40  yards,  his  position 
relative  to  the  starting  point  would  be  +60  yards -40  yards 
=  +20  yards,  the  +20  yards  denoting  the  distance  he  was  up 
stream  from  his  starting  point. 
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If  he  had  rowed  40  yards  up  stream  and  then  drifted  down 
60  yards,  his  position  relative  to  the  starting  point  would  be 
+  40  yards  -  60  yards  =  —  20  yards,  the  -  20  yards  denoting  the 
distance  he  was  down  stream  from  his  starting  point. 

Thus  we  see  that  —20  yards  denotes  a  distance  equal  in 
magnitude,  hut  opposite  in  direction  to  that  denoted  by  +20 
yards. 

(iii.)  On  a  Centigrade  thermoixieter  15°  C.  means  15°  above 
the  freezing  point,  and  -15°  C.  denotes  15°  helow  freezing 
point. 

From  the  above  examples  it  will  be  understood  that  +  5,  for 
example,  will  denote  a  quantity  greater  than  0  by  5  units, 
whereas  —5  will  denote  a  quantity  that  is  less  than  0  by  5 
units,  the  two  quantities  being  of  the  same  absolute  valv^  but 
of  opposite  charaxiter. 


EXAMPLES  II.   a. 

1.  A  trader  gains  £20,  loses  £42,  and  then  gains  £10.  Express 
algebraically  the  result  of  his  three  transactions. 

2.  Two  cricket  counties  play  16  matches  ;  one  wins  10  and  loses 
6j  and  the  other  wins  7  and  loses  9.  Express  the  two  results, 
allowing  a  gain  of  one  point  for  a  win  and  a  loss  of  one  point  for  a 
defeat. 

3.  In  the  night  a  Centigrade  thermometer  falls  to  -8°,  and  in 
the  day-time  it  rises  to  12°.  How  many  degrees  are  there  between 
the  readings  ? 

4.  A  Centigrade  thermometer  rises  to  9°  in  the  day-time  and  falls 
15°  during  the  night ;  what  is  the  night  reading? 

5.  A  snail  climbs  6  feet  vertically  upwards  from  a  given  point  on 
a  wall,  slips  down  15  feet,  and  tlien  climbs  6  feet  upwards  again. 
Express  algebraically  his  final  position  from  his  starting  point. 

6.  Two  men  each  fire  20  shots  at  a  mark  and  agree  to  register  4 
points  for  every  hit  and  to  deduct  3  points  for  every  miss.  One 
hits  the  mark  12  times,  the  other  8  times.  Express  algebraically 
their  separate  scores. 

7.  Each  of  three  football  teams  plays  20  matches  during  the 
season.  The  A  team  wins  9  and  loses  5,  the  B  team  wins  6  and 
loses  8,  and  the  C  team  wins  9  and  loses  9,  the  other  games  being 
drawn.  If  one  point  be  allowed  for  a  win,  and  one  point  deducted 
for  a  loss,  place  the  three  teams  in  order  of  merit  and  give  the 
expressions  that  denote  the  results  of  the  season's  play. 


n.]  ADDITION   OF  LIKE  TERMS.  11 

Addition  of  Like  Terms. 

18.  Definition.  When  terms  do  not  differ,  or  when  they 
differ  only  in  their  numerical  coefficients,  they  are  called  liko 
otherwise  they  are  called  unlike.  Thus  3a,  la  ;  5a-6,  2a'-6  ; 
Za?W,  —  Aa%^  are  pairs  of  like  terms  ;  and  4a,  36  ;  Ta^,  ^a%  are 
pairs  of  unlike  terms. 

The  rules  for  adding  like  terms  are 

Rule  I.       T}ie  sum  of  a  number  of  like  terms  is  a  like  term. 

Rule  II.     If  all  the  terms  are  positive,  add  the  coejfficients. 

Example.     Find  the  value  of  8a  +  5a. 

Here  we  have  to  increase  8  things  by  5  like  things,  and  the 
aggregate  is  13  of  such  things  ; 

for  instance,  8  lbs.  +  5  lbs.  =  13  lbs. 

Hence  also,  8a  +  5a  =  1 3a. 

Similarly,  8a  +  5a  +  a  +  2a  +  6a  =  22a. 

Rule  III.  If  all  the  terms  are  negative,  add  the  coejfficients 
numerically  and  prefix  the  minus  sign  to  the  sum. 

Example.     To  find  the  sum  of  -  3x,   -  ox,  -  "x,  -  x. 

Here  we  have  to  express,  as  one  subtractive  quantity,  the  sum, 
or  total,  of  four  subtractive  quantities  of  like  character.  To 
subtract  in  succession  3,  5,  7,  1  like  things  would  have  the  same 
effect  as  to  take  away  3  +  5  +  7  +  1,  or  16,  such  things  in  one 
operation. 

Thus  the  sum  of  -  3x,  -  ox,   -  Ix,  -  x  is  -  IQx. 

Rule  IV.  If  the  terms  are  not  all  of  the  same  sign,  add  to- 
gether separately  the  coefficients  of  all  the  positive  terms  and  the 
coefficients  of  all  the  negative  terms ;  the  difference  of  these  two 
results,  preceded  hy  the  sign  of  the  greater,  will  give  the  coefficient 
of  the  sum  required. 

Example  1.     Find  the  sum  of  17a:  and  -  ^x. 

A  gain  of  17  followed  by  a  loss  of  8  would  give  as  a  result  a  gain 
of  9,  for  the  difference  of  17  and  8  is  9,  and  the  gain,  or  positive 
term,  is  the  greater. 

Thus  the  sum  of  17a:  and  -8a;  =  9a:. 

Example  2.     The  sum  of  -17a:  and  8a:  =  -9x. 

Example  3.     Find  the  sum  of  8a,  -9a,  -a,  3a,  4a,  -  11a,  a. 

The  sum  of  the  coefficients  of  the  positive  terms  is  16. 

„  ,,  ,,  negative       ,,        21.  _ 

The  difference  of  these  is  5  and  the  sign  of  the  greater  is  negative  ; 
hence  the  required  sum  is  -  5a. 
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When  a  number  of  quantities  are  connected  together  by  the 
signs  4-  and  - ,  the  value  of  the  result  is  the  same  in  whatever 
order  the  terms  are  taken. 

For  example,  in  a  series  of  combined  losses  and  gains,  the  result 
is  the  same  in  whatever  order  the  gains  and  losses  are  taken. 

We  may,  therefore,  add  or  subtract  the  terms  in  the  most 
convenient  order,  which  is  usually  that  stated  in  Bule  TV. 
above.    This  process  is  called  collecting  terms. 

19.  When  quantities  are  connected  by  the  signs  +  and  — , 
the  resulting  expression  is  called  their  algebraical  sum. 

Thus  11a  — 27a  +  13a  = —3a  states  that  the  algebraical  sum 
of  11a,  —27a,  13a  is  equal  to  —3a, 

Note.  The  sum  of  two  quantities  numerically  equal  but  with 
opposite  signs  is  zero.     Thus  the  sum  of  5a  and  -  5a  is  0. 

EXAMPLES  II.  b. 

Find  the  sura  of 

1.     5a,  7a,  11a,  a,  23a.  2.  4a;,  x,  Sx,  7x,  9x. 

3.     76,  106,  116,  96,  26.  4.  6c,  8c,  2c,  15c,  19c,  100c,  c 

5.     -3x,  -5x,  -llx,  -Ix.  6.  -56,-66,-116,-186. 

7.     -3y,  -7y,  -y,  -2y,  -4y.  8.  -  c,  -  2c,  -  50c,  -  13c. 

9.     -116,  -56,  -36,  -6.  10.  5x,  -x,  -Sx,  2x,  -x. 

11.     26y,  -\\y,  -  15y,  y,  -Sy,  2y.  12.  5/,  -9/,  -3/,  21/  -30/. 

13.     2s,  -3.S,  s,  -s,  -5s,  5s.  14.  7y,  -Uy,  16y,  -By,  -2y. 

15.     5x,  -  Ix,  -  2x,  Ix,  2x,  -  5x.  16.  7a6,  -  3a6,  -  5a6,  2a6,  ah. 

Find  the  value  of 

17.  -9x2+1 1^2 +  3a;2-4a;2.  18.     Za^x-l^a^x  +  a-x. 

19.  3a3-7a3-8a3  +  2a3-lla3.  20.     4a:3  _  5^  _  g^^  _  7a^. 

21.  4a262  -  aW-  -  7a262  +  5a262  -  a262. 

22.  -  9a;^  -  4ar»  -  12a;^  +  13ar*  -  1x^. 

23.  Idbcd  -  Wahcd  -  4\abcd  +  2ahcd. 

24.  \x-\x  +  x-^^x.  25.    |a  +  |a-|^ 

26.  -56+i6-|6  +  26-J6  +  j6. 

27.  -|x2-2x2-|a;2  +  a:2+ia;2  +  igla:2. 

28.  -  a6  -  \ah  -  \ah  -  \ah  -  \ah  +  ab  +  ^2^' 

29.  ^x-^x  +  ^x-2x  +  ^x-^x  +  x. 

30.  -|a;2-fx2-4a:2-Ja;2-a;2. 


CHAPTEE  III. 
Simple  Brackets.    Addition. 

20.  "When  a  number  of  arithmetical  quantities  are  connected 
together  bj  the  signs  +  and  — ,  the  vakie  of  the  result  is  the 
same  in  whatever  order  the  terms  are  taken.  This  also  holds  in 
the  case  of  algebraical  quantities. 

Thus  a  —  b  +  c  is  equivalent  to  a  +  c  —  h,  for  in  the  first  of  the 
two  expressions  b  is  taken  from  a,  and  c  added  to  the  result ;  in 
the  second  c  is  added  to  a,  and  b  taken  from  the  result.  Similar 
reasoning  applies  to  all  algebraical  expressions.  Hence  we  may 
write  the  terms  of  an  expression  in  any  order  we  please. 

Thus  it  appears  that  the  expression  a  —  b  may  be  written  in 
'  [he  equivalent  form  —b  +  a. 

Tc  illustrate  this  we  may  suppose,  as  in  Art.  17,  that  a  repre- 
sents, a  gain  of  a  pounds,  and  —  6  a  loss  of  b  pounds :  it  is  clearly 
■  immaterial  whether  the  gain  precedes  the  loss  or  the  loss  pre- 

•  cedes-  the  gain. 

21.  Brackets  (  )  are  used  to  indicate  that  the  terms  enclosed 

•  within  them  are  to  be  considered  as  one  quantity.     The  full  use 
of  brackets  will  be  considered  in  Chap.  vii.  ;  here  we  shall  deal 

-  only  with  the  simpler  cases. 

8  +  (13  +  5)  means  that  13  and  5  are  to  be  added  and  their  sum 
-added  to  8.     It  is  clear  that  13  and  5  may  be  added  separately 
or  together  without  altering  the  result. 

Thus  8  +  (13  +  5)  =  8  +  13+5  =  26. 

Similarly  a +-{0  +  0)  means  that  the  sum  of  b  and  c  is  to  be 
added  to  a. 

Thus  a  +  (b+c)=a  +  b+G. 
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8 +  (13  —  5)  means  that  to  8  we  are  to  add  the  excess  of  13  over 
5  ;  now  if  we  add  13  to  8  we  have  added  5  too  much,  and  must 
therefore  take  5  from  the  result. 

Thus  8  +  (13-5)  =  84-13-5  =  16. 

Similarly  a-{-(b  —  c)  means  that  to  a  we  are  to  add  6,  diminished 
hy  c. 

Thus  a  +  {b-c)  =  a-hb-c (1). 

In  like  manner, 

a  +  b-c+{d-e-f)=^a  +  b-'C-hd--e~j (2> 

Conversely, 

a  +  b-c+d-e-/=a  +  b-c  +  {d~e-f) (3). 

Again,         a-b  +  c  =  a  +  c-b,  [Art.  20.] 

=  the  sum  of  a  and  c  —  b, 
=  the  sum  of  a  and  —b  +  c,  [Art.  20.] 

therefore    a-b-hc=a  +  {-b  +  c) = (4). 

By  considering  the  results  (1),  (2),  (3),  (4)  we  are  led  to  the 
following  rule  : 

Rule.  When  an  expression  within  brackets  is  preceded  by  the 
sign  + ,  the  brackets  can  be  removed  without  malcing  any  change  in 
the  expression. 

Conversely  :  Any  part  of  an  expression  may  be  enclosed  within 
brackets  and  the  sign  4-  prejixed^  the  sign  of  every  term  within  the 
brackets  remaining  unaltered. 

Thus  the  expression  a  —  b-\-c  —  d-\-e  may  be  written  in  any  o£ 
the  following  ways, 

a-\-{-b-\-c-d-\-e\ 

a-b  +  {c-d+e\ 
a-b  +  ci-i-d  +  e). 

22.  The  expression  a  —  (b  +  c)  means  that  from  a  we  are  to 
take  the  sum  of  b  and  c.  The  result  will  be  the  same  whether 
b  and  c  are  subtracted  sepai^ely  or  in  one  sum.     Thus 

a  —  {b-\-c)  =  a  —  b-c. 

Again,  a  —  {b~c)  means  that  from  a  we  are  to  subtract  the 
excess  of  b  over  c.  If  from  a  we  take  b  we  get  a  —  b;  but  by  so 
doing  we  shall  have  taken  away  c  too  much,  and  must  therefore 
add  c  to  a  —  b.     Thus 

a  —  (L  —  c)  =  «  —  6  +  c. 
In  like  manner, 

a  —  b-{c  —  d  —  e)  =  a—b  —  c  +  d+€. 

Accordingly  the  following  rule  may  be  enunciated ; 
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Rule.  When  an  expression  tdthin  brackets  is  preceded  by  the 
sign  — ,  the  brackets  may  be  removed  if  the  sign  of  every  term  within 
the  brackets  be  changed. 

Conversely  :  Any  part  of  an  expression  may  be  enclosed  irithin 
brackets  and  the  sign  —  pref.xed,  provided  the  sign  of  every  term 
within  the  brackets  be  changed. 

Thus  the  expression  a  —  b-\-c-\-d  —  e  may  be  written  in  any  of 
the  following  ways, 

a-(  +  6  — c  — c?+e), 

a  — 6  — (  — c-c?+<?), 
a  — 6  +  c  — (  — c?+e). 

We  have  now  established  the  following  results  : 

I.  Additions  and  subtractions  may  be  made  in  any  order. 

Thus  a  +  b  —  c  +  d~e  —f=  a  —  c  +  b  +  d  —f—  e 

=  a  —  c—f-\-d+b  —  e. 

This  is  known  as  the  Commutative  Law  for  Additioa  and 
Subtraction. 

II.  The  terms  of  an  expression  may  be  grouped  in  any  manner. 

Thus  a  +  b-c  +  d-e-f={a  +  b)-c  +  {d-e)-f 

=  a  +  {b~c)  +  (d-e)-f=a  +  b-(c-d)-(e  +  f). 

This  is  known  as  the  Associative  Law  for  Addition  and 
Subtraction, 

Addition  of  Unlike  Terms. 

23.  When  two  or  more  like  terms  are  to  be  added  together 
we  have  seen  that  they  may  be  collected  and  the  result  expressed 
as  a  single  like  term.  If,  however,  the  terms  are  unlike  they  can- 
not be  collected  ;  thus  in  finding  the  sum  of  two  unlike  quantities 
a  and  6,  all  that  can  be  done  is  to  connect  them  by  the  sign  of 
addition  and  leave  the  result  in  the  form  a  +  b. 

Also  by  the  rules  for  removing  brackets,  a  +  (  —  b)  =  a  —  b  ;  that 
is,  the  algebraic  sum  of  a  and  —  6  is  written  in  the  form  a-b. 

It  will  be  observed  that  in  Algebra  the  word  sum  is  used  in 
a  wider  sense  than  in  Arithmetic.  Thus,  in  the  language  of 
Arithmetic,  a  —  b  signifies  that  b  is  to  be  subtracted  from  a,  and 
bears  that  meaning  only ;  but  in  Algebra  it  is  also  taken  to  mean 
the  sum  of  the  two  quantities  a  and  —b  without  any  regard  to 
the  relative  magnitudes  of  a  and  b. 

E.A.  B 
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Example  1.     Find  the  sum  of  3a  -  56  +  2c  ;  2a  +  36  -  c? ;   -  4a  +  26. 

The  sum     =(3a-56  +  2c)  +  (2a  +  36-d)  +  ( -4a  +  26) 
=  3a-56  +  2c  +  2a  +  36-c?-4a  +  26) 
=  3a  +  2a-4a-56  +  36  +  26  +  2c-c? 
=  a  +  2c  -  c?, 
by  collecting  like  terms. 

The  addition  is,  however,  more  conveniently  effected  by  the 
following  rule  : 

Rule.  Arrange  the  expressions  in  lines  so  that  the  like  terms 
Ttmy  he  in  the  same  vertical  columns :  then  add  each  column  begin- 
ning loith  that  on  the  left. 


3a-56+2c 
2a  +  36         -d 

Aa  +  2b 

a         +2c-d 


The  algebraical  sum  of  the  terms  in  the 
first  column  is  a,  that  of  the  terms  in  the 
second  column  is  zero.  The  single  terms 
in  the  third  and  fourth  columns  are 
brought  down  without  change. 


Example  2.      Add    together     -  5a6  +  66c  -  7ac  ;    8a6  +  3ac  -  2ad ; 
-2ai  +  4ac  +  5ad;    6c  -  3a6  +  4a<:?. 


5a6  +  66c  -  7ac 
8a6  +  3ac  -  2ad 

2ab  +  4ac  +  5ad 

3a6+   6c  +4:ad 


-2ab  +  lbc 


+  1ad 


Here  we  first  rearrange  the  ex- 
pressions so  that  like  terms  are  in 
the  same  vertical  columns,  and  then 
add  up  each  column  separately. 


EXAMPLES  III,  a. 

Find  the  sum  of 

1.  a  +  26-3c;   -3a  +  6  +  2c;  2a-36  +  c. 

2.  3a  +  26-c;   -a  +  36  +  2c;  2a-6  +  3c. 

3.  -3x  +  2y  +  z',  x-Sy  +  2z',  2a;  +  y-3s. 

4.  -x  +  2y  +  3z;  Zx-y  +  2z;  2x  +  3i/-z. 

5.  4a  +  36  +  5c  ;   -  2a  +  36  -  8c  ;  a  -  6  +  c. 

G,  -15a -196 -18c;  14a  +  156  +  8c;  a  +  56  +  9c. 

7.  25a-1564-c;  13a-106  +  4c;  a  +  206-c. 

8.  -16a-106  +  5c;  lOa  +  56  +  c;  6a  +  56-c. 

9.  5aa:-76y  +  cz;  aa:  +  26y-c2  ;   -3ax+2by  +  3cz, 
10.  2<^p  +  q-r;  p-20q  +  r;  p  +  q-20r. 
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Add  together  the  following  expressions  : 

IL  -5ah  +  6bc-7ca;  8ab-4bc  +  3ca  ;   - 2a& - 25c  +  4<;a. 

12.  15ab  -  27bc  -  6ca ;  14a6  -  186c  +  lOca  ;  45bc  -3ca-  49a6. 

13.  5ab  +  bc-  Sea  ;  ab-bc  +  ca;   -ab  +  2ca  +  be. 

14.  pq  +  qr-rp;   -pq  +  qr  +  rp;  pq-qr  +  rp. 

15.  x  +  y  +  z;  2x  +  Sy-2z;  Sx~4i/  +  z. 

16.  2a-36  +  c;  15a-216-8c;  246  +  7c  +  3a. 

17.  4xy-9yz  +  2zx;   -2oxy  +  24yz-zx ;  2Sxy-l5yz  +  zx. 

18.  l7ab-Ubc  +  8ca;    -5ab  +  9bc-7ca ;   -7bc-ca  +  2ab. 

19.  47a:-63y  +  2;   - 25x  +  15y - Sz  ;   -22a;  +  15z  +  48y. 

20.  -176-2c  +  23a;   -9a  +  156  +  7c;   -13a  +  36-4c. 

Dimension  and  Degree. 
Ascending  and  Descending  Powers. 

24.  Each  of  the  letters  composing  a  term  is  called  a  dimen- 
sion of  the  term,  and  the  number  of  letters  involved  is  called 
the  degree  of  the  term.     Thus  the  product  abc  is  said  to  be  of 
three  dimensions,  or  of  the  third  degree ;  and  a^r^  is  said  to  be  of 

Jive  dimensioTis,  or  of  the  fifth  degree. 

A  numerical  coeflBcient  is  not  counted.  Thus  Sa-J^  and  a^h^ 
are  each  of  seven  dimensions. 

The  degree  of  an  expression  is  the  degree  of  the  term  of 
highest  dimensions  contained  in  it;  thus  a*  — 8a^  +  3a-5  is  an 
expression  of  the  f&nrth  degree,  and  a^x—7b^j^  is  an  expression  of 
the  fifth  degree.  But  it  is  sometimes  useful  to  speak  of  the 
dimensions  of  an  expression  with  regard  to  some  one  of  the 
letters  it  involves.  For  instance  the  expression  ax^  —  haP^  +  cx  —  d 
is  said  to  be  of  three  dimensions  in  x. 

A  compound  expression  is  said  to  be  homogeneous  when  all 
its  terms  are  of  the  same  dimensions.  Thus  8a^  -  a*^^  +  9a6^  is  a 
homogeneo2cs  expression  of  six  dimensions. 

25.  Different  powers  of  the  same  letter  are  unlike  terms  ; 
thus  the  result  of  adding  together  2a^  and  3a^  cannot  be  ex- 
pressed bv  a  single  term,  but  must  be  left  in  the  form  2.r^  +  3^. 

Similarly  the  algebraical  sum  of  Sa-i^,  —Zab"^,  and  —6*  is 
ba^b^  —  3ab^  —  6*.  This  expression  is  in  its  simplest  form  and 
cannot  be  abridged. 
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In  adding  together  several  algebraical  expressions  containing 
terms  with  diferent  powers  of  the  same  letter,  it  will  be  found 
convenient  to  arrange  all  expressions  in  descending  or  ascending 
powers  of  that  letter.  This  will  be  made  clear  by  the  following 
examples. 


Example  1.      Add    together  3ar^  +  7  +  6a:  -  5^2 ;    2x2  -  8  -  9a; ; 
4a;  -  2x^  +  'ix^ ;  Za^  -  9a;  -  a;^ ;  a;  -  a;^  -  a;^  +  4. 

In  writing  down  the  first  expression 
we  put  in  the  first  term  the  highest 
power  of  X,  in  the  second  term  the 
next  highest  power,  and  so  on  till  the 
last  term,  in  which  r  does  not  appear. 
The  other  expressions  are  arranged  m 
the  same  way,  so  that  in  each  column 
we  have  like  powers  of  the  same  letter. 


3a;'-5a;2  +  6a;  +  7 
2a;2  _  9a;  _  g 

-2a;'  +  3a:2  +  4a; 
3a;3_   y^-^x 

—   :(? -   x^-V   a:  +  4 
3a;3_2a:2_7a:  +  3 


Example  2.      Add   together    3a62  -  2h^  +  a^  ;    6a-h  -  ah^  -  Sa^  j 


-263  +  3a/)2  +  «» 

-   ab^+   5a^b-3a^ 

6&3  +8a3 

a62+   9a^h  -2a» 

~  363  +  3a6^+14a26-{-4rt3 


Here  each  expression  contains 
powers  of  two  letters,  and  is 
arranged  according  to  descend- 
ing powers  of  b,  and  ascending 
powers  of  a. 


EXAMPLES  in.  b. 

Find  the  sum  of 

1.  2ab  +  Sea  +  6abc  ;  -  5ab  +  26c  -  5abc  ;  Sab  -  26c  -  3ca. 

2.  2x^-2xy  +  3y^;  4y^  +  5xy  -  2x' ;  x'^~2xy-6y^. 

3.  3a2-7a6-462;  -  6a2  +  9a6  -  36^  ;  4a2  +  a6  +  562. 

4.  x'  +  xy-y^  ;  -z^  +  yz  +  y^ ;  -x^  +  xz  +  z^. 

5.  -  a;2  -  3a;y  +  3y^  ;  3a;2  +  4a:y  -  5y^ ;  x^  +  xy  +  y\ 

6.  x^-sr^  +  x-l;  2a;2-2a;  +  2;  -3x^  +  5x+l. 

7.  2x^-x^-x;  4a;3  +  8a;2  +  7a;;  -Qx^-6x'^  +  x, 

8.  9x2-7a:  +  5;  -  14a~'  +  15a;-6  ;  20a;2 - 40a; - 17. 

9.  10a;3  +  5a,  +  8;  3x^-4x^-6;  2a;3_2a;-3. 

10.  a^  -  a6  +  6c  ;  a6  +  6^  -  ca  ;  ca  -  6c  +  c^. 

11.  5a8-3c3  +  d3.  63-2a3  4-3cP;  ic^-2a^-3dK 
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Find  the  sum  of 

12.  6x^-2x+l;  2z^  +  x  +  6;  x^-7a^+2x-4. 

13.  a^-a^  +  Sa;  3a^  +  4^0?  +  8a  ;  ha^  -  Qa?  -  11a. 

14.  x^  +  y^~2xy;  1z^-'^y'--\yz',  2x^-2z^-3xz. 

15.  a^-2y^  +  x;  y^-2x^-i-y',  x^  +  2y^-x  +  f. 

16.  x^  +  Sx^y-\-3xy';  -  3x-y  -  Sxy"^  -  a^  ;  3x'^y  +  4xyK 

17.  a^  +  oab^  +  h'^;  h^  -  lOab-  -  a^ ;  5ab^  -2I^  +  2a-b. 

18.  x^  -  4.xh/  -  Sar^yS .  ^^y  +  2a: V  -  ^^Y  5  ^^1/^  +  6^  -  y^. 

19.  a3  -  4a^b  +  6abc  ;  a-b  -  lOabc  +  c^;  6^  +  3a^b  +  abc. 

20.  3^-  ^x^y  +  6xy^ ;  2x-y  -  3xy^  +  2y^;  y^  +  3x^y  +  ^xf. 

Add  together  the  following  expressions  : 

21.  ^a-^b;    -a  +  f6;   {a -6. 

22.  -|a-J&;    -^a  +  p;    -2a-h. 

23.  -2a  +  ^c;    -Ja-2fe;  |6-3c. 

24.  --^-^;  2a-3b;  ^b-c. 

25.  ix^  +  lxy-l/-;  -x^-ixy  +  2f^;  lx^-xy-\y\ 

26.  3a2 - |ab  - 1/)2 ;  - -|a2  +  Oa/, - 162 .  _  2 ^2 _ ^J  +  52. 

27.  |a:2_l^y  +  ^y2.    _3^+14^.y2.    l^_^  +  ^y2. 

28.  -  f a:^  +  5aar2 - %a^x  :  ar^ - ^^2  +  \y-x  ',  -\7?-^ f a=a:. 

29.  far^-lary-Ty^:  fary  +  ^2/^  -|a:2  +  V. 

30.  ia3-2a26-f63.  |u26 - foi^  +  263 j  _|a3  +  „j2+i53^ 


CHAPTER  IV. 

Subtraction. 


26.  The  simplest  cases  of  Subtraction  have  already  come 
under  the  head  of  addition  of  like  terms,  of  which  some  are 
negative.     [Art.  18.] 

Thus  5a  —  3a  =     2a, 

3a  —  7a  =  —  4a, 
—  3a  —  6a  =  —  9a. 
Also,  by  the  rule  for  removing  brackets  [Art.  22], 

3a-(-8a)  =  3a  +  8a 
=  lla, 

and  -3a-(-8a)= -3a  +  8a 

=  5a. 

Subtraction  of  Unlike  Terms. 

27.  The  method  is  shewn  in  the  following  example. 

Example.     Subtract  3a  -  26  -  c  from  4a  -  36  +  5c. 

The  difference 


The  expression  to  be  subtracted  is 
first  enclosed  in  brackets  with  a 
minus  sign  prefixed,  then  on  removal 
of  the  brackets  the  like  terms  are 
combined  by  the  rules  already  ex- 
plained in  Art.  18, 

It  is,  however,  more  convenient  to  arrange  the  work  as  follows, 
the  signs  of  all  the  terms  in  the  lower  line  being  changed. 


=  4a  -  36  +  5c  -  (3a  -  26  -  c) 
=  4a-36  +  5c-3a  +  26  +  c 
= 4a  -  3a  -  36  +  26  +  5c  +  c 
=a-6  +  6c. 


by  addition, 


4a  -  36  +  5c 

3a  +  26+   c 

a-   6  + 6c 


The  like  terms  are  written  in 
the  same  vertical  colunm,  and  each 
column  ia  treated  separately. 


Rule.  Change  the  sign  of  eoery  term  in  the  expression  to  be 
subtracted,  arid  add  to  the  other  expression. 

Note.  It  is  not  necessary  that  in  the  expression  to  be  subtracted 
the  signs  should  be  actv/xlly  changed  ;  the  operation  of  changing 
signs  ought  to  be  performed  mentally. 
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Example  1. 
5x'+  xy 

3x^-1xy  +  7y^ 


From  5x^  +  xy  take  Sx^  +  8ary  -  Ty'. 

In  the  first  column  we  combine  mentally  Zoi? 
and  -  It?,  the  algebraic  sum  of  which  is  3x-.  In 
the  last  column  the  sign  of  the  t-erm  -  7y"  has  to 
be  changed  before  it  is  put  down  in  the  result. 


Example  2.     Subtract  3aP  -  2x  from  1  -  a:^. 

Termjs  containing  different  powers  of  the  same  letter  being  unlike 
must  stand  in  different  columns. 


'0? 


+  1 


3^2 -2a; 


-x^-3x^  +  2z  +  l 


In  the  first  and  last  columns,  as  there  is 
nothing  to  be  subtracted,  the  terms  are  put 
down  without  change  of  sign.  In  the  second 
and  third  columns  each  sign  has  to  be  changed. 

The  re-arrangement  of  terms  in  the  first  line  is  not  necessary,  but 
it  is  convenient,  because  it  gives  the  result  of  subtraction  in  descend- 
ing powers  of  x. 


EXAMPLES  IV.  a. 

Subtract 

1.  4a-3b  +  c  from  2a-Sh-c. 

2.  a-3b  +  5c  from  4a  -  86-1-  c. 

3.  2a;-8y  +  z  from  15a; -f-10y-18z. 
1-  15a  -  276  +  8c  from  10a  +  36  +  4c. 

5.  -  lOa;- 14y+15s  from  a;-y- z. 

6.  -llah +  6cd  from  -  106c  +  a6  -  4cd 

7.  4a -36  + 15c  from  25a -166 -18c. 

8.  -  16a;  -  ISy  -  15z  from  -5a;  +  8y  +  7s. 

9.  ab  +  cd-ac-bd  from  a6  +  cd  +  ac  +  bd. 
10.      -  a6  +  cd  -  ac  +  6c?  from  a6  -  c<i  +  ac  -  bd. 


From 


11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


3a6  +  5c<i  -  4ac  -  6bd  take  3a6  +  6cd  -  Sac  -  obd. 
yz-zx  +  xy  take  —xy  +  yz-zx. 

-  2a;3  -  a:2  _  3a,  +  2  take  r3  -  a;  + 1. 

-  Sa;^  +  ^^xy~  +  lOxyz  take  4x^y  -  6xy"  -  Bxyz, 
•|«  -  6  +  ^  take  ^  +  ^6  -  ^c. 

■|a;  +  y-z  take  ^^-^y-  ^. 

-  a  -  36  take  fa  +  ■§•6  -  -i-c. 
i^-ry  +  To^  take  -lx  +  ^y--^z. 

-  fa:  -  |y  -  52  take  fa;  -  f  y  -^. 
-ia;  +  fy-^take|x-|y-^. 
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EXAMPLES  IV.  b. 

From 

1.  Zxy  -  hyz  +  Szx  ta'^e  -  ^xy  +  2yz  -  lOzx. 

2.  -  8ar V  +  1  ^^y  +  1  ^^  *^^®  ^^y^  +  7a:^y  -  8a:y3. 

3.  -8  +  6a6  +  a262  take  4-3a6-5a262. 

4.  a^hc  +  b'^ca  +  c'^ab  take  ZaHjc  -  bb'^ca  -  Ac^ah, 

5.  -7a26  +  8a62  +  cc/  take  5a-6  -  Ta^J^  +  6c€?. 

6.  -82:2y  +  5ary2_a;Y  take  9>0!>^y  -  ^ocy^  +  x^y\ 

7.  10a'^&2^15a62  +  8a26  take  -  lOa^fes+lSot^-Sa^ft. 

8.  4ar^-3a;  +  2  take  -5a:2  +  62;-7. 

9.  st^+\\3^  +  ^  take  8a;2-5a;-3. 

10.  -8a2a:2  + 5^:^2  +  15  take  9a2ar2  -  8ar^  -  5. 

Subtract 

11.  a:3_a-2  +  a.^.i  from  x^  +  a:2_a;  +  l, 

12.  32^2  _  33^y  +  a:3  _  y3  from  y?  +  Sx'^y  +  3xy^+y^, 

13.  b^  +  c^-  2abc  from  a^  +  6^  -  3a6o. 

14.  7xy^  -V^-  ^^y  +  ^^  from  Sa:^  +  7a:^y  -  Sary^  -  y^. 

15.  a:*  + 5  +  a:  -  32:3  from  5ar4- 8x3-20:2 +  7, 

16.  a^  +  63  +  c3  -  Saic  from  lahc  -  Za^  +  5^3  -  c^. 

17.  l-a:4-a:^-a:^-a:3  from  ar* -  1  +  a: - a;2. 

18.  7a*  -  8a2  +  3a5  +  a  from  a2  -  5a3  -  7  +  Ta^. 

19.  10a26  +  8a 62  -  8a363  -  6^  from  oa26  -  6a62  -  la?}?, 

20.  a3_53  +  ga62_7a26  from  -8a62  +  15a26  +  63. 

From 

21.  \oc^-\xy-%y'^  take  -|a;2  +  a:y-2/2. 


22. 

h'- 

-Ja-l  take  -fa2  +  a-i 

23. 

\^- 

-ia;  +  ^  take  |^a:-l+^x^. 

24. 

1^- 

-  \ax  take  ^^  -  \x^  -  ^ax. 

25. 

f.3. 

-  Ixy    - y'  take  \x'y  -  %y''  -  \xy^.. 

26. 

i«^- 

-  layp'  -  \p?x  take  \a:'x  ■\-\a?  -  |a«» 
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MISCELLANEOUS   EXAMPLES   L 

1.  Simplify         (I)  ^x -  2x^  -  {2x -  Ss^) ; 

(2)  3a-4b-{Sb-\-a)-{oa-8h). 

2.  To  the  sum   of   2a -36 -2c  aoad  26-a  +  7c  add  the  sum  of 
0-4C  +  76  and  c-6h. 

S,     When  x=S,  y=2,  2  =  0,  find  the  value  of 

(1)  ar  +  ^-xyz^;         (2)  1^!/*  +  ^. 

4.  Define  index,  coejncient.     In  the  expressions  ^x^  +  Zx,  2x^  +  7^^ 
aP  +  7x,  find  (1)  the  sum  of  the  indices,  (2)  the  sum  of  the  coefl&cients. 

5.  From  03^  +  3ar  -  1  take  the  sum  of 

2a;-5  +  7ar2and  3x^  +  4: - 2x^  +  x. 

6.  Subtract  3a  -  7a^  +  oa"  from  the  sum  of 

2  +  8a2  -  a3  and  2a^  -  Za?  +  a  -  2. 


7.  Distinguish  between  like  and  unlike  terms.      Pick  out  the  like 

terms  in  tke  expression 

a3  -  Sab  +  b'-  2a^  -a^-  +  3^2  +  oah  ^  la\ 

8.  Write  do-wn  in  as  many  ways  as  possible  the  result  of  adding 
together  x,  y,  euid  z. 

9.  Subtract  bx^  +  2x-  1  from  2a^,  and  add  the  result  to 

32r  +  3a:-L 

10.  If  the  number  of  pounds  I  possess  is  represented  by  +a, 
what  will  -  a  denote  ? 

11.  Write  down  in  algebraical  symbols  the  result  of  diminishing 
2a  by  the  sum  of  3&  and  ac. 

12.  When^  =  l,  y  =  2,  2  =  3,  find  the  value  of  the  sum  of  ox", 
-  22:32^  3y4_     ^iso  find  the  value  of  2;^  -  3y^. 


13.  Add  the  sum  of  2y  -  3y-  and  1  -  i^y^  to  the  remainder  left 
when  1  -  2y^  +  y  is  subtracted  frona  oy^. 

14.  Explain  clearly  why  x-{y-z)  =  x-y  +  z. 

15.  If  a:  =  4,  y  =  3,  z  =  2,  a  —  0,  find  the  value  of 

3ar^  -  2yz  -ax  +  oax'-y. 

16.  Simplify  2a -6 -(3a- 26)  + (2o- 36) -(a -26). 
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17.  Find  the  algebraical  stim  of  the  like  terms  in  the  expression 

5a3  -  4a26  +  b^  +  6a^b  +  lalP  -  Sa^b  +  4ab^  +  8a^b. 

18.  A  boy  works  x  +  y  sums,  of  which  only  y-2z  are  right ;  how 
many  are  wrong  ? 

19.  In  the  expression  3a^  -  7a^b  +  b*,  point  out  the  highest  power, 
the  lowest  power,  the  positive  terms,  and  the  coefficient  of  a^. 

20.  Take  x^—y-  from  3xy-^y^,  and  add  the  remainder  to  the 
Bum  of  'ixy  -X-  -  Sy^  and  It?-  +  6y^, 

21.  If  x—\y  y=3,  z=5,  w=0,  find  the  value  of 

v/(3a:y)  +  V(5a:2)  +  V(3yi/-'). 

22.  What  is  the  degree  of  a  term  in  an  algebraical  expression  ? 
In  the  expression  4x®  -  Sar^a^  +  a^,  what  is  the  degree  of  the  negative 
term? 

23.  Find  the  sum  of  5a-7h  +  c  and  36 -9a,  and  subtract  the 
result  from  c  -  46. 

24.  If  x=3,  y=4:,  p=S,  g=10,  find  the  value  of 

xyp  +  —^-  +  2q. 

v-y 


25.  If  X  represents  the  date  10  a.d.  what  will  -  3x  stand  for? 

26.  Add  together  3v?-lx  +  5  and  2a:^  +  5a;-3,  and  diminish  the 
result  by  Zx'^  +  2. 

27.  In  the  expression 

4a263  -  64  +  3a362  +  56^  -  aWx  +  2u?ab  +  oiby^  -  aP^, 

point  out  which  terms  are  likey  and  which  are  homogeneous.     What 
is  the  degree  of  the  expression  ? 

28.  Express  in  algebraical  symbols  the  excess  of  the  sum  of  a 
and  6  over  c  diminished  by  d. 

29.  A  man  walks  2a  -  6  miles  due  North  from  a  fixed  point  O, 
and  then  walks  a  distance  3a  +  26  miles  due  South ;  what  is  his  final 
position  with  regard  to  0  ? 

30.  What  expression  must  be  added  to  Zt^-^x-^-^  to  produce 


CHAPTER  V. 
Multiplication. 

{Part  of  this  chapter  may  he  taken  at  a  later  stage.  See  remark  on 
page  33.  The  easy  graphical  work  in  Arts.  411-420  may  he 
studied  after  Examples  v.  b.  ] 

28.  Multiplication  in  its  primary  sense  signifies  repeated 
addition. 

Thus  3x4  =  3  taken  4  times 

=  3  +  34-3  +  3. 

Here  the  multiplier  contains  four  units,  and  the  number  of 
times  we  take  3  is  the  same  as  the  number  of  units  in  4. 

Again  axb  =  a  taken  b  times 

=a  +  a  +  a+ ..., 
the  number  of  terms  being  6, 

Also  3x4=4x3;  and  so  long  as  a  and  h  denote  positive 
whole  numbers,  it  is  easy  to  show  that  axb  =  bxa. 

29.  When  the  quantities  to  be  multiplied  together  are  not 
positive  whole  numbers,  we  may  define  multiplication  as  an 
operation  performed  on  one  q^iantity  which  when  performed  on 
unity  produces  the  other.  For  example,  to  multiply  ^  by  f ,  we 
perform  on  4  that  operation  which  when  performed  on  unity 
gives  f ;  that  is,  we  must  divide  ^  into  seven  equal  parts  and  take 

4 
three  of  them.     Now  each  part  will  be  equal  to  - — -,  and  the 

4x3 
result  of  taking  three  of  such  parts  is  expressed  by  - — -= 

u  X  / 

TT  4     3     4x3 

Hence  -x  == =.  . 

5     7     5x7     • 

Also,  by  the  last  article, 

4x3_3x4_3     4 

6x7~7x5~7^5 

.4334 

5^7     7    i 
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The  reasoning  is  clearly  general,  and  we  may  now  say  that 
axb  =  bxa,  where  a  and  b  are  any  positive  quantities,  integral 
or  fractional. 

In  the  same  way  it  easily  follows  that 

abc  =  axb:<G 

=(ax  b)y.c={by.a)y.c  =  bac 

—  bx(axc)=  bxcxa  =  bca  ; 
that  is,  the  factors  of  a  product  may  be  taken  in  any  order.     This 
is  the  Commutative  Law  for  Multiplication. 

Example.     2ax3&xc  =  2x3xax6xc  =  6a6c. 

30.  Again,  the  factors  of  a  product  Tnay  be  grouped  in  any 

way  we  please. 

Thus  abcd=axbxcxd 

=  (ab)  X  (cd)  =  ax  (be)  xd=ax  (bed). 
This  is  the  Associative  Law  for  Multiplication. 

31.  Since,  by  definition,  a^  =  aaa,  and  a^  =  aaaaa, 

.'.  a^xa^  =  aaa  x  aaaaa = aaaaxxaaa = a^ = a^"*"^  ; 

that  is,  the  index  of  a  letter  in  a  product  is  the  sum  of  its  indices 
in  the  factors  of  the  product.  This  is  the  Index  Law  for 
Multiplication. 

Again,  ba^=f)aa,  and  la^=laaa. 

.  * .  6a^  X  7a^  =  5  x  7  x  aaaaa = 35a^ 

When  the  expressions  to  be  multiplied  together  contain 
powers  of  different  letters,  a  similar  method  is  used. 

Example.     5a^h^  x  8a%x^=5aaabb  x  Saabxxx 

=  4!0a^b^x^. 

Note.  The  beginner  must  be  careful  to  observe  that  in  this  pro- 
cess of  multiplication  the  indices  of  one  letter  cannot  combine  in  any 
way  loith  those  of  another.  Thus  the  expression  40a^b^3^  admits  of 
no  further  simplification. 

32.  BrUle.  To  multiply  two  simple  expressicms  together^ 
multiply  the  coefficients  together  and  prefix  their  product  to  the 
product  of  the  different  letters^  giving  to  each  letter  an  index  equ^l 
to  the  sum  of  the  indices  that  letter  has  in  the  separate  factors. 

The  rule  may  be  extended  to  cases  where  more  than  two 
expressions  are  to  be  multiplied  together. 
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Example,  1.     Find  the  product  of  x^,  y^,  and  x^. 
The  product =a:^  x  or^  x  3i^=x^'^^  x  a:^=ar^"^^"^8=x^'. 

The  product  of  three  or  more  expressions  is  called  the  con- 
tinued product. 

Example  2.     Find  the  continued  product  of  Sa;^^^,  S^'-^z^,  and  3aK5*c 
The  product = oa^^^a  ^  s?/^  x  Zxz'^  =  120ar'2/Sz», 

Multiplication  of  a  Compound  Expression  by  a  Simple 

Expression. 

33.     By  definition, 

(a  +  6)m=  m+m+m+...  taken  a+6  times 
={m  +  m  +  m-\- ...  taken  a  times), 
together  with  (m+m  +  wi+...  taken  h  times) 

=  am-\-bm (1), 

Also         (a  —  h)m=  rA  +  m-{-m+ ...  taken  a  —  b  times 
={m+m  +  m  + ...  taken  a  times), 
diminished  by  (m  +  w+m+...  taken  b  times) 

=  am  —  bm (2). 

Similarly  {a  —  b  +  c)m  =  am  —  bm+cm. 

Thus  it  appears  that  the  product  of  a  compound  expression  hy 
a  sing^^  factor  is  the  algebraic  sum  of  the  partial  products  of  each 
term  of  the  compound  expression  by  that  factor.  This  is  known 
as  the  Distributive  Law  for  Multiplication. 

Note.  It  should  be  observed  that  for  the  present  a,  6,  c  denote 
positive  whole  numbers,  and  that  a  is  supposed  greater  than  h. 

Examples,     3(2a  +  36  -  4c)  =  6a  +  96  -  12c. 

{4cc2  -  7y  -  82^)  X  Zxif'  =  \2a?y'^  -  2\xf  -  2Aan/h?. 


EXAMPLES   V. 

a. 

Find  the  value  of 

«, 

1. 

5ar2x7a;5. 

2. 

4a^  X  5a^. 

3. 

7a6  X  8a562. 

1 

Qxy^  x  5a:3. 

5. 

8a36  X  65. 

6. 

2a6c  X  Sac^. 

7. 

2a36«x  2^363. 

a 

5a-6  X  2a. 

9. 

4a263  X  7a5. 

10. 

^a'^Wxx^y\ 

11. 

3^32^  X  6a2a?*. 

12. 

a6c  X  xyz. 

13. 

3a467a:3  x  ^%x. 

14. 

4a86a;  x  762a:*. 

15. 

5a^x  X  8ca;. 

16. 

?>7^y^  X  Qa^x^. 

17. 

2a;  V  X  ^if' 

18. 

3a3a:^''  x  a^x^y^. 
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Multiply  together : 

19.     ab  +  bc  and  a%.  20.  5ah-1bx  and  4a^bx^. 

21.     5a;  +  3y  and  2x^.  22.  a'^  +  b'^-c^  and  a%. 

23.     6c  +  ca-a6  and  abc.  24.  Sa^  +  Sfe^-'ic^  and  4a2&c3. 

25.  5xh/  +  xy^-lxY  and  Sa:^.  26.  ea:^  -  Sx^y  +  Tary^  and  8a;V- 
27.     6a36c-7a62c2  and  a^b'^. 

Multiplication  of  Compound  Expressions. 

34.  If  in  Art.  33  we  write  c+o?  for  m  in  (1),  we  have 
(a+b)(c  +  d)  =  a{c+c£)  +  b{c  +  d) 

=(c+d)a-{-{c  +  (I)b  [Art.  29.] 

=ac  +  ad+bc  +  bd (3). 

Again,  from  (2) 

{a-b){c+d)=a(c+d)-b{c+d) 
={c  +  d)a-(c+d)b 
=  ac  +  ad  —  {bG-\-bd) 

=ctc+ad  —  bc  —  bd o(4). 

Similarly,  by  writing  c  —  d  for  m  in  (1), 

{a->rb){c~d)  =  a{c~d)->rb{G-d) 
=(c  —  d)a  +  (c  —  d)b 

=ac  —  ad+bc^-bd (5). 

Also,  from  (2) 

{a-b){c-d)=a(c-d)-b{c-d) 
={c  —  d)a-(c-d)b 
—  ac  —  ad  —  {bc  —  bd) 

=ac~ad—bc  +  bd (6). 

If  we  consider  each  term  on  the  right-hand  side  of  (6),  and 
the  way  in  which  it  arises,  we  find  that 
(  +  a)x{+c)=+ac. 
l~b)x{-d)=+bd. 
(~6)x(+c)=-6c. 
(  +  a)x(-c?)=  -«<^- 
These  results  enable  us  to  state  what  is  known  as  the  Rule 
of  Signs  in  multiplication. 

Rule  of  Signs.     The  product  of  two  terms  with^  like  signs  it 
positive  ;  the  froduct  of  two  terms  with  unlike  signs  is  negative. 


T.J  MULTIPLICATION.  29 

35.  The  rule  of  signs,  and  especially  the  use  of  the  negative 
multiplier,  "vrill  probably  present  some  difficulty  to  the  beginner.- 
Perhaps  the  following  numerical  instances  may  be  useful  in  illus- 
trating the  interpretation  that  may  be  given  to  multiplication 
by  a  negative  quantity. 

To  multiply  3  by  —  4  we  must  do  to  3  what  is  done  to  unity 
to  obtain  —  4.  Xow  —  4  means  that  unity  is  taken  4  times  and 
the  result  made  negative  ;  therefore  3  x  ( —  4)  implies  that  3  is 
to  be  taken  4  times  and  the  product  made  negative 

But  3  taken  4  times  gives  -t- 12  ; 

.".    3x(-4)=-12. 

Similarly  —  3  x  —  4  indicates  that  —  3  is  to  be  taken  4  times, 
and  the  sign  changed ;  the  first  operation  gives  — 12,  and  the 
second  +12: 

Thus  (-3)x(-4)=+12. 

Hence,  raultipUcaAion  by  a  negative  quardity  indicates  that  we  are 
to  proceed  just  as  if  the  multiplier  icere  positive,  and  then  change 
the  sign  of  the  product. 


Note  on  Arithmetical  and  Symbolical  Algebra, 

36.  Aritlimetical  Algebra  is  that  part  of  the  science  which 
deals  solely  with  symbols  and  operations  arithmetically  intel- 
ligible. Starting  from  purely  arithmetical  definitions,  we  are 
enabled  to  prove  certain  fundamental  lawS: 

Symbolical  Algebra  assumes  these  laws  to  be  true  in  every 
case,  and  thence  finds  what  meaning  must  be  attached  to 
symbols  and  operations  which  under  unrestricted  conditions  no 
longer  bear  an  arithmetical  meaning.  Thus  the  results  of  Arts. 
33  and  34  were  proved  from  arithmetical  definitions  which 
requii^e  the  symbols  to  be  positive  whole  numbers,  such  that 
a>h  and  c> d.  By  the  principles  of  symbolical  Algebra  we 
assume  these  results  to  be  universally  true  when  all  restrictions 
are  removed,  and  accept  the  interpretation  to  which  we  are  led 
thereby. 

Henceforth  we  are  able  to  apply  the  Law  of  Distribution 
and  the  Eule  of  Signs  without  any  restriction  as  to  the  symbols 
used.     [See  Art.  33,  Note.] 

37.  To  familiarize  the  beginner  with  the  principles  we  have 
just  explained  we  add  a  few  examples  in  substitutions  where 
some  of  the  symbols  denote  negative  quantities. 
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Example  1.     If  a  =  -  4,  find  the  value  of  a'. 

Here  a3  =  ( -4)3  =  ( -4)  x  ( -4)  x  ( -4)= -64. 

By  repeated  applications  of  the  rule  of  signs  it  may  easily  be 
shewn  that  any  odd  power  of  a  negative  quantity  is  negative, 
and  any  even  power  of  a  negative  quantity  is  positive. 

Example  2.     If  a=  -  1,  6  =  3,  c=  -2,  find  the  value  of  -3a*6c^. 


Here   -3a46c3= -3x  (-l)4x3x(-2)3 
=  -3x(  +  l)x3x(-8) 

=  72. 


We  write  down  at 
once  (  -1)*=  +1,  and 
(-2)3= -8. 


EXAMPLES  V.   b. 

If  a=  —2,  5=3,  e=  —  1,  x=  -  5,  3/=4,  find  the  value  of 

1.     Za%.  2.     8a&c2.  8.  -Scl  4.     GaV. 

5.     4cV.  6.     3a2c.  7.  -62c2.  ^      ^a,^c\ 

9.     -na%c.         10.     -2a46a:.        H.  -4aV.         12.     ^c^^. 

13.     5a2a:2^  14.     -Ic^xy.        15.  -8aa:3^  16.     4c5a:». 

17.     -5a262c2.      18.     -7aV.         19.  ^c^oi^.  20.     Ta^c*. 

If  a=  —4,  6=  -3,  c=  —1,  /=0,  ^=4,  y  =  l,  find  the  value  of 

21.     Sa^  +  hx-4ci/.  22.  2afe2-36c2  +  2/a;. 

23.    /a2  -  2&3  _  ca;3.  24.  3a V  -  5&2a;  -  2c3. 

25.     2a3-3&3  +  7c/.  26.  362y*-462/-6c^. 

27.     2^{ac)-3^{xy)  +  J{b''C^).         28.  3^(aca:)  -  2^(6 V)  -  M^V)- 

29.  7V(a'a?)-3V(&V)  +  5V(/2a;). 

30.  3cV(36c)  -  5V(4cV)  -  2cy^{?,hc% 

38.     The  following  examples  further  illustrate  the  rule  of 
signs  and  the  law  of  indices. 

Example  1.     Multiply  4a  by  -  36. 

By  the  rule  of  signs  the  product  is  negative ;  also  4a  x  36=  12a6 ; 
.-.    4ax(-36)= -12a6. 
Example  2.     Multiply  -5ab^x  by  -aWx. 

Here  the  absolute  value  of  the  product  is  5a%^x^,  and  by  the 
rule  of  signs  the  product  is  positive  ; 

.•.    (  -  oaWx)  X  (  -  etb^x)  =  5a%^Qi?. 
Example  3.     Find  the  continued  product  of  Sa^ft,  -  2a362,  -  «6^. 

This    result,    however,    may  be 
written  down  at  once  :  for 

3a26x2a362xa6^=6aW, 

and  by  the  rule  of  signs  the  re- 
quired product  is  positive. 


i 


^%x{-2a%")=-Qa^h^'y 

(  -  6a563)  X  {  -  ah^)  =  +  Qa^"^. 

Thus  the  complete  product 
is  Qa^"^. 
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Example  4.     Multiply  Ga^  -  fa^ft  -  fafe^  by  -faft^. 

Tiie   product   is   the   algebraical  sum  of  the  partial  products 
formed  according  to  the  rule  enunciated  in  Art.  33  ;  thus 

EXAMPLES  V.    c. 

Multiply  together  : 

1.     ax  and  -%ax.  2.  -2ahx  and  -lahx 

3,     a^&  and  -  a6".  4-  Gary  and  -  lOary, 

5.     -abed  and  -Sa^fe^c^^p^  g^  xyz  and  -5ar^2r's. 

7.     3xy  +  4yz  and  -  122:y2.  8.  ab-hc  and  a-6c'. 

9.     -x-y-z  and  -3a:.  10.  a--6"^  +  c-  and  a6c. 

11.     -ah-rhc-ca  and  -a6c.  12.  -2a-6-4a&-  and  -la-V^. 

13.     Sx-^y  -  6a:2/' +  ^^V"  ^^^^  3a:t/,      14.  -1^y~oxy^  and  -Sar^y^, 

15.     -5a:y^z+3a;i/;:--Sa:-?/zanda:ys.  16.  43^^2/^22  _  Sa:?/2  and  -  12a:2^V2*. 

17.     -  ISa^y-  -  15a;-^7  and  -  Ix^y^.     18.  ^xyz  -  10a:^i/z^  and  -  xyz. 

19.     a6c  -  a^hc  -  ah-c  and  -  ahc.       20.  -  a-&c  +  h-ca  -  c^ab  and  -  ab. 

Find  the  product  of 

21.     2a-36  +  4c  and  -fa.  22.  Sx-2y-4:  and  --fa;. 

23.     ^a-^h-c  and  f aa;=  24.  -fa-ar  -  f aa^  and  -  -^^a:, 

25.     -pi-xr  and  -  f  a- +  aa;  -  f  ar .   26.  --^^'y  and  -3a^  +  fxy. 

27.     -|a:3y2  and  -^a^  +  2y\  28.  -fa:^?/^  and  ix^-^f. 

39.  The  results  of  Art.  33  may  be  extended  to  the  case  where 
both  of  the  expressions  to  be  multiplied  together  contain  two 
or  more  terms.     For  instance 

(a  —  b  +  c)m  =  am  —  bm  +  cm  ; 
replacing  m  by  .r-y,  we  have 

{a-b  +  c){x-i/)=a(.v-7/)-b{a:-i/)  +  c(j:-y) 

= {ax  —  OAJ)  —  {bx  —  by)  +  {ex  —  cy) 
=  ax  —  ay  —  bx-\-by  +  cx  —  cy. 
"We  may  now  state  the  general  rule  for  multiplying  togetiier 
any  two  compound  expressions. 

Rule.  Multiply  each  term  of  the  first  expression  by  eo.ch  term 
of  the  second.  When  the  terms  multiplied  together  huA-e  liJce  signs^ 
prefix  to  the  product  the  sign  +,  u^hen  unlike  prefix  -;  the 
algebraical  sum  of  the  partial  products  so  formed  gives  the  complete 
product.    This  process  is  called  Distributing  tke  Product. 

S.A.  C 


^  ALGEBRA-  [CHAP. 

40.  It  should  be  noticed  that  the  product  oi  a  +  b  and  x  —  y 
is  briefly  expressed  by  (a+b){x  —  i/),  in  which  the  brackets 
indicate  that  the  expression  a  +  b  taken  as  a  whole  is  to  be 
multiplied  by  the  expression  ^— y  taken  as  a  whole.  By  the 
above  rule,  the  value  of  the  product  is  the  algebraical  sum  of 
the  partial  products  +  ax,  +  bx,  —  ay,  —  6y  ;  the  sign  of  each 
product  being  determined  by  the  rule  of  signs. 

Example  1.     Multiply  ar  +  8bya:  +  7. 
The  product  ={x  +  8){x  +  7) 

=  a;2+15a;  +  56. 
The  operation  is  more  conveniently  arranged  as  follows  : 

X  +   S 
X  +  7 


x^+  8x 
+  7x+5Q 


by  addition,     x^  +  15a;  +  56 

Example  2.     Multiply  2x  -  3y  by  4a;  -  7y. 
2x  -  Sy 
4a;  -   7y 


We  begin  on  the  left  and 
work  to  the  right,  placing  the 
second  result  one  place  to  the 
right,  so  that  like  terms  may 
stand  in  the  same  vertical 
column. 


8x^  -  \2xy 

-Uxy  +  21y^ 
by  addition,  8x'^  -  26xy  +  2\yK 

EXAMPLES   V.   d. 

Find  the  product  of 

1.     a;  +  5       and  x+10.  2.     a;  +  5  and  a; -5. 

3.     a; -7       and  a; -10.  4.     a; -7  and  a;+10. 

5.     a;  +  7       and  a; -10.  6.     a;  +  7  and  a;  +  10. 

7,     a;  +  6       and  a;-6.  8.     a;  +  8  and  a;-4. 

9.     a;- 12      and  a;-l.  10.     a;  +  12  and  a;-l. 

11.     a; -15      and  a;+15.  12.     a; -15  and  -a;  +  3. 

13.     -a;-2     and  -a;-3.  14.     -a;  +  7  and  a;-7. 

15.     -a;  +  5    and  -a; -5.  16.     a;-13  and  a; +14. 

17.     a;- 17      and  a;  +  18.  18.     a;  +  19  and  a;-20. 

19.     -a; -16  and  -a;  +  16.  20.     -a;  +  21  and  a; -21. 

21.     2a;-3     and  a;  +  8.  22.     2a;  +  3  and  a;-8. 
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Find  the  product  of 


23. 

x-5      and  2:c-l. 

24. 

2x-5 

and  x-l. 

25. 

3a; -5    and  2x  +  7. 

26. 

3a;  +  5 

and  2a; -7. 

27. 

5a;- 6    and  2a;  +  3. 

28. 

5a:  +  6 

and  2a; -3. 

29. 

^x-5y  and  3a;  +  oy. 

30. 

3a: -5y 

and  3a; -5y. 

31. 

a -26     and  a  +  3&. 

32. 

a -76 

and  a +  86. 

33. 

3a -66  and  a -86. 

34. 

a -96 

and  a +  56. 

35. 

a;  +  a       and  a;  -  6. 

36. 

a;-a 

and  a; +  6. 

37. 

a; -2a    and  a; +  36. 

38. 

ax -by 

and  ax  +  hy. 

39. 

xy  -  ab  and  xy  +  a6. 

40. 

2pq-Sr  and  2pq  +  3r. 

[  With  the  exception  of  Art.  44,  the  rest  of  this  chapter  may  he  post- 
poned and  taken  after  Chapter  xiv.  ] 

*41.     We  shall  now  give  a  few  examples  of  greater  difficulty. 

Example  1.     Find  the  product  of  ^x^-2x-5  and  2a; -5. 

Each  term  of  the  first  expression  is 
multiplied  by  2a;,  the  first  term  of  the 
second  expression  ;  then  each  term  of  the 
first  expression  is  multiplied  by  -  5 ;  like 
terms  are  placed  in  the  same  columns  and 
the  results  added. 


3a;2-   2a;  -5 

2a;  -    5 

6a;3_   ^a^-\Ox 
-15a;2+i0a;  +  25 


6a:3_i9a;2  +25 

Example  2.     Multiply  a-6  +  3c  by  a +  26. 

a  -     6  + 3c 
g  +    26 
a^-   ah  +  Sac 

2ah  -26^  + 66c 

a2+   a6  +  3ac-262  4-66c 

*42.  When  the  coefficients  are  fractional  we  use  the  ordinary 
process  of  Multiplication,  combining  the  fractional  coefficients 
by  the  rules  of  Arithmetic. 

Example,     Multiply  hi^-^h  +  ^h^  by  ^a  +  ^b. 

ia2-    ia6  +|62 


i^ 


ia3-    la'^b  +  ^ab'^ 
+    ia26--ja62  +  |is 
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*  43.  If  the  expressions  are  not  arranged  according  to  powers, 
ascending  or  descending,  of  some  common  letter,  a  rearrange- 
ment will  be  found  convenient. 

Example  1.    Find  the  product  of  2a?  +  46^  -  Zah  and  3a6  -  Sa^  +  46', 

2a2-   Zah  +AW 
-   5a2+  Zab  +462 


10a4+15a36-20a263 

+  6a36-   9a262  +  l2a63 

8a262-12a63+i664 


-10a4  +  21a36-21a262 


+  166^ 


The  rearrangement  is  not 
necessary,  but  convenient, 
because  it  makes  the  collec- 
tion of  like  terms  more 
easy. 


Example  2.     Multiply  'Ixz-z'^  +  ^x^-^z  +  xy  by  x-y  +  2z. 
2x^+  xy  +2xz  -  3yz    -z' 

X  -   y    +2z 

2a;3-f    st:^y  +  2xH-3xyz~   xz^ 

-2x^y  -2xyz  ~xy^  +  Zy^z+  yz^ 

4xl^z  +  2xyz  +  4xz^  -  6yz^  -  2z^ 

2v?  -   x'^y  +  6xh  -  3xyz  +  Sxz^  -  xy^  +  ZyH  -  5yz^  -  2z^ 


*  EXAMPLES  V.  e. 


Multiply  together 

1.  a  +  b  +  Cy  a  +  b-c. 

3.  a'^-ab  +  b\  a^  +  ab  +  b\ 

5.  sc^ -2x^  +  S,  x  +  2. 

7.  x^  +  xy  +  y"^,  x-y. 

9.  16a2  +  12a6  +  962,  4a -36. 

11.  a;2  +  a;-2,  x'^  +  x-Q. 

13.  -a^  +  a'^b-a^'^,  -a-b. 

15.  a2  +  2a26  +  2a62,  a2-2a6  +  262.  16.     ix^  +  6xy  +  9y\  2x-3y. 

17.  x-'-Sxy-y^  -x'^  +  xy  +  y^      18.     b^-a"F~  +  a\  a^  +  aW-  +  b^ 

19.  x'^-2xy  +  y^y  x^  +  2xy  +  y". 

20.  ab-\-cd  +  ac  +  bd,  ab  +  cd~ac-  bd. 

21.  -3a262  +  4a63+15a36,  5a262  +  a63  -  36*. 

22.  27x^-3Qax^  +  48a^x-64^,  3x  +  4a. 

23.  a2-5a6-62,  a^  +  5ab  +  ly^. 

24.  sc?-xy  +  x  +  y^  +  y  +  ly  x+y-l. 


2  a-2b  +  c,  a  +  26-c. 

4.  x^  +  3y%  x  +  4y. 

6.  X^-x^y^  +  y^,  x^  +  y^. 

8.  a^-2ax  +  4:x\  a'^  +  2ax-{-4.x^. 

10.  a^a;  -  aa;2  +  a;3  _  g(^3^  a:  +  a. 

12.  2a;3_3a,2^2a:,  2a;2  +  3a;  +  2. 

14.  a^-7a?  +  5,  x'^-2x  +  3. 
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Multiply  together 

25.  a^  +  h^  +  (^  -  be  -  ca  -  ab,  a  +  b-tc. 

26.  -x^y  +  y^  +  zPy~  +  x^~xy^,  x+y. 

27.  x^-xY  +  x^y*-x^y^+y^,  z^  +  y\ 

28.  Sa'^  +  2a  +  2a^'rl  +  a\  a^-2a  +  h 

29.  - ax^ -r Saxy- - 9ay^,   -ax- 3ay-. 

30.  -2x^y  +  i/*  +  3x^y^  +  x^-2xif\  x^+2xy  +  i/-. 

31.  i<t2+i^+i^    i^_i^  32.     i:,^_9a;+3^   ia:+i. 

33.     fa:2  +  ^+3y2^   i^.ij,.        34.     ix^~ax-fa\  ^a^-Ux^^^. 
36.     |aa:  +  far  +  fa2,  J«2  + 1 a;2  _  |ax. 

44.  Products  written  down  by  inspection.  Although  the 
result  of  multiplving  together  two  binomial  factors,  such  as 
:r  +  8  and  ^  —  7,  can  always  be  obtained  bv  the  methods  ah^eadv 
explained,  it  is  of  the  utmost  importance  that  the  student  should 
soon  learn  to  write  down  the  product  rapidly  6_y  inspect lan. 

This  is  done  by  observing  in  what  way  the  coefficients  of 
the  terms  in  the  product  arise,  and  noticing  that  they  result 
from  the  combination  of  the  numerical  coefficients  in  the  two 
binomials  which  are  multiplied  together  ;  thus 

(x  -  8)(:r  -  7) =^2  _  8^^  _  ^^y.  +  55 
(a; + 8)(^  -  7) = :r2  +  8^  -  7.?  -  56 

{x  -  8)  (.r  +  7) = .^^  -  8a;  +  7.r  -  56 
=  .r2-^-56. 

In  each  of  these  results  we  notice  that ; 

1.  The  product  consists  of  three  terms. 

2.  The  first  term  is  the  product  of  the  frst  terms  of  the  two 
binomial  expressions. 

3.  The  third  term  is  the  product  of  the  second  terms  of  the 
two  binomial  expressions. 

4.  The  middle  term  has  for  its  coefficient  the  sum  of  the 
numerical  quantities  (taken  with  their  proper  signs)  in  the 
second  terms  of  the  two  binomial  expressions. 
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The  intermediate  step  in  the  work  may  be  omitted,  and  the 
products  written  down  at  once,  as  in  the  following  examples : 

(.r+2)(^+3)=^+5^+6. 

(^+ 6)(^  -  9) =^2  _  3^  _  54 
{x  -  49/)(x  —  lOy ) = ^  - 1 4x^  +  4(>/2 
(a; — 6y )  (a;  +  4y ) =x^  —  Ixy  —  243^2^ 

By  an  easy  extensiori  of  these  principles  we  may  write  down 
the  product  of  any  two  binomials. 

Thus  (^x-'f^y){x-y)  =2x^+3xy-2xy-Zy^ 

=  2x^-{-  xy~Zy\ 

(Sx-4y)(2x+y)-=ex^-8xy+Sxy-'iy^ 
=  6^  —  6xy  —  4y\ 

(x+4)(x-4)=x^-^4x-4x-lQ 

(2x + 5y){2x  -  by) = 4x^ + lOxy  -  lOxy  -  25f/^ 
=4x^  —  25y\ 


EXAMPLES  V.  f. 

Write  down  the  values  of  the  following  products  : 

1.  {x+8){x-5).         2.  {x  +  6){x-l).  3.  (a; -3) (a; +10). 

4.  {x-l){x  +  5).          5.  {x  +  l){x-9).  6.  (a? -10) (a; -8). 

7.  (a;-4)(a;+ll).        8.  (a; - 2) (a;  +  4).  9.  (a;+2)(a;-2). 

10.  (a-l)(a  +  l).        11.  (a +  9)  (a -5).  12.  (a -3)  (a +  12). 

13.  (a -8)  (a +  4).        14.  (a -8)  (a +  8).  15.  (a -6)  (a +  13). 

16.  (a +  3)  (a +  3).        17.  (a -11)  (a +  11).  18.  (a -8)  (a -8). 

19.  (a:- 3a) (a; + 2a).    20.  (a:+6a)(a;-5a).  21.  (a;  +  3a)  (a; - 3a>. 

22.  {x  +  4y){x~2y).    23.  {x  +  7y){x-1y).  24.  (a; -  3y)  (a;  -  3y). 

25.  (a  +  36)(a  +  3&).    26.  (a  -  56)  (a  + 106).  27.  (a -96)  (a -86). 

28.  (2x-5)(a;  +  2).      29.  (2a;  -  5)  (a;  -  2).  30.  (2a; +  3)  (a; -3). 

31.  (3a:-l)(a;+l).      32.  (2a:  +  5)(2a;- 1).  33.  (3a? +  7)  (2a: -3). 

34.  (4a: -3)  (2a: +  3).     35.  (3a; +  8)  (3a: -8).  36.  (2a:  -  5)  (2a;  -  5). 

37.  (3a: -2y)  (3a; +  2/).  38.  (3a;  +  2y)  (3a;  +  2y).  39.  (2a;  +  7y)  (2a:-5y). 

40.  (5a;+3a)(5a;-3a).41.  (2x - 5a)  (a;  +  5a).  42.  (2a:  +  a)  (2a;  +  a). 
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The  Method  of  Detached  Coefficients. 

*45.  When  two  compound  expressions  contain  powers  of 
one  letter  only,  the  labour  of  multiplication  may  be  lessened 
by  using  detached  coefficients,  that  is,  by  writing  down  the 
coeflBcients  only,  multiplying  them  together  in  the  ordinary 
way,  and  then  inserting  the  successive  powers  of  the  letter  at 
the  end  of  the  operation.  In  using  this  method  the  expressions 
must  be  arranged  according  to  ascending  or  descending  powers 
of  the  common  letter,  and  zero  coefficients  must  be  used  to 
represent  terms  corresponding  to  missing  powers  of  that  letter. 

Example,,     Multiply  2a:3  -  4a;2  -  5  by  Zx^  +  4a;  -  2. 


Here  we  insert  a  zero  coefficient  to 
represent  the  power  of  x  which  is  absent 
in  the  multiplicand.  In  the  product  the 
highest  power  of  x  is  clearly  x^,  and  the 
others  follow  in  descending  order. 


2-   4+  0-   5 
3+  4-   2 

6-12+  0-15 
8-16+  0- 

-   4+   8- 

-20 
-   0+10 

6-   4-20-   7-20+10 
Thus  the  product  is 


Qx^-4^-  20:c3  -  7a:2  -  20a;  + 10. 

The  method  of  detached  coefficients  may  also  be  used  to 
multiply  two  compound  expressions  which  are  homogeneous 
and  contain  powers  of  two  letters. 

Example.     Multiply  Sa"  +  2a^h  +  ^ah^  +  26^  by  2a2  -  V^. 

p    ^     .  I         We  write  a  zero  coefficient  to  represent 

"^         the  term  containing  a%^  which  is  absent 

6  +  4  +  0  +  8  +  4  in  the   first    expression.      Similarly,    the 

-3-2-0-4-2  term  containing   ah   is  represented   by   a 

a,A_  q  ,  c  ,  4_4.    9  '     ^®^o  coefficient  in  the  second  expression. 

It  is  easily  seen  how  the  powers  of  a  and  h  arise  in  the  successive 
terms,  and  the  complete  product  is 

6a6  +  4a56  -  Sa^t^  +  g^sjs  +  4^254  _  4^55  -  2¥. 

Note.  Beginners  should  on  no  account  attempt  to  use  detached 
coefficients  until  they  are  well  practised  in  the  ordinary  full  process 
of  multiplication. 


CHAPTER  VI. 
Division. 

\^If  preferred,  the  articles  in  this  chapter  marked  with  an  asterisk 
may  he  postponed  and  taken  after  Chapter  xv.] 

46.  When  a  quantity  a  is  divided  by  the  quantity  6,  the 
quotient  is  defined  to  be   that  which  when  multiplied  by  h 

produces  a.     This  operation  of  division  is  denoted  by  a-^h,  t 

or  ajh ;  in  each  of  these  modes  of  expression  a  is  called  the 
dividend,  and  h  the  divisor. 

Division  is  thus  the  inverse  of  multiplication,  and 

{a-=rh)x  b  =  a. 

This  statement  may  also  be  expressed  verbally  as  follows  : 

quotient  x  divisor  =  dividend. 

Since  Division  is  the  inverse  of  Multiplication,  it  follows 
that  the  Laws  of  Commutation,  Association,  and  Distribu- 
tion, which  have  been  established  for  Multiplication,  hold  for 
Division. 

47.  The  Rule  of  Signs  holds  for  division. 

Thus  «6^«=  f*  =^=6. 

a  a 


,  —ahax(  —  b)        . 

~ab-^a  = = ^^ -=  -0. 

a  a 

'     —a  —a 

,     ,       .      —ah     (  —  a)xb     , 
~ab-7-{-a)— =-^ =0. 


—  a  —a 

Hence  in  division  as  well  as  multiplication 
like  signs  produce  + , 
v/rdike  signs  produce  — , 
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Division  of  Simple  Expressions. 

48.     The  metliod  is  shewn  in  the  following  examples  : 

Example  1.     Since  the  product  of  4  and  x  is  4a:,  it  follows  that 
when  4a:  is  divided  by  x  the  quotient  is  4, 

or  otherwise,  4a:  -f  a:  =  4. 

Example  2.     Divide  27a^  by  9a^ 

_  _27a^_27aaaaa       I  "We  remove  from  the  divisor 

1  he  quotient  -  -^^  -     ^^^^  and  dividend  the  factors  com- 

mon to  both,  jiist  as  in  arith- 
=  3aa  z=Za-.  ^       metic. 

Therefore  27a5  -^  Qa^ = Sa^. 

'  Example  3.     Divide  SSa^&ScS  by  Ta&^cS. 

rT>,  X-     ^     35ouza .  &?) .  ccc     _.  _  o 

The  quotient  =  — = rr =  5aa.c  =  5a-c. 

^  ta .  00  .  cc 

"We  see,  in  each  case,  that  the  index  of  any  letter  in  the  quotient 
is  the  difference  of  the  indices  of  that  letter  in  the  dividend  and 
divisor.    This  is  called  the  Index  Law  for  Division. 

The  rule  may  now  be  stated  : 

Rule.  The  index  of  each  letter  in  the  quotient  is  obtained  hy 
subtracting  the  index  of  that  letter  in  the  divisor  froon  that  in 
the  dividend. 

To  the  result  so  obtaAned  pref.x  icith  its  proper  sign  the  quotient 
of  the  coefficient  of  the  dividend  by  that  of  the  divisor. 

Example  4.     Divide  45a''&-ar*  by  -  9a^&a;^. 

The  quotient  =  (  -  5)  x  a^  -  sfes  -  r^  -  a 

=  -  ba%x^. 

Example  5.     -  21a263  ^  (  _  la^yi)  =  35. 

Note.  If  we  apply  the  rule  to  divide  any  power  of  a  letter  by  the 
same  power  of  the  letter  we  are  led  to  a  curious  conclusion. 

Thus,  by  the  rule       a^-^a^  =  a^~^=a^  ; 

a^ 
but  also  a^-^a^  =  -^     =1. 


,o_ 


This  result  will  appear  somewhat  strange  to  the  beginner,  but  its 
full  significance  wiU  be  explained  in  the  chapter  on  the  Theory  of 
Indices. 
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Division  of  a  Compound  Expression  by  a  Simple 
Expression. 

49.  BiUle.  To  divide  a  compound  expression  hy  a  single 
factor^  divide  each  term  separately  hy  that  factor^  and  take  the 
algebraic  sum  of  the  partial  quotients  so  obtained. 

This  follows  at  once  from  Art.  33. 

Examples.     (1)     (9a;- 12y  +  32)-f -3= -3x  +  4y-z. 

(2)  (36a362  _  24a265  _  20a^b'^)  -^  ^%  =  9ab  -  6b*  -  5a%. 

(3)  (2a;2  -  5xy  +  ^xY)  -f  -  Jx  =  -  4a;  +  lOy  -  Sxy^. 


EXAMPLES  VI.  a. 


Divide 
1,     Ss^  by  XT. 

-S5a^  by  7xi^, 
y?]^  by  x^y. 


3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 
27. 
29. 
31. 
33. 
35. 


-a^c? 


by 


ar 


-\6x?\p'  by  -^xy^. 
35a"  by  Va^. 
7a2&c  by  -Ta^ftc. 
1662ya:2  by  -Ixy, 
x^-1xy  by  a:. 
a:'-7a:^  +  4a:*  by  y?. 
I5a^-25x*  by  -5x^. 
-2Ax^-32x*  by  -Sa:^. 
a^-ab-  ac  by  -  a. 
3x3  _  9a;2y  _  12^2/2  by  -  3a;. 

-3a2  +  fafe-6ac  by  -fa. 
-|a;2  +  |a:y  +  ^a;by-|a:. 
^^a;  _  _l^a6x  -  faca:  by  faa;. 


2.  27a:4  by  .g^^. 

4.  afea:^  by  -ax. 

6.  a^a:^  by  -a"^!!^. 

8.  12a666c6  by  -3a462-. 

10.  15a:5y724  by  SarVz^. 

12.  -  48a»  by  -  Sa^. 

14.  63a768c3  by  9a565c3. 

16.  28a463  by  -4a36. 

18.  -50y3a:3  by  -5x^y. 

20.  ar'-3ar2  +  a:  by  x. 

22.  10a:^-8a:6  +  3a:4  by  a:^^ 

24.  27a;6-36a:5  ^y  g^s. 

26.  34a:3y2_5ia:2y3  by  nxy. 

28.  a3  -  a2&  -  a^b^  by  a^. 

30.  4x*y*-8x^y^  +  Qxy^  by  -2ary. 

32.  ia;V- 3x32/4  ^y  -fx^yS. 

34.  -2a5x3  +  |aV  by  ^a^x. 
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Division  of  Compound  Expressions. 

50.     To  divide  one  compound  expression  by  another. 

Hule.  1.  Arrange  divisor  and  dividend  in  ascending  or 
descendrng  powers  of  some  common  letter. 

2.  Divide  the  term  on  the  left  of  the  dividend  hy  the  term  on 
the  left  of  the  divisor.^  and  put  the  result  in  the  quotient. 

3.  Multiply  the  whole  divisor  hy  this  quotient^  and  'put  the 
product  under  the  dividend. 

4.  Subtract  and  bring  dovm  from  the  dividend  as  many  terms 
as  may  be  Tiecessary. 

Repeat  these  operations  tUl  all  the  terms  from  the  dividend  are 
brought  down. 

Example  1.     Di\ade  3:^+ 11x4-30  by  aj  +  6. 
Arrange  the  work  thus : 

a;  +  6)a;2+iia;  +  30( 

divide  x^,  the  first  term  of  the  dividend,  by  x,  the  first  term  of  the 

divisor  ;  the  quotient  is  x.     Multiply  the  ichole  di\'isor  by  x,  and 

put  the  product  x"^  +  6a:  under  the  dividend.     We  then  have 

x  +  6)a;2+lla:  +  30(a:  • 

x'^+   fjx 

by  subtraction  ox  +  30. 

On  repeating  the  process  above  explained  we  find  that  the  next 

term  in  the  quotient  is  +5. 
The  entire  operation  is  more  compactly  written  as  follows  : 
a;  +  6)a^5  +  lla;  +  30(a;  +  5 
a;2+  6a; 

5a:  +  30 
5a; +  30 

The  reason  for  the  rule  is  this  :  the  dividend  may  be  divided 
into  as  many  parts  as  may  be  convenient,  and  the  complete 
quotient  is  found  by  taking  the  sum  of  all  the  partial  quotients. 
Thus  :r2+ 11^  +  30  is  divided  by  the  above  process  into  two  jjarts, 
namely  x^  +  Qxj  and  5j?  +  30,  and  each  of  these  is  divided  hy  x  +  Q; 
thus  we  obtain  the  complete  quotient  a;  f  5. 

Example  2.  Divide  240^^  -  Qoxy  +  2ly'^  by  8a;  -  3y. 

8x-3y)  24a;2  -  Qoxy  +  2\y^  ( 3a;  -  7y 
^Ax^  -    9xy 

-56a;y  +  21t/2 
-562:y  +  21y^ 


42  ALGEBRA.  [CHAP. 

EXAMPLES  VI.  b. 

Divide 

1.  x2  +  3a;  +  2  by  x  +  1.  2.  x'^-lx  +  12  by  a: -3. 

3.  a2-lla  +  30  by  a-5.  4.  a^ -49a +  600  by  o- 25. 

5.  3.r2+10a;  +  3  by  a:  +  3.  6.  2a;2  +  lla;  +  5  by  2a;+l. 

7.  5x'^+Ux  +  2  hy  x  +  2.  8.  2^2+ 17a; +  21  by  2a; +  3. 

9.  5a:2  +  16a:  +  3  by  a;  +  3.  10.  3a:2  +  .34x  +  ll  by  3x+l. 

11.  4x=  +  23x+lo  by  4a:  +  3.  12.  Gx^-lx-S  by  2a;-3. 

13.  3a;2  +  a;-14  by  a;-2.  14.  3x2-a:-14  by  a:  +  2. 

15.  6a:2-31a;  +  35  by  2a: -7.  16.  4a;2  +  a:-14  by  a: +  2. 

17.  12a2  -  'J ax  -  12a-2  by  3a  -  4a;.  18.  loa^  +  17aa:  -  4a;2  by  3a  +  4a?. 

19.  1 2a2  -  11  ac  -  36c2  by  4a  -  9c.  20.  9a2  +  6ac  -  35c^  by  3a  +  7c. 

21.  60a;2  _  4a;y  _  45^2  ^y  jq^  _  9^, 

22.  96a;2  -  152/2  -  42:3/  ^y  i2x-5y.  23.  7a:5  +  96a;2-28a;  by  7a; -2. 
24.  100a;3_3a,_i3^2by  3  +  25a;.  25.  27a:2+9x2-3x- 10  by  3a;-2. 
26.  16a3-46a2  +  39a-9  by  8a -3.  27.  15  +  3a-7a2-4a3  by  5-4a. 
28.  16-96a-  +  216a;2-216a:2  +  8i^  by  2-3a;. 

*51.     The  process  of  Art.  50  is  applicable  to  cases  in  wbicb 
the  divisor  consists  of  more  than  two  terms. 

Example  1.     Divide  6x^  -  x^  +  4x^  -  Sx"^  -  x  -  15  by  2a;2_a,  +  3, 

2x^-x  +  Z)6x^-   x^  +  4x^-5x^-x-l5{B3^  +  x'^-2x-5 
6af-Sx^  +  9x^ 

2x^-5x^-   5a:2 
2x^-   x^+   3a;2 

-  4a;^  -    8ar^  -   x 
-^z^+   2a;2-6a; 

-10a;2  +  5a;-15 
-10x2  + 5a; -15 

Example  2.     Divide  2a3  +  10  -  16a  -  39a2  +  15a^  by  2  -  4a  -  5a^. 

Arrange  the  expressions  in  ascending  powers  of  a  and  use  detached 
coefficients  as  in  Art.  45. 

2-4  -5)  10 -16 -.39  +  2  + 15  (5  +  2- 3 
10-20-25 

4-14+   2 
4-   8-10 

-  6  +  12  +  15 

-  6  +  12  +  15 

Thus  the  quotient  is  5  +  2a  -  Sa^. 
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*52.     TVe  add  a  few  harder  cases  worked  out  iu  full. 

Example  \.     Divide  x*  +  4^*  by  x'^  +  2xa  +  2a^. 

«2  +  2ica  +  2a2)ar»-f-4a*  {x^-2jM  +  2a^ 

x*  +  2x^a  +  2x^a'^ 

-  2x^a  -  2xW 

-  2x^a  -  Ax-a-  -  ixa^ 

2x-a'^  +  4cxa-^+ia^ 

Example  2-     Divide  a^  +  6^  +  c^  -  3a?)c  by  a  +  &  +  c. 

a+6  +  c)a3-3a6c+   i^  +  c^la^-ai-ac  +  fe^-ftc  +  j^ 
a^  +    a-6  4-  a^c 

-  a%  -  a-c  -  Sahc 

-  a'^h  -  ah-  -    abc 


-ah  + 
-  a^c 

ab^-2ahc 

-   abc  -  a(? 

ab^  -   abc  +  ac'  +  b^ 
ab'^                     +b^  +  h'^c 

-  ahc^  ac^  -  b'^c 

-  abc           -b^c-hc^ 

ac^  +  bc'^+  r^ 
ac'^-hhc'^+  c^ 

Note.     In  the   above   example  the   dividend  and  successive  re= 
mainders  are  arranged  in  descending  powers  of  a. 

The  result  of  this  important  division  will  be  referred  to  later= 

*  53.    Wteii  the  coefficients  are  fractional  the  ordinary  process 
may  still  be  employed. 

Examptle.     Divide  ^3t^  + -^xy- ■{■ —y^  by  ^x  +  ^y. 

i^  +  |y )  T^  +  T2  ^"  +  T  2  2/^  ( i^' -  i^ -^  t2/^ 
^7^+  Ix'^y 


1 

6 

1 

xh/  + 
xhf- 

*54.  In  the  examples  given  hitherto  the  divisor  has  been 
exactly  contained  in  the  dividend.  When  the  division  is  not 
exact  the  work  should  be  carried  on  until  the  remainder  is  of 
lower  dimensions  [Art.  24]  than  the  divisor^ 
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♦EXAMPLES  VI.   c. 

[Examples  1-20  will  furnish  practice  in  the  v.w  of  Detached 
Coejffieients  as  explained  in  Art.  51.] 

Divide 

1.  a:3_a,2_9a;_i2  by  a;2  +  3a;  +  3. 

2.  2y3  _  3y2  _  6y  _  1  by  2y2  -5y-l. 

3.  6w3-??i2-14w  +  3  by  .3m2  +  4w-l. 

4.  6a5  -  13a*  +  4a3  +  3^2  by  3a3  -  2a2  -  a. 

5.  x^  +  x^  +  7x'^-6x  +  8  by  a:2  +  2a;  +  8. 

6.  a^-a3-8a2  +  12a-9  by  a2  +  2a-3. 

7.  a4  +  6a3+13a2+12a  +  4  by  a2  +  3a  +  2, 

8.  2x*-x^  +  ^x'^  +  7x+l  by  x'^-x  +  S. 

9.  a,*5  _5a;4  +  9^_6a;2_a;  +  2  by  x2-3x  +  2. 

10.  x-^-^x*  +  3xi^  +  3x'^-Sx-h2  hj  x'^-x-2. 

11.  30x4+lla:3-82a;2-5a:  +  3  by  2a:-4  +  3a;2. 

12.  SOy  +  9- 11  f  +  28y^  -  35y2  by  4i/2  -  13^/  +  6. 

13.  6F-15yfc*+4ifc3  +  7^jj_7Jt  +  2  by  3F-yt  +  l. 

14.  15  +  2w*-31w  +  9??t2  +  4m=^  +  7n=  by  3-2m-m2. 

15.  2x3-8x  +  ar*+]2-7a;2  by  a;2  +  2-3a:. 

16.  x^-2x^-A:x?+\9qiP'  by  a;3_7a;4.5. 

17.  192  -  rc^  +  128a:  +  4a:2  -  8a^  by  16  -  a;^. 

18.  14ar»  +  45x3y  +  78a:V  + 45:^1/3 +  14^  by  2x2  +  Sxy  +  Ty-. 

19.  3^  -  ocHj  +  a:^?/2  -^j^x^-y^  by  y?  -x-y. 

20.  a^  +  isV  ~  ^"^y^  +  a-^  -  2a;i/2  +  y^  by  a:^  +  xy  -  y"^. 

21.  a9-fe9  by  d^-h^.  22.     x^-y^  by  x'^  +  ocy  +  y\ 

23.  a;'^-2y"-7arV-7a:y^2+i4;c3y8  by  a; -2/. 

24.  a3  +  3a2&  +  63_i  +  3a62  by  a  +  6-1. 

25.  ^-y^  by  u?  +  xh^  +  xy'^  +  'if\  26.     ai2-6i2  by  a^-ft^. 

27.  a^2  +  2a666^5i2  by  a^  +  2a%-^h\ 

28.  1  -  a^  -  8x3  _  Qax  by  1  -  a  -  2x. 
rind  the  quotient  of 

29.  1  a3  _  9^2^,  +  ^^,2  _  27:^3  by  la  -  3x. 

30.  ^'-TV+T6«-6Tby  i«-i 

31.  fa2c3+ j-|3-a5  by  ^a'^  +  ^c 

32.  A«'-f«'-T«'+l«+¥-  by  l«'-|-«- 

33.  36x2+iy2+i-4xy-6x  +  l2/  by  6x-^y-f 

34.  2T«=-f^faa:*by  t«-|^. 
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*  55.     The  following  examples  in  division  may  be  easily  verified; 
they  are  of  great  importance,  and  should  be  carefully  noticed. 

f  a^  —  y^ 

x—y  •^' 

x—y  ^    ^  ' 

\.  x-y  ^       ij      -y  •> 

and  so  on ;  the  divisor  being  x  —  y^  the  terms  in  the  quotient 
all  'positive^  and  the  index  in  the  dividend  eitlter  odd  or  even. 

'  a^-\-y^ 


x+y 


=x^  —  xy-\-y^y 


— -~  =sfi  —  x^y  -\-  a^^  —  a^y^  -\-  x-y^  —  xy^  -^-y^^ 

and  so  on;  tbe  divisor  being  x+y,  the  terms  in  the  quotient 
alternately  positive  omd  negative,  and  the  index  in  the  dividend 
always  odd. 

''  x^ —y^ 


III. 


x+y 


=x- 


^• 


■r 


x+y 


= ofi  —  xhj  +  xy'^ — y^, 


— — —  =  XT'  —  x/h/ + a^y^  —  xh^^ + xy^ — y^, 

and  so  on  ;  the  divisor  being  x+y,  the  terms  in  the  quotient 
alternately  positive  and  negative,  and  the  index  in  the  dividend 
always  even. 

lY.  The  expressions  x'^+y^,  x^+y^,  cfi+y^,  ...  (where 
the  index  is  even,  and  the  terms  both  positive)  are  never  divisible 
by  x+y  or  x—y. 

All  these  different  cases  may  be  more   concisely  stated  as 
follows  : 

(1)  x^—y'^  is  divisible  by  x—y  if  n  be  any  whole  number. 

(2)  x^+y'^  is  divisible  by  x+y  if  n  be  any  odd  whole  number. 

(3)  x^  —  y'^  is  divisible  by  x+y  if  n  be  any  even  whole  number. 

(4)  x^+y"^  is  never  divisible  by  x+y  or  x—y,  when  n  is  an 
even  whole  number. 


CHAPTER  VII. 
Removal  and  Insertion  of  Brackets. 

56.  Quantities  are  enclosed  within  brackets  to  indicate  that 
thej  must  all  be  operated  upon  in  the  same  way.  Thus  in 
the  expression  2a -36 -(4a -26)  the  brackets  indicate  that  the 
expression  4a  — 26  treated  as  a  ichole  has  to  be  subtracted  from 
2a  — 36.  When  we  wish  to  enclose  within  brackets  part  of  an 
expression  already  enclosed  within  brackets  it  is  usual  to  employ 
brackets  of  different  forms.  The  brackets  in  common  use  are 
(  )>  {  })  [  ]•  Sometimes  a  line  called  a  vinculum  is  drawn  over 
the  symbols  to  be  connected  ;  thus  a  —  6  +  c  is  used  with  the 
same  meaning  as  a  —  (6 +c),  and  hence  a  —  h-\-c=a  —  h  —  c. 

Eemoval  of  Brackets. 

57.  To  remove  brackets  it  is  usually  best  to  begin  with  the 
inside  pair,  and  in  dealing  with  each  pair  in  succession  we  apply 
the  rules  already  given  in  Arts.  21,  22. 

Example  1.     Simplify,  by  removing  brackets,  the  expression 
a  -  26  -  [4a  -  66  -  {3a  -  c  +  (5a  -  26  -  3a-c  +  26) } ]. 
Removing  the  brackets  one  by  one,  we  have 

a  -  26  -  [4a  -  66  -  {  3a  -  c  +  (5a  -  26  -  3a  +  c  -  26) }  ] 
=  a  -  26  -  [4a  -  66  -  {  3a  -  c  +  5a  -  26  -  3a  +  c  -  26  }  ] 
=  a-26-[4a-66-  3a  +  c-  5a  +  26  +  3a-c  +  26] 
=  a-26-  4a  +  66+  3a-c+  5a-26 -3a  +  c-26 
=  2a,  by  collecting  like  cerms. 

Example  2.     Simplify  the  expression 

-[-2a:-{3y-(2a:-3y)  +  (3a;-2y)}  +  2.'-4 

The  expression  =  -  [  -  2cc  -  {3y  -  2«  +  3y  +  3a;  -  2g^}  +  2a;] 
=  -[-1x-  3y  +  2x-3y-Sx  +  2y   +2x] 
=2x  +  3y-2x  +  3y  +  dx-2y-2x 
=  x  +  4y. 
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EXAMPLES  VII.  a. 
Simplify  hj  removing  brackets 

1.  a-{b~c)  +  a  +  {b-c)  +  b-{«  +  a). 

2.  a-ib  +  {a-{h  +  a)}l 

3.  a-[2a-{3&-(4c-2a)}]. 

4.  {a-{b-c)}  +  {b-{c-a)}-{c-{a-b)}. 

5.  2a-(o?>  +  [3c-a])-(5a-[&  +  c]). 


6.  -{-[-(a-6-c)]}. 

7.  -[a-{6-(c-a)}]-r6-{c-(a-&)}]. 
a  -(-(-(-2:)))-(-(-y)). 

9.  -[-{-(fe  +  c-anJ  +  C-f-Cc-a-fe)}], 

10.  -5a;-[3y-{2a:-(2y-a:)}]. 

11.  -(-(-a))-(-(-(-a:))). 

12.  3a-[a  +  t-{a  +  6  +  c-(a-r6  +  c  +  (f)}], 

13.  -2a-[Sx  +  {Se-{^yi-Sx  +  2a)}l 

14.  3a; -[02/ -{62- (4a; -7y)}]. 

15.  -[5a;-(ll2/-3a;)]-[5y-(3a;-6i/)]. 

16.  -ilox-{Uy-{l5z^l2y)-{l0x-l5z)}l 

17.  8a;-{162/-[3a;-(12y-x)-8y]^2;}. 

18.  -[x-{zi-{x-z)-{z-x)-z}-x]. 

19.  -[a  +  {a-(a-a;)-(a+ar)-a}-a]. 

20.  -[a-{a  +  (a;-a)-(2;-a)-a}-2a]. 

58.  A  coefficient  placed  before  any  bracket  indicates  that 
ever}'  term  of  the  expression  within  tlie  bracket  is  to  be  multi- 
plied bj  that  coefficient. 

Note.     The  line  between  the  numerator  and  denominator  of   a 

fraction  is  a  kind  of  vinculum.     Thus  —z —  jLs  equivalent  to  ^(a;  — 5). 

o 

Again,  an  expression  of  the  form  ^f(xn-t/)  is  often  written  \'x  4-  y, 
the  line  above  being  regarded  as  a  viDculum  indicating  the  square 
root  of  the  compound  expression  x  +  y  taf:en  as  a  lohoie. 

Thus  s'2o-144  =  sl69  =  13, 

whereas  n/^  +  n  144  =  5  +  12  =  17. 

E.A.  D 
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59.     Sometimes  it  is  advisable  to  simplify  in  the  course  of 
the  work. 

Example.     Find  the  value  of 


84-7C-lla;-4{-17a;  +  3(8-9-5a:)}]. 

The  expression=84-7[-llar-4{-17a;  +  3{8-9+5a;)}] 
=  84--7C-lla;-4{-17a:  +  3(5a;-l)}] 
=  84-7[-lla;-4{-17a:+15a:-3}] 
=84-7[-lla;-4{-2a;-3}] 
=  84-7[-llx'+8a:+12] 
=  84 -7[- 3a; +  12] 
=84  + 21a; -84 
=2Lr. 

"When  the  beginner  has  had  a  little  practice  the  number  of 
steps  may  be  considerably  diminished. 

EXAMPLES  Vn.  U 

Simplify  by  removing  brackets 

1.  a-[26  +  {3c-3a-(a  +  6)}+2a-(5  +  3c)]. 

2.  a  +  6-(c  +  a-[6  +  c-(a  +  5-{c+a-(6  +  c-a)})]). 

3.  a-(6-c)-[a-6-c-2{&  +  c-3(c-a)-c?}]. 

4.  2a;-(3y-4s)-{2a;-(3y  +  4s)}-{3y-(4z  +  2a;)}. 

5.  6  +  c-(a  +  6-[c  +  a-(&  +  c-{a  +  6-(c  +  a-6)})]). 

6.  S?)-{5a-[6a  +  2{10a-o)]}. 

7.  a-(6-c)-[a-6-c-2{6  +  c}]. 

8.  3a2  -  [6a2  -  {  8&2  -  (Gc^  -  2a2)}  ]. 

9.  6-(c-a)-[&-a-c-2{c  +  a-3(a-6)-c?}]. 

10.  -20(a-c?)+3(6-c)-2[6  +  c  +  c«-3{c  +  t^-4(c?-a)^]. 

11.  -4(a  +  c?)  +  24(6-c)-2[c  +  d  +  a-3{c£+a-4(6  +  c)}]. 

12.  -10(a  +  6)-[c  +  a  +  6-3{a+26-(c+a-6)}]+4c. 

13.  a-2(6-c)-[-{-(4a-6-c-2{a  +  &  +  c})}]. 

14.  8(6-c)-[-{«-6-3(c-6  +  a)}]. 

15.  2(3& -  5a) -7[a-6{2-5(a -&)}]. 

16.  6{a-2[6-3(c  +  rf)]}-4{a-3[&-4(c-d)]}. 

17.  5{a-2[a-2{a  +  a;)]}-4{a-2[a-2(a  +  a;)]}. 

18.  -  10{a  -  6[a-  (&  -c)]l  +  60{6  -  {c  +  a)}. 
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19.  ~3{-2[-4(-a)]}  +  5{-2[-2(-a)]}. 

20.  -2{-[-{x-y)]}  +  {-2i-{x-y)]}. 

21.   i(«-a.-«.l-i#-l)-f[«-l(-f)]}- 

24.  1^  -  lily  -¥)-[''- ih-ih-r)}-  (1^  -  ^)]- 

Insertion  of  Brackets. 

60.  The  converse  operation  of  inserting  brackets  is  im- 
portant. The  rules  for  doing  this  have  been  enunciated  in 
Arts.  21,  22  ;  for  convenience  we  repeat  them. 

(1)  Ani/  part  of  an  expression  may  he  enclosed  loithin  brackets 
and  the  sign  +  prefixed.,  the  sign  of  every  term  vnthin  the 
brackets  remaining  unaltered. 

(2)  Any  part  oj  an  expression  may  be  enclosed  within 
brackets  and  the  sign  -  prefixed,  provided  the  sign  of  every 
ter7n  within  the  brackets  be  chaTiged. 

Examples.     a-b  +  c-d-e  =  a-h  +  {c-d~e). 
a-b  +  c-d-e  =  a-(b-c)-{d  +  e). 
x^-ax  +  bx-ab  =  (a;-  -  ax)  +  {bx  -  ab). 
xy  -  ax  -by  +  ab  =  {xy  -  by)  -  {ax  -  ab). 

61.  The  terms  of  an  expression  can  be  bracketed  in  various 
ways. 

Example.     The  expression  ax  -bx  +  ex  -  ay  +  by  -  cy 
may  be  written         {ax  -  bx)  +  {ex  -  ay)  +  (6y-  cy), 
or  {ax-bx  +  cx)-{ay-by-{-cy), 

or  {ax-ay)-{bx-by)  +  {cx-cy). 

62.  Whenever  a  factor  is  common  to  every  term  within  a 
bracket,  it  may  be  removed  and  placed  outside  as  a  multiplier 
of  the  expression  within  the  bracket. 
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Example  1.     In  the  expression 

ax^  -cx+1  -  do?  +  6a:  -  c  -  doi?  +  Vj?  -  2x 
bracket  together  the  powers  of  a:  so  as  to  have  the  sign  +  before 
each  bracket. 

The  expression  =  (arc^ - dx^)  +  {hx'^ -  dx"^)  +  {bx -ex- 2x)  +  (7 - c) 
=  x^{a - d)  +  x'^ib  - d)  +  x{b  - c -2)  +  {7 -  c) 
=  {a-d)x^+{b-d)x'^  +  {b-c-2)x  +  7-c. 

In  this  last  result  the  compound  expressions  a-d,  b-d,  b-c-2 
are  regarded  as  the  coefficients  of  a:^,  x'-,  and  x  respectively. 

Example  2.     In  the  expression  -  a^x  -7a-h a^y  +  3-2x-ab  bracket 
together  the  powers  of  a  so  as  to  have  the  sign  -  before  each  bracket. 

The  expression  =  -  [a^x  -  o?y)  -  (7a  +  ab)  -  (2x  -  3) 
=  -a%x-y)-a{7  +  b)-(2x-3) 
^~(x-  y)a^  -  (7  +  b)a  -  {2x  -  3). 


EXAMPLES  Vn.  c. 

In  the  following  expressions  bracket  the  powers  of  :c  so  that 
the  signs  before  all  the  brackets  shall  be  positive  : 

1.  ax^  +  bx'^  +  5  +  2bx-5x^  +  2:t*-3x. 

2.  3ba>^-7-2x  +  ab  +  5ax^  +  cx-4:X^-bx^. 

3.  2-7a^  +  5ax^-2cx  +  9ax^  +  7x-3xr^. 

4.  2cx^-3abx  +  4dx-Sbx*-a^x^  +  x^. 

In  the  following  expressions  bracket  the  powers  of  x  so  that 
the  signs  before  all  the  brackets  shall  be  negative  : 

5.  aa^^  +  5a:3  _  ^2^  _  obx^  -  3x-  -  bx*. 

6.  7a:^  -  3c'^x  -  abx?  +  hax  +  7a:^  -  abcT?. 

7.  ax^^■%^-bx^-^x--C7?. 

8.  3y^x^-bx-aoi:^-cx^-^c-x-7x^. 

Simplify  the  following  expressions,  and  in  each  result  re-group 
the  terms  according  to  powers  of  x  : 

9.  a7? -  2cx -  [bx^ -{cx-dx-  (bx^  +  3cx^) }-{cx'-bx) ]. 

10.  oax^  -  7(6a;  -  cx^)  -{6bx^  -  {3ax^  +  2ax)  -  4.cx^}. 

11.  aa?-3{-a3^  +  3bx  -  4[^x^  -%{ax-  bx'-)]  } . 

12.  ar*  -  46a:*  -  ^  ri2aa:  -  4\^3bx*  -9(^^-bx'^-  laz^^j. 

13.  a:{a;  -  6  -  x{a  -  6a;)}  +  aa:  -  a;{a;  -  a:(aa:  -  6)}. 
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63.  In  certain  cases  of  addition,  multiplication,  etc ,  of  ex- 
pressions which  involve  literal  coefficients,  the  results  may  be 
more  conveniently  written  by  grouping  the  terms  according  t« 
powers  of  some  common  letter. 

Example  1,     Add  together  aoi^  -'ihx^  +  Z,  hx-ca^-x"^  and 

ix^  -  ax^  +  ex 
The  sum  =  ao^  -  2hx^  +  Z  +  bx-  cx^  -x"-k-ot?-  ax^  +  ex 
=  acc^  -c3^  +  x^-  a7^  -  2bx^  -X'  +  hx  +  cx  +  3 
=  {a  -  c  +  l)x^  -  {a  +  2b  +  l)x^  +  (b  +  c)x  +  .3. 

Example  2.     Multiply  ax^  -  2bx  +  3c  by  px  -  q. 

The  product  =  {ax"^  -  2bx  +  Sc){px-q) 

=  apx^  -  2bpx'^  +  Scpx  -  aqpi?  +  '2hqx  -  Scq 
=  apx^  -  (2bp  +  aq)x^  +  {Sep  +  2hq)x  -  dcq. 

EXAIVIPLES  Vn.  cL 

Add  together  the  following  expressions,  and  in  each  case 
arrange  the  result  according  to  powers  of  x  : 

1.  ax^-2cx,  bx"-cx^,  cx^-x. 

2.  a:^-a;-l,  ax"-bx^,  bx-i-x^ 

3.  a^s^  ~  5x,  2ax^  -  5ax^,  2x^  -  bx^  -  ax. 

4.  ax^  +  bx-c,  qx-r-px^,  x^-\-2x-\S. 

5.  poc^  -  qx,  qx^  -px,  q-x^,  px~  +  qx^. 

Multiply  together  the  following  expressions,  and  in  each  case 
arrange  the  result  according  to  powers  of  x  : 

6.  ax"  +  bx+l  and  cz  +  2,  7.     cx--2x  +  3  and  ax-b. 
8.     ax^-bx-c  and  px  +  q              9.     2a;2-3a:-l  and  bx  +  c. 

10.  a3^-2bx  +  Zc  and  x-l  H.     px^-2x-q  and  ax-^6 

12.  x^  +  ax"  -bx-e  and  x^  -  ax-  -bx  +  c. 

13.  ax^-x-  +  dx-b  and  o^  +  x^  +  Sx  +  b. 

14.  X*  -  ax^  -  bx"^  +  ex  +  d  and  x^  i-aa^-bx^ -cx4-d: 


CHAPTER  VIIL 
Simple  Equations. 

64.  An  equation  is  a  statement  that  two  algebraical  expres- 
sions are  equal. 

Thus         (i.)  x+S  +  .v  +  4  =  2x  +  7,     (ii.)  4j)7  +  2  =  14 
are  equations. 

The  parts  of  an  equation  separated  by  the  sign  of  equality  are 
called  members  or  sides  of  the  equation,  and  are  distinguished 
as  the  right  side  and  the  left  side. 

65.  If  the  two  expressions  are  a^^^ays  equal,  for  any  values 
we  give  to  the  symbols,  the  equation  is  called  an  identical 
equation,  or  briefly  an  identity.  Thus  equation  (i.)  above  is 
an  identity,  as  is  easily  seen  by  collecting  the  terms  on  the  left 
side. 

If  two  expressions  are  only  equal  for  a  particular  value  or 
values  of  the  symbols,  the  equation  is  called  an  equation  of 
condition,  or  more  usually  an  equation,  simply. 

Thus  the  statement  4jc  +  2  =  14  will  be  found  to  be  true  only 
when  x  =  3. 

This,  then,  is  an  equation  in  the  ordinary  sense  of  the  term, 
and  the  value  3  is  said  to  satisfy  the  equation.  The  object  of 
the  present  chapter  is  to  shew  how  to  find  the  values  which 
satisfy  equations  of  the  simpler  kinds. 

66.  The  letter  whose  value  it  is  required  to  find  in  any 
equation  is  called  the  unknown  quantity.  The  process  of 
finding  its  value  is  called  solving  the  equation.  The  value  so 
found  is  called  the  root  or  solution  of  the  equation. 

67.  An  equation  which,  when  reduced  to  a  simple  form, 
involves  no  power  of  the  unknown  quantity  higher  than  the 
first  is  called  a  simple  equation.  It  is  usual  to  denote  the 
unknown  quantity  by  x.       ^ 

68.  The  process  of  solving  a  simple  equation  depends  only 
on  the  following  axioms  : 

1.  If  to  equals  we  add  equals  the  sums  are  equal. 

2.  If  from  equals  we  take  equals  the  remainders  are  equal. 

3.  If  equals  are  multiplied  by  equals  the  products  are  equaL 

4.  If  equals  are  divided  by  equals  the  quotients  are  equal. 
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Example  1.     To  solve  the  equation  7^  =  14. 
Dividing  botli  sides  hy  7,  (Axiom  4)  we  get 

x  =  2. 

X 

Example  2.     Solve  the  equation  ^  =  -  6. 

Multiplying  both  sides  by  2,  (Axiom  3)  we  get 

a:=-12. 

Example  3.     Solve  the  equation 

7a;-2a:-a:=10-23-15. 
By  collecting  terms  on  each  side,  we  get 

4a:  =  -28. 
Dividing  by  4,  (Axiom  4)  we  get 

X—  -7. 

EXAMPLES.     {Oral) 
Find  the  values  which  satisfy  the  following  equations  : 


1. 

3a' =18. 

2. 

4a:  =12.         3. 

6.r  =  12. 

4. 

7a:=  -7. 

5. 

3a:=21. 

6. 

11a:  =  55.       7. 

13a:  =  39. 

8. 

14a:  =-42. 

9. 

7a:=  -35 

10. 

-5a: =30.  11. 

-2x=-12. 

12. 

-3a:  =  21. 

13. 

3x-  =  0. 

14. 

-4a:  =  0.     15. 

2a:  =11. 

16. 

9a;  =15. 

17. 

51x  =  39. 

18. 

3a:  =-7.     19. 

28a:  =  35. 

20. 

S4a:=  -51. 

21. 

-  =  7 
3     ' 

22. 

%=-S.      23. 

-?  =  4. 
a 

24. 

^o- 

25. 

8x  +  5.r  - 

3x=17 

-9  f  33- 11. 

26. 

5a;-7ar  +  8x=12 

-5  +  7+10. 

27. 

-  3.r  - 12 

x  +  5x= 

=  29-2  +  6-13. 

28. 

4:X  -  \dx- 

-9a;  +  2 

7x=  -28  +  8-60  +  17. 

69i  In  the  preceding  examples  the  terms  have  been  so 
arranged  that  those  involving  the  unknown  quantity  have 
been  on  one  side  of  the  equation  and  the  numerical  quantities 
on  the  other.  We  can  always  arrive  at  this  arrangement  by 
the  aid  of  the  axioms. 

Examp>le.     Solve  the  equation  3a:  -  €  =  a:  + 12. 
Subtracting  x  from  both  sides,  we  get      ** 

3a'- a: -8  =  12.  [Axiom  2.] 

Adding  8  to  both  sides,  we  have 

3a:-a:=12  +  8;  [Axiom  1.] 

.'.   2a:  =  20; 
dividing  by  2,  a- =10.  [Axiom  4.] 
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70.  Beginners  should  verify,  that  is,  prove  the  correctness 
of  their  solutions  by  substituting,  in  both  sides,  the  value 
obtained  for  the  unknown  quantity. 

In  the  last  equation       3x  -  8  =  x  + 12, 
if  x=\0, 

the  left  side  =  3  x  10  -  8  =  22, 

and  the  right  side  =  10 +  12  =  22. 

Since  these  two  results  are  equal  the  solution  is  correct. 

71.  In  the  following  examples  some  preliminary  reduction 
is  necessary. 

Example  1,     Solve  5  (x  -  3)  -  7  (6  -  x)  =  24  -  3  (8  -  a:)  -  3. 
Removing  brackets,  5a;  -  15  -  42  +  7a:  =  24  -  24  +  3a:  -  3  ; 
collecting  terms,  12x- 57  =  3a;-3. 

Subtracting  3a:  from  each  side,  we  get 
9a: -57=  -3. 
Adding  57  to  each  side,  we  have 

9a;  =  54. 
Dividing  by  9,  a;  =  6. 

[Verification.     When    a:  =  6, 

the  left  side  =  5  (6  -  3)  -  7  (6  -  6) 
=  5x3-0=15. 

The  right  side = 24  -  3  (8  -  6)  -  3 
=  •24-3x2-3 
=24-9  =  15. 
Thus  the  solution  is  correct.] 

4a:      3 


[Axiom  2.] 

[Axiom  1.] 
[Axiom  4.] 


Example  2.     Solve  -^  -  — ■ 


X  .  X 

o      10     5^4' 


Here  it  is  convenient  to  begin  by  clearing  the  equation  of 
fractional  coefficients.  This  can  be  done  by  multiplying  every 
term  on  each  side  of  the  equation  by  the  least  common  multiple  of 
the  denominators.     [Axiom  3.] 

Hence,  multiplying  throughout  by  20, 

16a;-6  =  4a;  +  5a;. 
Subtracting  9a:  from  each  side, 

7a; -6  =  0. 
Adding  6  to  each  side,  7a;  =  6. 

6 


Dividing  by  7, 


x  — =. 
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\yerification.     When    x  =  =, 

^,     .  .,    . ,      4    6     3     48-21    27 
the  left  8ide=.x^-^  =  -,^^  =  ^. 

_       .  ,,    .,       16     16    24  +  30 
The  nght  side  =  g  x  ^  +  ^  x  7  =  -y4Q- 

_  54     27 
~140~70' 
Thus  the  solution  is  correct.] 

72.  The  preceding  examples  have  been  -worked  out  very 
fully  in  every  detail  for  the  purpose  of  impressing  on  beginners 
the  importance  of  shewing  clearly  the  meaning  of  every  step  of 
their  work  in  solving  simple  equations.  Each  step  should 
occupy  a  separate  line,  and  each  successive  process  should  be 
referred  to  one  of  the  fundamental  axioms  ;  the  object  in  each 
case  being  to  gradually  reduce  the  equation  until  it  consists  of  a 
single  terra  containing  x  on  one  side,  and  a  single  known  term 
on  the  other.  The  required  root  is  then  found  by  dividing  each 
side  by  the  coefficient  of  x. 

Orderly  arrangement  should  be  studied  throughout,  and  in 
par-ticular,  the  signs  of  equality  in  the  several  lines  should  be 
written  neatly  in  column. 

In  order  to  furnish  the  requisite  practice  in  method  and 
arrangeraent^  we  shall  now  give  an  exercise  containing  easy 
equations  which  are  free  from  difficulty  in  the  way  of  reduction, 
and  which  involve  little  actual  work. 

EXAMPLES  VIII.     (1). 

Find  the  value  of  x  which  satisfies  each  of  the  following 
equations,  and  in  each  case  verify  the  solution. 

1.  7a;-4  =  17.  2.     3a;-5  =  10.  3.     2a:+ 15  =  23. 

4.  5x-9  =  21.  5.     7.r  =  18-2a:.  6.     3a:=25-2a;. 

7.  4a;-3  =  2a;+l.  8.     5a;  +  2  =  6a;-l.  9.     3a;  +  2  =  4a;-3. 

10.  4a:-3  =  3a:  +  4.         11.     8x  -  9  =  33  -  4a;.       12.     5rc  +  3  =  15-x. 

13.  2a;+15  =  27-4x.  14.     7a;.fll  =  3a:  +  27. 

15.  15 -ox  =  24 -8a:.  16.     9a:  +  21  -  4a;  =  46. 

17.  5x  +  7  +  4a:+ll  +  3a:=24.         18.     0  =  9 -6a:- 19+ 10a;. 

19.  7-3a:  =  5  +  4a:+ll-16a;.         20.     -  3a;-5=  -  :/a;  +  l. 

21.  6a;  +  7-19  =  7a;+13-3a;-21. 

22.  3a;  + 4  + 10a; -17  =  14 -23a; +  16 -7a;. 
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Solve  and  verify  the  following  equations  : 
^'     3    6  ^'     5-3  ^'     3~I2* 

29.    \.-\.=.-^.  30.    |4=f+lf 

iSl.     3-^2-9     -3-  '5^-     8^"*'6^"'^"6"2'^' 

73.  After  enougli  practice  to  enforce  the  reasons  for  the 
several  steps,  the  solutions  may  be  presented  in  a  shorter  form. 

When  any  term  is  brought  over  from  one  side  of  an  equation 
to  the  other  it  is  said  to  be  transposed. 

We  shall  now  shew  that  any  term  may  be  transposed  from 
one  side  of  an  equation  to  the  other  by  simply  writing  it  down 
on  the  opposite  side  with  its  sign  changed. 

Consider  the  equation  3:j7— 8=.r+12. 

Subtracting  x  from  each  side,  we  get 

3^-^-8=12. 

Adding  8  to  each  side,  we  have 

3^-.r=12  +  8. 

Thus  we  see  that  -\-x  has  been  removed  from  one  side,  and 
appears  as  —  .27  on  the  other  ;  and  —  8  has  been  removed  from 
one  side  and  appears  as  +  8  on  the  other. 

Similar  steps  may  be  employed  in  all  cases. 

It  appears  from  this  that  we  inay  change  the  sign  of  every 
term  in  an  equation ;  for  this  is  equivalent  to  transposing  all  the 
terras,  and  then  making  the  two  sides  change  places. 

Exam-pie.     Take  the  equation   -  3a:  -  12  =  a:  -  24. 

Transposing,  -   a;  +  24  =  3a;+12, 

or  3x+12= -a:  +  24, 

which  is  the  original  equation  with  the  sign  of  every  term  changed. 

74.  We  can  now  give  a  general  rule  for  solving  any  simple 
equation  with  one  unknown  quantity. 

Rule.  First.,  if  necessary.,  clear  of  fraxitions ;  then  transpose 
all  the  terw.s  containing  the  unknown  quantity  to  one  side  of  the 
equation.,  and  the  known  quantities  to  the  other.  Collect  the  terras 
on  each  side ;  divide  both  sides  by  the  coeficient  of  the  unknovm 
quantity  and  the  value  required  is  obtaiiied. 
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Example  1.     Solve  ox  -  {\x  -  7)  (So:  -  5)  =  6  -  3  (4.r  -  9)  (a:  -  1 ). 

Here  the  products  (4j7-7)(3x-5)  and  (4r-9)(x-l)  must  be 
multiplied  out,  or  written  down  by  inspection  as  in  Art.  44,  before 
any  further  reduction  can  be  made. 

Formmg  the  products,  we  have 

5^ -  (12^2 -41a;  +  35)  =  6- 3(4x2 -13x^9); 
and  by  removing  brackets, 

ox  -  12x2  +  41x  -  35  =  6  -  12jr  +  39x  -  27. 
The  term  -  12x2  may  be  removed  from  each  side  without  altering 
the  equality ;  thus 

ox  +  41x  -  3o  =  6  +  39x  -  27. 
Transposing,  ox  +  41x  -  39x  =  6  -  27  +  35  ; 

collecting  terms,  7x=  14  ; 

.-.   x  =  2. 

Note.  Since  the  minus  sign  before  a  bracket  affects  every  term 
within  it,  in  the  first  line  of  work  we  do  not  remove  the  brackets 
until  we  have  formed  the  products. 

Example  2.     Solve  7x -  5  [x  -  { 7  -  6 (x -  3) }]  =  3x  + 1. 
Removing  brackets,  we  have 

7x-5[x-{7-6x+18}]  =  3x  +  l, 
7x  -  5[x  -  25  +  6x]  =  3x+ 1, 
7x  -  5x  -f  125  -  30x  =  3x  -f  1 ; 
transposing,  7x  -  5x  -  30x  -  3x  =  1  -  125 ; 

collecting  terms,  -  31x=  -  124  ; 

.-.   x=4. 

EXAMPLES  Vm.   a, 

l^Ii  is  recommended  thai  jVos.  1-16  of  the  foUoiving  examples 
shoidd  he  solved  in  full  hy  reference  to  the  axioms.  In  the  rest  of 
the  exercise  the  solutioTis  may  he  shortened  hy  transposition  of 
terms.] 

Solve  the  following  equations  and  verify  the  solutions  in 
Examples  1  to  20. 

1.  3x-M5  =  x-r25.  2.     2x-3  =  3x-7. 

3.  3x  +  4=5(x-2).  4.     2x  +  3  =  16-(2a:-3). 

5.  8(x-l)  +  17(x-3)=4(4r-9)  +  4. 

6.  15(x-l)  +  4(x  +  3)  =  2(7  +  x). 

7.  5x-6(x-5)  =  2(x  +  5)  +  5(x-4). 

8.  8(x-3)-(6-2x)  =  2(a:  +  2)-5(5-a:). 
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Solve  the  following  equations  : 

9.  7 (25 -a;) -2a;  =  2 (3a: -25). 

10.  3  ( 169  -  a;) -(78  + a:)  =  29a:. 

11.  5a:-17  +  3a:-5  =  6a:-7-8a:4-115. 

12.  7a: -39 -10a: +15  =  100 -33a: +  26. 

13.  1 18 -65x- 123  =  15a: +  35 -120a;. 

14.  157-21(a:  +  3)  =  163-15(2x-5). 

15.  179 -18  (a: -10)  =  158 -3  (a: -17). 

16.  97-5(a;  +  20)  =  lll-8(a:  +  3). 

17.  x-[3  +  {a:-(3  +  a:)}]  =  5. 

18.  5a:-(3a:-7)-{4-2a:-(6a:-3)}  =  10. 

19.  14a:-(5a:-9)-{4-3a:-(2a:-3)}  =  30. 

20.  25a:-10-[3-{4a:-5}]  =  3a;-(6a:-5). 

21.  (a:+l)(2a;+l)  =  (a;  +  3)(2a:  +  3)-14. 

22.  (a:+l)2-(a:2-])  =  a:(2a:+l)-2(a;  +  2)(a:  +  l)  +  20. 

23.  2(a:+l)(a;  +  3)  +  8  =  (2x+l)(a:  +  5). 

24.  6(a:2-3a:  +  2)-2(a:2-l)  =  4(a:+l)(a;  +  2)-24. 

25.  2(a:  -  4)  -  (a;2  +  a:  -  20)  =  4a:2  -  (5a:  +  3)  (a:  -  4)  -  64. 

26.  (a:+15)(a:-3)-(a;2-6a:  +  9)  =  30-  15(:t:-l). 

27.  2a; -5{  3a: -7  (4a: -9)}  =  66. 

28.  20(2-a:)  +  3(a;-7)-2[a:  +  9-3{9-4(2-a:)}]=22. 

29.  a;  +  2-[a:-8-2{8-3(5-a:)-a;}]  =  0. 

30.  3(5-6a:)-5[a:-5{l-3(a:-5)}]  =  23. 

31.  (a:  +  l)(2a;  +  3)=2(a;+l)2  +  8. 

32.  3(a:-l)2-3(a:2-l)  =  a;-15. 

33.  (3a: +  1)  (2a: -7)  =  6  (a: -3)2 +  7. 

34.  a;2-8a:  +  25  =  a:(a:-4)-25(a:-5)-16. 

35.  ar(a:+l)  +  (a7+l)(ar  +  2)  =  (a:  +  2)(a:  +  3)  +  a:(a:  +  4)-9. 

36.  2(a:  +  2)(a:-4)  =  ar(2.r+l)-21. 

37.  (a:+l)2  +  2(a:  +  3)2  =  3a:(a:  +  2)  +  35. 

38.  4 (a; +  5)2 -(2a: +1)2  =  3 (a: -.5) +  180. 

39.  84  +  (a:  +  4)(fl;-3)(a:  +  5)  =  (a:  +  l)(a:+2)(a:  +  3). 

40.  (a:+l)(a:  +  2)(a;  +  6)  =  a:3  +  9^2  +  4(7^_l) 

75.     The    following    examples    illustrate    the    most    useful 
methods  of  solving  equations  with  fractional  coelQficienta, 
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^ Q        ^       1 

Example  1.     Solve  4 c~~oo~o* 

Multiply  by  88,  the  least  common  multiple  of  the  deuomiuators ; 
thus  352-ll(a;-9)  =  4a;-44; 

removing  brackets,  352  -  11  a;  +  99  =  4a;  -  44  ; 

transposing,  -11a;- 4a;  =  -44-  352  -  99  ; 

collecting  terms  and  changing  signs,   15a;  =  495 ; 

/.     a; =33. 

Note.     Here ^—  is  equivalent  to  -^(aj-Q),  the  vinctdum  or 

line  between  the  numerator  and  denominator  having  the  same  effect 
as  a  bracket.     [Art.  58.  ] 

76.  In  certain  cases  it  will  be  found  more  convenient  not  to 
multiply  throughout  by  the  l.c.m.  of  the  denominators,  but  to 
clear  of  fractions  in  two  or  more  steps. 

Example  2.     Solve  —^  +  -j^ = — ^ "og-- 

Multiplying  throughout  by  9,  we  have 

4.  .  18a;- 27     9a;  +  81     „       „^ 

transposing,  — ^^  +     ^     =  2a:  -  20. 

Now  clear  of  fractions  by  multiplying  by  5  x  7  x  4  or  140  ; 
thus  72a;  -  1 08  +  45a;  +  405  =  280a;  -  2800  ; 

/.     2800  -  ■  108  +  405  =  280a;  -  72a;  -  45a; ; 
.-.     3097  =  163a;; 
a;=19. 

77.  To  solve  equations  whose  coefficients  are  decimals,  we  may 
express  the  decimals  as  vulgar  fractions,  and  proceed  as  before ; 
but  it  is  often  found  more  simple  to  work  entirely  in  decimals. 

Example  1.     Solve   -Qx  +  '25  -  ^a;  =  1  •§  -  •75a;  -  k- 

9  o 

Expressing  the  decimals  as  vulgar  fractions,  we  have 

clearing  of  fractions.  24.r  +  9  -  4a:  =  68  -  27a;  - 12 ; 

transposing,  24a;  -  4a;  +  27a;  =  68 -12 -9, 

47a; =47; 
.'.     x=L 
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Example  2.     Solve  -3750;  -  1  -875  =  •12x  +1-185. 

Transposing,  -3753;  -  •12a;  =  1  -185  + 1  '875  ; 

collecting  terms,  ( -375  -  '1 2)a;  ^  3  '06, 

that  is,  -2553; =3  06; 

3  06 

=  12. 


EXAMPLES  VIII.   b. 

Solve  the  following  equations,  and  verify  Nos.  1-lS. 

3.    ^V^«=5.  4.    ^«=3+|. 

^-        7    --5-  6-     -8--1  +  18- 

7      4(a;  +  2)_       5a;  _      a;  +  4    a;-4    ^ 

Q      aJ  +  20    3a:  a:-8,a:-3     5     ^ 

11      a;  +  5    y+1  _a;  +  3  4 -5a:     l-2a:     13 

6  9    ~    4    •  ^^'     ~6  3~~42' 

13      5(a:  +  5)     2(a:-3)       ^  ^  -.      4(a:  +  2)     6(a:-7)     ,^ 

1R      ij.^    2a:    3x       ^  1/.      ^  ,  ^    a:    a:    _« 

18.  a:  +  |(a:-7)-^(cf-8)  =  .3a:-l4|-. 

19.  ^-^(a:  +  10)-(.-3)  =  ^-4f. 

20.  ^-j^(^-il)  =  |(2:-25)  +  34. 

22.   i(^-8)+l±^+^=7-?3_:£. 
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oo      ^[^    A  ,  ^^     5z_x-12    x  +  '6 
^'     SU"   y      6       4  ~     5  3    • 


24.     r-(3:.--^j=g(2x-o.)-3. 


a: 


10.  .3_       ,     x-2 


25.  i-^Y^+^=^-l-    ^ 

26.  '5x-'2x=-^x-l.  27.     3+^=7-^. 

28.  2-25a:--125  =  3a:  +  375.  29.     ~22;-  16a;=  "6- -3. 

30.  =6x- -72:+ -752;- -8752;+ 15  =  0. 

31.  12  {3^- -25  (a; -4) --3(52:  + 14)}  =  47c 
_„  -25  (2: -3) +  -3  (2; -4) 


•125 


=  52:- 19. 


33.     ^4o^-^-o^  =  15.  34.     i2;+-2o2:--3x-  =  2:-3. 

•12o  2o  0 

35.     -52:- -22;= -Sa:- 1-5.  36.     1-5  =  ^- '^^''~ '^l 

[Some  of  the  examples  in  Miscellaneous  ExampUs  11.^  p.  80, 
will  furnish  further  practice  in  Simple  EquationsJ] 

78.  Before  concluding  this  chapter  it  will  be  worth  while  to 
draw  attention  to  the  following  cases  which  occur  so  frequently 
in  solving  equations  that  the  beginner  should  learn  to  write 
down  the  solution  at  sight. 

Case  I.     Suppose  — =-. 

Multiplying  both  sides  by  5,  we  have 

4x5 


72;= 


.(1). 


'"""3x7, 
_5__9 

zx~r 

Multiplying  both  sides  by  3.r,  we  have 

9  X  3.r' 


Case  II.     Suppose 


.(2). 
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By  a  carefnl  examination  of  the  results  in  (1)  and  (2),  the 
truth  of  the  following  principlea  will  be  evident : 

Any  factor  of  the  numerator  of  one  side  of  an  equation  may 
be  transferred  to  the  denominator  of  the  other  side,  and  any  fad  or 
of  the  denominator  of  one  side  mat/  be  transferred  to  the  numerator 
of  the  other  sicU. 

The  ready  application  of  these  principles  will  be  found  very 
osefuL 


Example  1. 

n 

then 

Ex  J 

If 

then 

ox      9 
I4~3d' 

•^-35x3-^5« 

X 

2 
5~ 

o 

-x\             :.   x=  -=. 

After  a  little  practice  the  arithmetic  should  be  performed  mentany, 
and  the  intermediate  stepe  omitted. 


EXAMPLES  vm  c. 

Write    down  the    values  of   x  which  satisfy  the   following 
equations  : 

^     a:"4  ^  7-U-  ^-  h~x 

L           ?-.->  R  -^-^  C  23C_8 

*•        3  ^  17"5r  ^  15"io 

'•     2:r~     8"  '^         3         -J  ^=  3r~27 

10      ^--^  11  -  =  — .  12.  -^  =  -^ 

^^-     •2x~     T  ^^"  21      84  ^^  2     3z 

^^-     8-2^-  ^'^^  18-42'  ^^'  3i-27 

IQ      ^^-1  20  ---  21  ^-^-^ 


STSfBOLiCAL  Expression, 

79.  ly  solving  algebraical  problems  the  chief  dilficolty  of 
the  beginner  is  to  express  the  conditions  of  the  qaesticm  bv- 

means  of  symbols.  A  question  proposed  in  algebraical  srmboLa 
will  frequently  be  found  puzzling,  when  a  similar  arithmetical 
question  would  present  no  difficulty.  Thus,  the  answer  to  the 
question  "  find  a  number  greater  than  x  by  a ''  may  not  be  self- 
evident  to  the  beginner,  wh«  would  of  course  readilj  answer  an 
analogous  arithmetical  question,  "  find  a  number  greater  than 
50  by  6."  The  process  of  addition  which  gives  the  answer  in 
the  second  case  supplies  the  necessary  hint  ;  and,  just  as  the 
numt'er  which  l3  greater  than  50  by  6  is  50+6,  so  Uie  number 
which  is  greater  than  x  hj  a  Ia  x+a. 

80.  The  following  examples  will  perhaps  be  the  best  intro- 
duction to  the  subject  of  this  chapter.  After  the  first  we  leave 
to  the  student  the  choice  of  arithmetical  instances,  should  he 
find  them  necessary. 

Example  1.     By  how  much  does  x  exceed  17? 
Take  a  numerical  matancc ;  "by  how  much  does  27  exceed  17?* 
The  answer  obviously  is  10,  which  is  equal  to  27  - 17. 
Hence  the  excess  of  x  over  17  is  ar  -  17. 
Similarly  the  defect  of  x  from  17  is  17  -  x. 

Examplt  2.     If  ar  is  one  part  of  45  the  other  part  is  45  -  jr. 

45 

Example  3.     If  a:  ia  one  factor  of  45  the  other  factor  is  — • 

Example  4.  How  far  can  a  man  walk  Ta\  a  hoior?  at  tne  rate  of 
4  miles  an  hour  ? 

In  1  hour  he  walks  4  miles. 

In  a  hours  he  walks  a  times  as  far,  that  is,  4a  miles. 

Example  5.  If  £20  is  divided  equally  among  y  persona,  the  share 
of  each  is  the  total  sum  divided  by  the  number  of  persons,  or  £^ 
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Example  6.  If  17  be  divided  \>y  6  the  quotient  is  2,  and  the 
remainder  5, 

that  is,  ~^=^  +  a' 

D  O 

So  if  N  be  divided  by  D,  and  the  quotient  be  Q  and  the 
remainder  i?,  we  have 

or  ]Sr=QD  +  B. 

Thus,  if  the  divisor  is  x,  the  quotient  y,  and  the  remainder  z, 
the  di\'idend  is  xy  +  z. 

Example  7.  -4  and  B  are  playing  for  money ;  A  begins  with  £p 
and  B  with  g  shillings  :  after  B  has  won  £x,  how  many  shillings 
has  each  ? 

What  5  has  won  A  has  lost, 

.'.    A  has  20(2?  -  a:)  shillings, 
B  has  g  +  20a;  shillings. 


EXAMPLES  IX.  a. 

1.  What  must  be  added  to  x  to  make  y  ? 

2.  By  what  must  3  be  multiplied  to  make  a  ? 

3.  What  dividend  gives  h  as  the  quotient  when  5  is  the  divisor? 

4.  What  is  the  defect  of  2c  from  3d  ? 

5.  By  how  much  does  3k  exceed  k  ? 

6.  If  100  be  divided  into  two  parts  and  one  part  be  x  what  ia 
the  other  ? 

7.  If  a  be  one  factor  of  h,  what  is  the  other  ? 

8.  What  number  is  less  than  20  by  c  ? 

9.  What  is  the  price  in  pence  of  a  oranges  at  tenpence  a  dozen? 

10.  What  is  the  price  in  pence  of  100  oranges  when  x  cost  six- 
pence ? 

11.  If  the  difference  of  two  numbers  be  11,  and  if  the  smaller  be 
X,  what  is  the  greater  ? 

12.  If  the  sum  of  two  numbers  be  c  and  one  of  them  is  20,  what 
is  the  other  ? 

13.  What  is  the  excess  of  90  over  x  ? 

14.  By  how  much  does  x  exceed  30  ? 

15.  If  100  contains  x  five  times,  what  is  the  value  of  a;  ? 

16.  What  is  the  cost  in  pounds  of  40  books  at  x  shillings  each  ? 
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17.  In  X  years  a  man  will  be  36  years  old,  what  is  hia  present  age? 

18.  How  old  will  a  man  be  in  a  years  if  his  present  age  is  x  years? 

19.  If  X  men  take  5  days  to  reap  a  field,  how  long  will  one  man 
take? 

20.  What  value  of  x  will  make  5x  equal  to  20  ? 

21.  What  is  the  price  in  shillings  of  120  apples,  when  the  cost  of 
a  score  is  x  pence  ? 

22.  How  many  hours  will  it  take  to  walk  x  miles  at  4  miles  an 
hour  ? 

23.  How  far  can  I  walk  in  x  hours  at  the  rate  of  y  miles  an  hour? 

24.  In  X  days  a  man  walks  y  miles,  what  is  his  rate  per  day  ? 

25.  How  many  minutes  will  it  take  to  walk  x  miles  at  a  miles 
an  hour  ? 

26.  A  train  goes  x  miles  an  hour,  how  long  does  it  take  to  go 
from  Bristol  to  London,  a  distance  of  120  miles  ? 

27.  How  many  miles  is  it  between  two  places,  if  a  train  travelling 
p  miles  an  hour  takes  5  hours  to  perform  the  journey  ? 

28.  What  is  the  velocity  in  feet  per  second  of  a  train  which 
travels  30  miles  in  x  hours  ? 

29.  A  man  has  a  crowns  and  b  florins,  how  many  shillings 
has  he  ? 

30.  If  I  spend  X  shillings  out  of  a  sum  of  £20,  how  many  shillings 
have  I  left  ? 

31.  Out  of  a  purse  containing  £a  and  h  shillings  a  man  spends 
c  pence  ;  express  in  pence  the  sum  left. 

32.  By  how  much  does  2j;  -  5  exceed  a:  + 1  ? 

33.  What  number  must  be  taken  from  a  -  2&  to  leave  a  -  36  ? 

34.  If  a  bill  is  shared  equally  amongst  x  persons  and  each  payf^ 
Zs.  4d. ,  how  many  pence  does  the  bill  amount  to  ? 

35.  If  I  give  away  c  shillings  out  of  a  purse  containing  a 
sovereigns  and  h  florins,  how  many  shillings  have  I  left  ? 

36.  In  how  many  weeks  will  x  horses  eat  100  bushels  of  oats  if 
one  horse  eats  y  bushels  a  week  ? 

37.  If  I  spend  X  shillings  a  week,  how  many  pounds  do  I  save 
out  of  a  yearly  income  of  £y  t 

38.  A  bookshelf  contains  x  Latin,  y  Greek,  and  z  English  books : 
if  there  are  100  books,  how  many  are  there  in  other  languages  ? 

39.  I  have  X  pounds  in  my  purse,  y  shillings  in  one  pocket,  and 
z  pence  in  another :  if  I  give  away  half-a-crown,  how  many  pence 
have  I  left  ? 

40.  In  a  class  of  x  boys,  y  work  at  Classics,  z  at  Mathematica, 
and  the  rest  are  idle  :  what  is  the  excess  of  workers  over  idlers  ? 
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81.     We  subjoin  a  few  harder  examples  worked  out  in  fulL 

Example  1.  What  is  the  present  age  of  a  man  who  x  years  hence 
will  be  m  times  as  old  as  his  son  now  aged  y  years  ? 

In  X  years  the  son's  age  will  be  y  +  x  years  ;  hence  the  father's 
age  will  be  m{y  +  x)  years  ;  therefore  now  the  father's  age  is 
m{y  +  x)  -X  years. 

Example  2.  Find  the  simple  interest  on  £^  in  n  years  at  /  per 
cent. 

Interest  on  £100  for  1  year  is  £/, 

'*•  ^^     ^loo' 

£k  £^, 

ThrCr 

:.  Interest  on  £k    for  n  years  is  £t7^- 

ExamjjU  3.  A  room  is  x  yards  long,  y  feet  broad,  and  a  feet  high ; 
find  how  many  square  yards  of  carpet  will  be  required  for  the  floor, 
and  how  many  square  yards  of  paper  for  the  walls. 

(1)  The  area  of  the  floor  is  Zxy  square  feet ; 

.-.   the  number  of  square  yards  of  carpet  required  is  _^=^* 

(2)  The  perimeter  of  the  room  is  2{Zx  +  y)  feet ; 

.'.   the  area  of  the  walls  is  2a{3x  +  y)  square  feet ; 

2a(Sx  +  v) 
.:  number  of  square  yards  of  paper  required  is  — i^— — ^. 

Example  4.  The  digits  of  a  number  beginning  from  the  left  are 
ayb,c;  what  is  the  number  ? 

Here  c  is  the  digit  in  the  units'  place  ;  h  standing  in  the  tens' 

place  represents  h  tens  ;  similarly  a  represents  a  hundreds. 
The  number  is  therefore  equal  to  a  hundreds  +  b  tens  +  c  units 

=  100a  +  106  +  c. 
If  the  digits  of  the  number  are  inverted,  a  new  number  is 
formed  which  is  symbolically  expressed  by 
100c  + 106  +  a. 

Example  5.  What  is  (1)  the  sum,  (2)  the  product  of  three  con- 
Becutive  numbers  of  which  the  least  is  n  ? 

The  numbers  consecutive  to  n  are  n+l,  n  +  2; 
.-.     the  sum  =  n  +  {n  +  \)  +  {n  +  2) 
=  Sn  +  3. 
And  the  product  =  n{n  +  1 )  (n  +  2). 
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We  mav  remark  here  that  anv  even  number  may  be  denoted 
bv  2n,  "where  n  is  any  positive  whole  number ;  for  this  expres- 
iion  is  exactlv  divisible  bv  2. 

Similarly,  any  odd  number  may  be  denoted  by  2n  + 1  ;  fofc 
this  expression  when  divided  by  2  leaves  remainder  1. 

Ezamph  6.  How  many  days  will  a  men  take  to  mow  h  acres  if 
c  boys  can  mow  a  acres  in  h  days,  and  each  man's  work  equals  that 
of  n  boys  ? 

Since  c  boys  can  mow  a  acres  in    h    days ; 
.'.   1  boy he  days, 

.".   n  boys,  or  1  man, —  days, 

he    , 
.*.   amen —  days, 

an       ''  ' 

='.   amen lacre...  --^  days: 

a-7i      •' 

therefore  a  men  can  mow  h  acres  in  —^  days. 

a^n      '' 

EXAMPLES  IX.    b. 

1.  Write  down  four  consecutive  numbers  of  which  x  is  the  least 

2.  Write  down  three  consecutive  nimibers  of  which  y  is  the 
greatest. 

3.  Write  down  five  consecutive  numbers  of  which  x  is  the  middle 
one. 

4*     What  is  the  next  even  number  after  2n  ? 

5.  What  is  the  odd  number  next  before  2a-  —  1  ? 

6.  Find  the  sum  of  three  consecutive  odd  numbers  of  which  the 
middle  one  is  2/1  ~  1. 

7.  A  man  makes  a  jommey  of  x  miles.  He  travels  o  miles  by 
ooach,  h  by  train,  and  finishes  the  journey  by  boat.  How  far  does 
the  boat  carry  him? 

8.  A  horse  eats  a  bushels  and  a  donkey  h  bushels  of  com  in  a 
week  :  how  many  bushels  will  they  together  consume  in  n  weeks  ? 

9.  If  a  man  was  x  years  old  5  years  ago,  how  old  will  he  be  y 
years  hence  ? 

10.  A  boy  is  x  years  old,  and  5  years  hence  his  age  will  be  half 
that  of  his  father.     How  old  is  the  father  now  ? 

11.  What  is  the  age  of  a  man  who  y  years  ago  was  ra  times  as 
:>ld  as  a  child  then  aged  x  years  ? 

12.  A 's  age  is  double  ^'s,  ^'s  is  three  times  (7s,  and  C  vs,  x  years 
old  :  find  A'%  age. 

13.  What  is  the  interest  on  £1000  in  h  years  at  c  per  cent.  ? 


66  ALGEBRA.  [chap. 

14.  What  is  the  interest  on  £x  in  a  years  at  5  per  cent.  ? 

15.  What  is  the  interest  on  £50a  in  a  years  at  a  per  cent.  ? 

16.  What  is  the  interest  on  £24xy  in  x  months  at  y  per  cent,  per 
annum  ? 

17.  A  room  is  x  yards  in  length,  and  y  feet  in  breadth  :  how 
many  square  feet  are  there  in  the  area  of  the  floor  ? 

18.  A  square  room  measures  x  feet  each  way  :  how  many  square 
yards  of  carpet  will  be  required  to  cover  it  ? 

19.  A  room  is  p  feet  long  and  x  yards  in  width  :  how  many  yards 
of  carpet  two  feet  wide  will  be  required  for  the  floor  ? 

20.  What  is  the  cost  in  pounds  of  carpeting  a  room  a  yards  long, 
b  feet  broad,  with  carpet  costing  c  shillings  a  square  yard  ? 

21.  How  many  yards  of  carpet  x  inches  wide  will  be  required  to 
cover  the  floor  of  a  room  y  feet  long  and  z  feet  broad  ? 

22.  A  room  is  a  yards  long  and  b  yards  broad  ;  in  the  middle 
there  is  a  carpet  c  feet  square  :  how  many  square  yards  of  oil-cloth 
will  be  required  to  cover  the  rest  of  the  floor  ? 

23.  How  many  miles  can  a  person  walk  in  45  minutes  if  he  walks 
a  miles  in  x  hours  ? 

24.  How  long  will  it  take  a  person  to  walk  b  miles  if  he  walks 
20  miles  in  c  hours  ? 

25.  If  a  train  travels  a  miles  in  6  hours,  how  many  feet  does  it 
move  through  in  one  second? 

26.  A  train  is  running  with  a  velocity  of  x  feet  per  second  :  how 
many  miles  will  it  travel  in  y  hours  ? 

27.  How  long  will  X  men  take  to  mow  y  acres  of  corn,  if  each 
man  mow  z  acres  a  day  ? 

28.  How  many  men  will  be  required  to  do  in  ic  hours  what  y 
men  do  in  xz  hours  ? 

29.  What  is  the  rate  per  cent,  which  will  produce  £y  interest 
from  a  principal  of  £1000  in  r  years  ? 

30.  Find  in  how  many  years  a  principal  of  £a  will  produce  £p 
interest  at  r  per  cent,  per  annum. 

[The  following  examples  wUl  assist  the  student  in  stating  the  con- 
ditions  of  a  problem  in  eqiuitional  form.] 

31.  If  y  is  the  product  of  three  consecutive  numbers  of  which  the 
greatest  is  p,  express  this  fact  by  an  equation. 

32.  The  sum  of  three  consecutive  even  numbers  is  equal  to  x.  If 
the  middle  number  is  2n  express  this  by  an  equation. 

33.  The  product  of  p  and  q  is  equal  to  five  times  the  excess  of  a 
over  6  ;  express  this  by  an  equation. 
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34.  If  X  is  divided  by  y,  the  quotient  is  equal  to  10  more  than  the 
sum  of  m  and  n ;  express  this  in  algebraical  symbols. 

35.  A  man  is  x  years  older  than  his  son,  whose  present  age  is  a 
years  ;  five  years  hence  the  father's  age  will  be  twice  that  of  the  son  ; 
express  this  in  algebraical  symbols.  K  the  son  is  now  15,  what  is 
the  father's  age  ?     If  the  father  is  now  53,  how  old  is  the  son  ? 

36.  A  has  £p  and  B  has  q  shillings  ;  A  hands  £x  to  B  and  finds 
that  he  then  has  three  times  as  much  as  B ;  express  this  fact  by  an 
equation. 

37.  A  man  who  is  p  years  old  has  a  son  whose  age  is  q  years ; 
five  years  ago  the  father's  age  was  seven  times  that  of  his  son.  Ex- 
press this  in  algebraical  symbols. 

Formulae. 

82.  In  Example  6,  Art.  80,  we  proved 

a  result  which  gives  in  a  single  statement  a  general  relation 
expressing  the  connection  between  a  number,  its  divisor,  and 
resulting  quotient  and  remainder. 

This  is  an  example  of  a  very  important  class  of  algebraical 
statements  known  as  formulce,  the  use  and  application  of  which 
we  shall  now  briefly  explain. 

Definition.  A  fommla  is  a  relation  established  by  reason- 
ing among  certain  quantities,  any  one  of  which  may  in  turn  be 
regarded  as  the  unknown. 

Thus  in  the  formula  above  mentioned,  if  Q,  R,  and  D  are  given 
quantities,  we  have  an  equation  to  find  the  corresponding  value 
of  ^.  Or,  a  question  may  be  proposed  as  follows  :  "  By  what 
must  96  be  divided  so  as  to  give  a  quotient  5,  and  a  remainder 
11?"  Here  we  have  given  ^=96,  $=5,  R=ll,  and  therefore 
from  the  formula  we  obtain 

whence  i)  =  17,  the  required  divisor. 

83.  A  formula,  it  must  be  observed  includes  all  particular 
cases  in  one  general  statement ;  and  so  by  the  use  of  a  single 
algebraical  formula  we  are  enabled  briefly  to  express  a  whole 
class  of  results  in  a  form  at  once  simple,  easily  remembered,  and 
easily  applied.  Experience  will  convince  the  student  how  much 
of  the  power  and  utility  of  Algebra  lies  in  the  ready  application 
of  formulae  to  many  kinds  of  problems. 
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It  would  be  out  of  place  here  to  make  more  than  a  passing 
allusion  to  other  branches  of  Mathematics,  or  to  Physical  Science ; 
but  on  account  of  the  interest  and  importance  of  the  subject,  it 
may  be  useful  to  draw  the  reader's  attention  to  a  few  of  the 
more  elementary  formulae  he  is  likely  to  meet  with  in  his  other 
studies. 

(1)  If  a  triangle  on  a  base  6,  has  a  height  A,  its  area  (A)  is 
given  by  the  formula  ^  =  i  ^^^ 

(2)  If  a  pyramid  of  height  h  stands  on  a  base  whose  area  ia 
a^,  its  volume  ( V)  is  given  by  the  formula 

In  these  cases  any  linear  unit,  inch,  foot . . .  being  chosen,  the 
superficial  and  solid  units  will  be  respectively  the  square  and 
cubic  inch,  foot,  ...  ;  and  in  each  of  these  formulae  if  two  of  the 
three  quantities  be  given,  the  third  is  easily  obtained  by  Arith- 
metic. 

Example.  The  Great  Pyramid  of  Egypt  stands  on  a  square  base 
each  side  of  which  is  764  feet ;  and  its  height  is  480  feet.  Find  the 
number  of  cubic  feet  of  stone  used  in  its  construction. 

From  the  formula,  F=|  x  (764)2  ^  480 

=  160x764x764 

=  93391360  cubic  feet. 

84.  We  have  in  this  chapter  given  several  examples  involving 
space,  velocity,  and  time  ;  and  all  these  can  be  solved  without 
difficulty  by  common  sense  reasoning.  At  the  same  time  we 
may  remark  that  they  are  only  particular  cases  of  the  general 
formula  s=vt,  in  which  s  denotes  the  space  described  by  a  body 
which  moves  with  uniform  velocity  v  for  a  time  t. 

In  this  formula,  if  t  denotes  the  number  of  seconds  the  body 
has  been  in  motion,  and  v  the  number  of  feet  passed  over  in  one 
second,  then  s  is  the  space  (in  feet)  described  in  t  seconds. 

Example.  If  a  train  has  a  velocity  of  75  feet  a  second,  how  long 
will  it  take  to  cross  a  viaduct  which  is  300  yards  in  length  ? 

Substituting  the  values  of  s  and  v  (expressed  in  feet)  in  the 
formula,  we  get 

900=75«, 
.900 
'-"75 
=  12. 
Therefore  the  time  is  12  seconds. 
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85.  Another  very  interesting  case  is  that  of  a  body  falling 
vertically  under  the  action  of  gravity. 

It  is  proved  in  works  on  Dynamics  that  if  a  body  fall  freely  from 
rest,  and  if  s  denote  the  space  (in  feet)  described  in  t  seconds, 

In  this  formula  g  denotes  the  number  of  feet  per  second  by 
which  the  velocity  is  increased  in  each  successive  second  in 
consequence  of  the  earth's  attraction,  and  it  is  found  by  experi- 
ment that  g  =  32'2  nearly. 

Example  1.  A  stone  dropped  from  the  Clifton  suspension  bridge 
takes  4  seconds  before  it  reaches  the  water.  Find  the  height  of  the 
bridge  above  the  river. 

From  the  above  formula,  s  =  ^  x  32*2  x  (4)^ 

=  257-6, 

and  the  height  is  therefore  257*6  feet. 

Example  2.  How  long  will  it  take  a  stone  to  reach  the  bottom  of 
a  well  144*9  feet  deep  ? 

From  the  formula,      144  '9  =  |-  x  32  -2  x  <«  . 

••   ^  ~  16-1  ~^' 
.-.   t=S. 
Therefore  the  time  is  3  seconds. 


EXAMPLES  IX.  c. 

1.  From  the  formula  for  the  area  of  a  triangle  in  Art.  83,  find 
(i)    The  area,  when  the  base  is  32  ft.,  and  the  height  17  ft. 

(ii)     The  base,  when  the  area  is  56  sq.  ft. ,  and  the  height  7  ft. 

(iii)     The  height  (in  chains  and  links),  when  the  area  is  5 '985 
acres,  and  the  base  17  chains  50  links. 

2.  By  means  of  formula  (2)  in  Art.  83,  find 

(i)     The  volume  of  a  pyramid  of  height  10  ft.,  on  a  base 
whose  area  is  15  sq.  ft. 

(ii)     The  volume  of  a  pyramid  of  height  6  ft.,  standing  on  a 
square  base  each  of  whose  sides  is  1^  ft. 

(iii)     The  height  of  a  pj^amid  whose  volume  is  20  cu.  ft.  and 
whose  base  has  an  area  of  12  sq.  ft. 
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3.  By  means  of  the  formula  8  =  vt  (Art.  84),  find 

(i)     How  many  miles  a  train  will  run  in  84  minutes  at  35  miles 
per  hour. 

(ii)     How  long  a  train  will  take  to  run  56  miles  at  42  miles  iper 
hour. 

(iii)     The  velocity  in  miles  per  hour  of  a  train  which  travels 
5500  yards  in  5  minutes. 

4.  By  means  of  the  formula  s  =  ^gi^  (Art.  85),  find 

(1)     The  height  of  a  flagstaff  if  a  stone  dropped  from  the  top 
takes  3  seconds  to  reach  the  ground. 

(ii)     How  long  it  will  take  a  stone  to  drop  from  a  balloon  whose 
height  above  the  ground  is  402  ft.  6  in. 

5.  The  circumference  (O)  of  a  circle  is  tt  times  the  diameter  {d) ; 
and  the  area  (^)  of  a  circle  is  tt  times  the  square  of  the  radius  (r). 
Express  these  two  results  by  formulse. 

If  7r  =  ^,  find  the  circumferences  and  areas  of  circles  whose  radii 
are  3^  inches  and  1  ft.  9  in.  respectively. 

6.  The  surface  >S  of  a  sphere  of  radius  r  is  given  by  the  formula 

Find  (i)  the  surface  of  a  sphere  whose  radius  is  1  "4  in. ; 
(ii)  the  radius  of  a  sphere  whose  surface  is  38^  sq.  ft. 

7.  If  a  room  is  x  feet  long,  y  feet  broad,  and  z  feet  high,  find 
formulse  for  (i)  the  perimeter,  (ii)  the  area  of  the  floor,  (iii)  the  area 
of  the  walls. 

8.  From  the  formulse  of  the  last  example  find  the  perimeter,  area 
of  floor,  and  area  of  the  walls  of  a  room  18  ft.  8  in.  long,  11  ft.  3  in. 
wide,  and  12  ft.  high. 

9.  From  formula  (iii)  of  Example  7,  find  the  height  of  a  room 
when  the  length  and  breadth  are  17  ft.  9  in.,  12  ft.  3  in.  respectively, 
and  the  area  of  the  walls  is  630  sq.  ft. 

10.  If  a  parallelogram  on  a  base  h  has  a  height  h,  its  area  {A)  is 
given  by  the  formula 

A=hh. 

Find  the  area  of  parallelograms  in  which 

(i)     the  base  =  5 '5  cm.,  and  the  height  =  4  cm.; 
(ii)     the  base  =  2 '4  in.,  and  the  height=l"5  in. 

11.  The  area  of  a  parallelogram  is  4*2  sq.  in.,  and  the  base  la 
2-8  in.     Find  the  height. 
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12.  The  area  of  a  trapezium  is  equal  to 

■i-(sum  of  parallel  sides)  x  (distance  between  them). 

Express  this  in  algebraical  symbols,  and  apply  the  formula  to  find 
the  area  of  a  trapezium  when  the  parallel  sides  are  6  ft.  4  in.  and 
7  ft.  2  in.  and  the  distance  between  them  is  4  ft. 

13.  Use  the  formula  of  Art.  80,  Ex.  6,  to  find  a  number  which 
when  divided  by  19  gives  a  quotient  17  and  remainder  5. 

14.  By  what  number  must  566  be  divided  so  as  to  give  a  quotient 
37  and  remainder  11  ? 

15.  "What  is  the  present  age  of  a  man  who  5  years  hence  will  be 
three  times  as  old  as  his  son  who  is  now  15  ?  Verify  the  answer  by 
substituting  in  the  formula  of  Art.  81,  Ex.  1. 

16.  In  a  right-angled  triangle  if  a  and  h  denote  the  lengths  of 
the  sides  containing  the  right  angle  and  c  denotes  the  length  of  the 
hypotenuse,  it  is  known  that  c-  =  a2-f6-. 

By  substitution  find  which  of  the  following  sets  of  num.bers  can 
be  taken  to  represent  the  sides  of  a  right-angled  triangle. 

(i)     7,24,25.       (ii)     12,35,36.       (iii)     1-6,  6-3,  6-5. 

17.  The  rectangle  contained  by  two  straight  lines,  one  of  which 
is.  divided  into  any  number  of  parts,  is  equal  to  the  sum  of  the 
rectangles  contained  by  the  undivided  line  and  the  several  parts 
of  the  divided  line. 

Prove  this  by  taking  algebraical  symbols  to  represent  the  un- 
divided  line  and  the  segments  of  the  divided  line. 

18.  .45  is  a  straight  line  divided  into  any  two  parts  at  0.  Prove 
algebraically,  as  in  the  last  example  : 

(i)    AB^-  =  AB.AO  +  AB.OB. 
(ii)    AB.AO=ACP  +  AO.OB. 
Express  these  two  results  in  a  verbal  form  as  in  Example  17. 

19.  Prove  algebraically  the  following  theorems  : 

(i)     If  a  straight  line  is  divided  into  any  two  parts,  the  square 
on  the  whole  line  is  equal  to  the  sum  of  the  squares  on 
the  two  parts  together  with  twice  the  rectangle  con- 
tained by  the  two  parts. 
(ii)     If  a  straight  line  is  divided  into  any  two  parts,  the  sum 
of  the  squares  on  the  whole  line  and  on  one  of  the  parts 
is  equal  to  twice  the  rectangle  contained  by  the  whole 
and  that  part,  together  with  the  square  on  the  other 
part. 
Express  the  results  of  these  theorems  in  a  form  corresponding  tc 
(1)  and  (ii)  of  Example  18. 
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20.  With  the  notation  of  Example  16,  find  the  value  of 

(i)  c  when  a  =15,    6  =  8; 

(ii)  a  when  c  =  25,    6  =  7; 

(iii)  6  when  c  =  41,    a  =  9; 

(iv)  a  when  c  =  6*5,  6  =  6*3. 

21.  If  7r  =  3-1416,  ^=20125,  s=144-9,  sr  =  32-2,  w=18-75,  v=5-6, 
find  the  values  of 

(i)     ^^J-;        (ii)     v^;        (iii)     2^v^' 


gr 


22.     In  the  formula  F  =  -^,   given   m  =  12-075,   r  =  3,  ^^  =  32-2, 
F=200,  find  V. 


23.  In  the  formula  v^-u^=2as,  find  the  value  of  a  when  v  =  50, 
tt=10,  and  s  =  100. 

n 

24.  From  the  formula  s  =  p(a  +  0,  find 

(i)  the  value  of  s,  when  n  =  20,   a  =14,  ^  =  964  ; 

(ii)  the  value  of  a,  when  5  =  25 "2,  n=12,  l  =  Z'2; 

(iii)  the  value  of  n,  when  5  =  46  "8,  a=*6,  ^  =  7 '2; 

(iv)  the  value  of  I,  when  s=  -175*5,  a=13*5,  7i  =  13. 

25.  If  2/  =  4+ j^  a;,  find  the  value  of  y  when  x  has  the  values 
0,  4,  8,  12,  16,  20. 

There  is  a  wall  20  ft.  long,  whose  height  at  any  point  x  ft.  from 
one  end  is  4  +  jjj  x  feet.  Draw  the  wall  on  a  scale  of  1  inch  to  4  feet, 
marking  on  it  the  height  at  each  end  and  at  intervals  of  4  ft. 


CHAPTER  X. 

Problems  leading  to  Simple  Equations. 

86-  The  principles  of  the  last  chapter  may  now  be  em  ployed 
to  solve  various  problems. 

•    The  method  of  procedure  is  as  follows  : 

Represent  the  unknown  quantity  by  a  symbol  x^  and  express 
in  symbolical  language  the  conditions  of  the  question  ;  we  thus 
obtain  a  simple  equation  which  can  be  solved  by  the  methods 
already  given  in  Chapter  viii. 

Example  1.  Find  two  numbers  whose  sum  is  28,  and  whose 
difference  is  4. 

Let  X  be  the  smaller  number,  then  a;  +  4  is  the  greater. 
Their  sum  is  a;  +  {x  +  4),  which  is  to  be  equal  to  28. 
Hence  a;  +  a:  +  4  =  28; 

2a;  =  24; 

.'.     a:  =  12, 

and  X  +  4  =  16  ; 

so  that  the  numbers  are  12  and  16. 

The  beginner  is  advised  to  test  his  solution  bv  finding  whether 

it  satisfies  the  data  of  the  question  or  not. 

Example  2.  Divide  60  into  two  parts,  so  that  three  times  the 
greater  may  exceed  100  by  as  much  as  8  times  the  less  falls  short  of 
200. 

Let  X  be  the  greater  part,  then  60  -  a:  is  the  less. 

Tlu-ee  times  the  greater  part  is  3a;,  and  its  excess  over  100  is 

3a; -100. 
Eight  times  the  less  is  8(60  -  x),  and  its  defect  from  200  is 

200  -  8(60  -  a;). 
Whence  the  symbolical  statement  of  the  question  is 
3a: -100  =  200 -8(60 -a;); 
3a; -100  =  200 -480  + 8a;, 
480 -100 -200= 8a; -3a;, 
5a;  =  180, 
.*.     X  =  36,  the  greater  part, 
and  60 -a;  =  24,  the  less. 
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Example  3.  Divide  £47  between  A,  B,  C,  so  that  A  may  have 
£10  more  than  B,  and  B  £8  more  than  C. 

Suppose  that  C  has  x  pounds  ;    then  B  has  a; +  8  pounds,  and  A 
has  a;  +  8  + 10  pounds. 

Hence  x  +  (a;  +  8)  +  (a;  +  8  +  10)  =  47 ; 

a;  +  a;  +  8  +  a;  +  8+ 10  =  47, 
3a;  =  21; 
.-.     x  =  'J; 
so  that  G  has  £7,  B  £15,  A  £25. 

Example  4.  A  person  spent  £28.  4^.  in  buying  geese  and  ducks  ? 
if  each  goose  cost  75.,  and  each  duck  3.s. ,  and  if  the  total  number  of 
birds  bought  "was  108  :  how  many  of  each  did  he  buy  ? 

In  questions  of  this  kind  it  is  of  essential  importance  to  have  adi 
quantities  expressed  in  the  same  denomination  ;  in  the  present  in- 
stance it  will  be  convenient  to  express  the  money  in  shillings. 

Let  X  be  the  number  of  geese,  then  108  -  a;  is  the  number  of 
ducks. 

Since  each  goose  costs  7  shillings,  x  geese  cost  7x  shillings. 

And  since  each  duck  costs  3  shillings,  108  -  x  ducks  cost  3(  108  -  x) 

shillings. 
Therefore  the  amount  spent  is 

7a:  +  3(108  -  x)  shillings  ; 

but  the  question  states  that  the  amount  is  also  £28.  4s.,  that 
is  564  shillings. 

Hence  7a:  +  3(108-a;)  =  564 ; 

7a: +  324 -3a:  =  564, 

4a:  =  240, 

.'.     a:  =  60,  the  number  of  geese, 
and  108 -a;  =  48,  the  number  of  ducks. 

Example  5.  ^  is  twice  as  old  as  B,  ten  years  ago  he  was  four 
times  as  old  :  what  are  their  present  ages  ? 

Let  B's  age  be  x  years,  then  ^'s  age  is  2a:  years. 
Ten  years  ago  their  ages  were  respectively,  a;  -  10  and  2a;  - 10 
years  ;  thus  we  have  2a;- 10  =  4 (a:- 10) ; 

2a; -10  =  4a: -40, 
2a:  =  30; 
.•.     a:  =  15, 
so  that  5  is  15  years  old,  A  30  years= 

Note.  Li  the  above  examples  the  unkno\vn  quantity  x  represents 
a  number  of  pounds,  ducks,  years,  etc.;  and  the  student  must  be 
earefid  to  avoid  beginning  a  solution  with  a  supposition  of  the  kind^ 
"let  x  =  A's  share"  or  "let  a;  =  the  ducks",  or  any  statement  so 
vague  and  inexact. 
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EXAMPLES  X.  a. 

1.  One  number  exceeds  anotlier  by  5,  and  their  sum  is  29  ;  find 
them. 

2.  The  difference  between  two  numbers  is  8 ;  if  2  be  added  to  the 
greater  the  result  will  be  three  times  the  smaller :  find  the  numbers. 

3.  Find  a  number  such  that  its  excess  over  50  may  be  greater  by 
11  than  its  defect  from  89. 

4.  A  man  walks  10  miles,  then  travels  a  certain  distance  by 
train,  and  then  twice  as  far  by  coach.  If  the  whole  journey  is  70 
miles,  how  far  does  he  travel  by  train  ? 

5.  What  two  numbers  are  those  whose  sum  is  58,  and  difference 
28? 

6.  If  288  be  added  to  a  certain  number,  the  result  will  be  equal 
to  three  times  the  excess  of  the  number  over  I'z  :  find  the  number. 

7.  Twenty-three  times  a  certain  number  is  as  much  above  14  as 
16  is  above  seven  times  the  number  :  find  it. 

8.  Divide  105  into  two  parts,  one  of  which  diminished  by  20 
shall  be  equal  to  the  other  diminished  by  15. 

9.  Find  three  consecutive  numbers  whose  sum  shall  equal  84. 

10.  The  sum  of  two  numbers  is  8,  and  one  of  them  with  22  added 
to  it  is  five  times  the  other  :  find  the  numbers. 

11.  Find  two  numbers  differing  by  10  whose  sum  is  equal  to  twice 
their  difference. 

12.  A  and  B  begin  to  play  each  with  £60.  If  they  play  till  A's 
money  is  double  ^"s,  what  does  A  win  ? 

13.  Find  a  number  such  that  if  5,  15,  and  35  are  added  to  it,  the 
product  of  the  first  3.nd  third  results  may  be  equal  to  the  square  of 
the  second. 

14.  The  difference  between  the  squares  of  two  consecutive  num- 
bers is  121  :  find  the  numbers. 

15.  The  difference  of  two  numbers  is  3,  and  the  difference  of  their 
squares  is  27  :  find  the  numbers. 

16.  Divide  £330  between  A,  B,  and  C,  so  that  B  may  have  £30 
more  than  A,  and  C  may  have  £20  more  than  B. 

17.  A  sum  of  £8.  17s.  is  made  up  of  124  coins  which  are  either 
florins  or  shillings  :  how  many  are  there  of  each  ? 

18.  If  silk  costs  six  times  as  much  as  lii^en,  and  I  spend  £9.  8s. 
in  buying  23  yards  of  silk  and  50  yards  of  linen :  find  the  cost  of  each 
per  yard. 

19.  A  father  is  four  times  as  old  as  his  son ;  in  24  years  he  will 
only  be  twice  as  old  :  find  their  ages. 

20.  -4  is  25  years  older  than  B,  and  A^s  age  is  as  much  above  20 
as  B'b  is  below  85  :  find  their  ages. 
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21.  A^a  age  is  six  times  B's,  and  fifteen  years  hence  A  will  be 
three  times  as  old  as  B  :  find  their  ages. 

22.  A  sum  of  £4.  55.  was  paid  in  crowns,  half-crowns,  and 
shillings.  The  number  of  half-crowns  used  was  four  times  the 
number  of  crowns  and  twice  the  number  of  shillings :  how  many 
were  there  of  each  ? 

23.  The  sum  of  the  ages  of  A  and  B  is  30  years,  and  five  years 
hence  A  will  be  three  times  as  old  &a  B  :  find  their  present  ages. 

24.  In  a  cricket  match  the  byes  were  double  of  the  wides,  and 
the  remainder  of  the  score  was  greater  by  three  than  twelve  times 
the  number  of  byes.  If  the  whole  score  was  138,  how  were  the  runs 
obtained  ? 

25.  The  length  of  a  room  exceeds  its  breadth  by  3  feet ;  if  the 
length  had  been  increased  by  3  feet,  and  the  breadth  diminished  by 
2  feet,  the  area  would  not  have  been  altered  :  find  the  dimensions. 

26.  The  length  of  a  room  exceeds  its  breadth  by  8  feet ;  if  each 
had  been  increased  by  2  feet,  the  area  would  have  been  increased  by 
60  square  feet :  find  the  original  dimensions  of  the  room. 

87.  We  add  some  problems  which  lead  to  equations  with 
fractional  coefficients. 

Example  1.     Find  two  numbers  which  differ  by  4,  and  such  that 
one-half  of  the  greater  exceeds  one-sixth  of  the  less  by  8. 
Let  X  be  the  smaller  number,  then  a;  +  4  is  the  greater. 

One-half  of  the  greater  is  represented  by  ^{x  +  ^),  and  one  sixth 

1 
of  the  less  by  ^. 

Hence  ^{x  +  A)-^x=8 ; 

multiplying  by  6,        3a;  + 12  -  a;  =  48  ; 

.-.    2a:  =  36; 

x=  18,  the  less  number, 
and  a; -f- 4  =  22,  the  greater. 

Example  2.  A  has  £9,  and  B  has  4  guineas ;  after  B  has  won 
from  A  a  certain  sum,  A  has  then  five- sixths  of  what  B  has :  how 
much  did  B  win  ? 

Suppose  that  B  wins  x  shillings,  A  has  then  180 -a:  shillings, 
and  B  has  84  -|-  a;  shillings. 

Hence  180-a;=5(84  +  a;) ; 

D 

1080  -  6a; = 420 -f  5a;, 
lla;=660; 
/.    a;  =  60. 


Therefore  B  wins  60  shillings,  or  £3. 


X.]  PROBLEMS   LEADING  TO   SIMPLE   EQUATIONS.  73 

EXAMPLES  X.  b. 

1.  Find  a  number  such  that  the  sum  of  its  sixth  and  ninth  parts 
may  be  equal  to  15. 

2.  What  is  the  number  whose  eighth,  sixth,  and  fourth  parts 
together  make  up  13  ? 

3.  There  is  a  number  whose  fifth  part  is  less  than  its  fourth  part 
by  3  :  find  it, 

4.  Find  a  number  such  that  six-sevenths  of  it  shall  exceed  four- 
fifths  of  it  by  2. 

5.  The  fifth,  fifteenth,  and  twenty-fifth  parts  of  a  number 
together  make  up  23  :    find  the  number. 

6.  Two  consecutive  numbers  are  such  that  one -fourth  of  the  less 
exceeds  one-fifth  of  the  greater  by  1 :  find  the  numbers. 

7.  Two  numbers  differ  by  28,  and  one  is  eight-ninths  of  the 
other  :    find  them. 

8.  There  are  two  consecutive  numbers  such  that  one-fifth  of  the 
greater  exceeds  one-seventh  of  the  less  by  3  :  find  them. 

9.  Find  three  consecutive  numbers  such  that  if  they  be  divided 
by  10,  17,  and  26  respectively,  the  sum  of  the  quotients  will  be  10. 

10.  A  and  B  begin  to  play  with  equal  sums,  and  when  B  has  lost 
five-elevenths  of  what  he  had  to  begin  with,  A  has  gained  £6  more 
than  half  of  what  B  has  left :  what  had  they  at  first  ? 

11.  From  a  certain  number  3  is  taken,  and  the  remainder  is 
divided  by  4  ;  the  quotient  is  then  increased  by  4  and  divided  by  5 
and  the  result  is  2  :  find  the  number. 

12.  In  a  cellar  one-fifth  of  the  wine  is  port  and  one-third  claret ; 
besides  this  it  contains  15  dozen  of  sherry  and  30  bottles  of  hock: 
how  much  port  and  claret  does  it  contain  ? 

13.  Two-fifths  of  ^'s  money  is  equal  to  ^'s,  and  seven-ninths  of 
J5's  is  equal  to  C's  ;  in  all  they  have  £770  :  what  have  they  each  ? 

14.  A,  B,  and  C  have  £1285  between  them  :  ^'s  share  is  greater 
than  five-sixths  of  ^'s  by  £25,  and  (7s  is  four-fifteenths  of  5's  :  find 
the  share  of  each. 

15.  A  man  sold  a  horse  for  £35  and  half  as  much  as  he  gave  for 
it,  and  gained  thereby  ten  guineas  :  what  did  he  pay  for  the  horse  ? 

16.  The  width  of  a  room  is  two- thirds  of  its  length.  If  the 
width  had  been  3  feet  more,  and  the  length  3  feet  less,  the  room 
would  have  been  square  :  find  its  dimensions. 

17.  What  is  the  property  of  a  person  whose  income  is  £430, 
when  he  has  two-thirds  of  it  invested  at  4  per  cent. ,  one-fourth  at 
3  per  cent. ,  and  the  remainder  at  2  per  cent.  ? 

18.  I  bought  a  certain  number  of  apples  at  three  a  penny,  and 
five-sixths  of  that  number  at  four  a  penny  ;  by  selling  them  at  six- 
teen for  sixpence  I  gained  S^c?. :  how  many  apples  did  I  buy  ? 

E.A.  F 


CHAPTER  XI. 

Highest  Cosoion  Facttopw,  Lowest  Common  Multiple 
OF  Simple  Expressions. 

Highest  Common  Factor. 

88.  Definition.  The  highest  common  factor  of  two  or 
more  algebraical  expressions  is  the  expression  of  highest  dimen- 
sions [Art.  24]  which  divides  each  of  them  without  remainder. 

The  abbreviation  H.C.F.  is  sometimes  used  instead  of  the 
words  highest  common  factor. 

89.  In  the  case  of  simple  expressions  the  highest  common 
factor  can  be  written  down  bj  inspection. 

Example.  1.     The  highest  common  factor  of  a^,  a^,  a^,  a^  is  a^. 

Example  2.  The  highest  common  factor  of  a^6^,  abh^,  aWc  is  a&*; 
for  a  is  the  highest  power  of  a  that  will  divide  a^,  a,  a-;  6*  is  the 
highest  power  of  h  that  will  divide  6*,  6^,  &'' ;  and  c  is  not  a  commxm 
factor. 

90.  If  the  expressions  have  numerical  coefficients,  find  by 
Arithmetic  their  greatest  common  measure,  and  prefix  it  as  a 
coefficient  to  the  algebraical  highest  common  factor. 

Example.  The  highest  common  factor  of  2la'^x^y,  35a^x^,  28a^xy* 
is  la^xy ;  for  it  consists  of  the  product  of 

( 1 )  the  greatest  common  measure  of  the  numerical  coefficients  ; 

(2)  the  highest  power  of  each  letter  which  divides  every  one  of 
the  given  expressions. 

EXAMPLES  XI.  a, 

Find  the  highest  common  factor  of 


1. 

iab\  2a%.             2. 

Zxh,\ 

x^y\ 

3.     6xyh,  8a:Vz'2. 

4. 

ahc,  lalr'C.            5. 

5a%^ 

loahi 

;2.         6.     9xY-z%  12xy^z. 

7. 

Aa^h^c^,  6a362c3. 

8. 

7a%^c^  UaF-c^ 

9. 

Ibx^fz^,  \2x^yz\ 

10. 

Sa'^x,  6abxy,  lOahx^y^ 

11. 

AQax^,  63ay^  SSas^. 

12. 

llahh,  S4a%c,  5labc\ 

13. 

f^xhp-^  h^xy-,  c^x'h/. 

14. 

24aWc^  6'ia%h\  4Sa^h^<^. 

15. 

25xy%  lOOa:-^::,  125xy. 

16. 

a%pxy,  b^qxy,  a^bxr^. 

17. 

15a'if^c\  eOaWc^  2oa^c\ 

18. 

35aV&,  4:2ahb\  30a<r»&3. 
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Lowest  Common  Multiple. 

91.  Definition.  The  lowest  common  multiple  of  two  or 
more  algebraical  expressions  is  the  expression  of  lowest  dimen- 
sions which  is  divisible  by  each  of  them  without  remainder. 

The  abbreviation  L.C.M.  is  sometimes  used  instead  of  the 
words  lovjest  common  multiple. 

92.  In  the  case  of  simple  expressions  the  lowest  common 
multiple  can  be  written  down  by  inspection. 

Example  1.     The  lowest  common  multiple  of  a^,  a^,  a?,  a^  is  a^. 

Example  2.  The  lowest  common  multiple  of  a^h^,  ab^,  a?W  is 
Gi?W ;  for  a^  is  the  lowest  power  of  a  that  is  divisible  by  each  of  the 
quantities  a^,  a,  a^ ;  and  }p  is  the  lowest  power  of  h  that  is  divisible 
by  each  of  the  quantities  6'*,  6^,  V . 

93.  If  the  expressions  have  numerical  coefficients,  find  by 
Arithmetic  their  least  common  multiple,  and  prefix  it  as  a 
coefficient  to  the  algebraical  lowest  common  multiple. 

Example.  The  lowest  common  multiple  of  21a*a:^y,  35a^a:*y, 
*2&a?xy^  is  420a^a::^;    for  it  consists  of  the  product  of 

(1)  the  least  common  multiple  of  the  numerical  coefficients  ; 

(2)  the  lowest  power  of  each  letter  which  is  divisible  by  every 
power  of  that  letter  occurring  in  the  given  expressions. 


EXAMPLES  XI.  b. 

Find  the  lowest  common  multiple  of 

1.    a6c,  2a2.  2. 

4.    5a^b<^,  Aah\.  5. 

7.    ac,  be,  ab.  8. 

10.    2x,  3y,  4z.  11. 

13.    a'^bc,  b\a,  c^ab. 
15.    2a;2y3,  Zxy,  4x^y^. 
17.    35aV6,  42a\b%  SOac^bK  18.     66a'^b^c^  Ua^b^c%  24M^b^<^. 

Find  both  the  highest  common  factor  and  the  lowest  common 
multiple  of 

19,  2abc,  Sea,  ihca,     20.    2a;y,  4i/z,  Qzxy,         21.     9abc,  Sb'^c,  cab. 

22,  IBa'^bc,  S9a%c\     23.     17xyz^,  5lx'^y.  24.     15x^y%  25xy^zK 

25.  3a6,  2bc,  5cab.      26.     17»i%V»  51mV-    27.     x^y\  y^,  z^arV- 

28.  I52^q*,  20m2^V.  30w^'.  29.    72FmV,  lOSl^mH^. 


x^y^ 

,  xyz. 

3. 

Zxh/z 

,  4x^y^. 

Sa'^b^c^,  ba%h\ 

6. 

I2ab, 

8xy. 

a^c, 

bc^,  cb\ 

9. 

2a6, 

3&C,  4ca. 

3a;2, 

42/2,  3z2 

12. 

la%  2ab,  3b\ 

14. 

ba'^c, 

6cb\ 

36c2. 

16. 

Ix^,  Sxy^,  2x^y^ 

CHAPTER  XII. 


Elementary  Fractions. 


94,     Definition.     If  a  quantity  x  be  divided  into  h  equal 
parts,  and  a  of  these  parts  be  taken,  the  result  is  called  the 

If  X  be  the  unit,  the  fraction  rr  oi  x  i^  called 

0 


a. 


fraction  -j  of  x. 

simply  "  the  fraction  t  "  ;   so  that  the  fraction  y  represents  a 
equal  parts,  h  of  which  make  up  the  unit. 

95.  In  this  chapter  we  propose  to  deal  only  with  the  easier 
kinds  of  fractions,  where  the  numerator  and  denominator  are 
simple  expressions.  Their  reduction  and  simplification  will  be 
performed  by  the  usual  arithmetical  rules.  The  proofs  of  these 
rules  will  be  given  in  Chapters  xix.  and  xxi. 

Rule.  To  reduce  a  fraction  to  its  lowest  terms:  divide 
numerator  and  denominator  hy  every  factor  vjhich  is  common  to 
them  both,  that  is  hy  their  highest  common  factor. 

Dividing  numerator  and  denominator  of  a  fraction  by  a  com- 
mon factor  is  called  cancelling  that  factor. 

6a-c     2a 
Examples.     (1) 


(2) 
(3) 


9ac-     3c 
Ix^yz  _  1 

^a% 

''    1 


28x3yz2- 
35a563c 


laV^c 


=  5a*b. 


EXAMPLES  Xn.  a. 


Reduce  to  lowest 
■   6ab' 


x^y~^ 


Q     Vlmr^p 
\?>mhip^' 

2xyH^ 


13. 
17. 


15ax^y^ 
25a'^xy^' 


2. 

6. 
10. 
14. 
18. 


terms 
4a2 


16a6 
15a& 

2o6c* 
15m^p^ 
ISn'^p  ' 

Ibah^c 

39aW 

52a365c4* 


3. 


7. 


11. 


15. 


19. 


Ixy^ 

ox^y 

21a:V 
28^2^2  * 

ah<? 
aWc 
ran^q 

38Ji^p^m* 
blT^pm^ ' 


.       3a6c 
*•    15a2jV 

^'    1262c' 

ZxV 
^^'    5a:y^2- 

-  -     4m^7i^ 
^^'    67r?%p2- 

46^3yv 
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Multiplication  and  Division  of  Fractions. 

96.  Rule.  To  multiply  algebraical  fractions :  as  in  Arith- 
metic^ multiply  together  all  the  numerators  to  form  a  new  numerator^ 
and  all  the  denominators  to  form  a  new  denominator. 

2a     ox-     362    2a  X  5x^x362     5x 
Example!.     35  >^  2^^  >^  2^  -  35  x  2a^h  x  2a;  =  2^' 

by  cancelling  like  factors  in  numerator  and  denominator. 

Example  2. 

all  the  factors  cancelling  each  other. 

97.  Rule.  To  divide  one  fraction  by  another :  invert  the 
divisor  and  proceed  as  in  multiplication. 


Za-h     Tbc     5ca_, 


Example. 


la? 


^<?x  .   28«2c2  _  7a3      6c%     1562^_9£ 


X  — 


^u^y^    oab^  '  I5b^xy^     4:X^y^    oah'^'    '2Sa'^c'^ 
all  the  other  factors  cancelling  each  other. 


8a;' 


EXAMPLES  Xn.  b. 

Simplify  the  following  expressions  ; 

2. 


2ab     c^ 
^'   3cd^  ab"^' 


4. 


9. 


11. 


7a263     iSa^c 

X 


9ax^y     15ac* 


5. 


3a%     2c2 

X 


7.  jt6 


6ac 


453c     8a3  •  1662a; 

7m^p     olyH  .  m-x!^ 
llxh/    2lphi  '  pyz' 
1562     27c2  .  abc 
40c  ^  81rf3  •  14cP' 


12a26c    24a62 
8a63  ^366c2' 

Sm^n^     \bxy^ 
hx^yz     \^r)\n-' 

8. 
10. 


-     15a;ys^    3a'a; 

a'^6c       hyz ' 

2W-f-    39ri3?n^ 
°-    137n7i2  ^  28pF* 


„    8a^     49cy2 
^^'    Iby  ^  64^x3* 

45a263c'*    243a;y2z3 
■^^-    27ar*w3^  ^  180a26c3' 
-„    m2    36pV  ^  I5mp3^ 
^''   8n^Wnm^2M^ 


14. 
16. 
18. 


2xh/     bz^x  .  21a:2y32;2 
3y2     7a;i/2  •   40a;2/2z 


26a;F»3      2xB 

^    X 


2x2Zr^ 
58wp4  ^  ISpkm  '  ^Im^jP^' 

62     4c2_^16aW 
^^'   Zc^bd^'     Ibd^  ' 


\babc     128a;3y2^2 
IQxyz^  lC0a26c' 
104a:yzFp     b6y^z^p 
'2Sx^k^^26f^' 

a^    xy^    pb^  .  ap 
63     a6     aa;  '  ^ 
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Beduction  to  a  Common  Denominator. 

98.  In  order  to  find  the  sum  or  difference  of  anj  fractions, 
we  must,  as  in  Arithmetic,  first  reduce  them  to  a  common 
denominator  ;  and  it  is  most  conA^enient  to  take  the  lowest  com- 
mon multiple  of  the  denominators  of  the  given  fractions. 

JSxample.     Express  with  lowest  common  denominator  the  fractions 

a         h         c 
Zoey*    %xyz    2yz 
The   lowest  common  multiple  of    the  denominators   is   Qxyz. 
Multiplying  the  numerator  of   each  fraction  by  the  factor 
which  is  required  to  make  its  denominator  Qocyz,  we  have  the 
equivalent  fractions 

2az        6         3ca? 

^xyz    %xyz    Qxyz 

Note.     The  same  result  would  clearly  be  obtained  by  dividing  the 

lowest  common  denominator  by  each  of  the  denominators  in  turn, 

and  multiplying  the  corresponding  numerators  by  the  respective 

quotients. 

EXAMPLES  XII.  c. 

Express  as  equivalent  fractions  with  common  denominator : 

2a;     y  o    4a;     y 

^'     a'    2^*  ^' 

5-     h'   3c'  ^' 

9.    ^,   ^.  10. 

DC     ca 

13.  P,  P^        14. 


3y'  ^ 

m  p 

4w'  5n 

a  h 

X  W 

4a  3a 

56'  lOc' 


3. 

a      b 
26'    ~c 

4. 

a      C      n 

6'   d'   ^ 

7. 

k      p 
2x    3x 

8. 

m      n 
3x    Qx 

11. 

2     3 

X    y 

12. 

^,   y~,  3a 

y    X 

15. 

3a     56 
76'   21c' 

16. 

2    6a 
a'    3'   9* 

Addition  and  Subtraction  of  Fractions. 

99.  Rule.  To  add  or  subtract  fractions :  express  all  the 
fractions  with  their  lowest  common  denominator;  form  the  alge- 
oraical  sum  of  the  numerators,  and  retain  the  common  denominator. 

5x    3       Ix 
Example!.     Simplify  "q"  +  T^~"e"' 

The  least  common  denominator  is  12. 

^,                   .         20a;  +  9a;-14a:     15a;     5a; 
The  expression  = r^ =  "lo"  =  'T' 
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Example  2.     Simplify    -g_- ---.-. 

_,,                  .         Qdb-oah-ab      0      ^ 
The  expression  = ^^ =1^="* 

Example  Z.     Simplify    -^-^^ 

The  expression  =        3  ^,  and  admits  of  no  further  simplification* 
Note.      The    beginner    must    be   careful   to   distinguish   between 

erasing  equal  terms  with  different  signs,  as  in  Example  2,  and 

cancelling  equal  factors  iu  the  course  of  multiplication,  or  in 
reducing  fractions  to  lowest  terms.  Moreover,  in  simplifying  frac- 
tions he  must  remember  that  a  factor  can  only  be  removed  from 
numerator  and  denominator  when  it  divides  each  taken  as  a  ichole. 

Thus  in     -3  ^    ,  c  cannot  be  cancelled  because  it  only  divides  cy 

and  not  the  whole  numerator.  Similarly  a  cannot  be  cancelled 
because  it  only  divides  6ax  and  not  the  whole  numerator.  The 
fraction  is  therefore  in  its  simplest  form. 

When  no  denominator  is  expressed  the  denominator  1  may 
be  understood. 

„  ,    .      -       a*     3a:     a^     12a:y-a3 

Example  4:.     3a:  -  7- = -r- - -j— = 7 • 

4y      1      4y  4y 

If  a  fraction  is  not  in  its  lowest  terms  it  should  be  simplified 
before  combining  it  with  other  fractions. 

BT  J    g      ax     xhi     ax     x    3ax-2x 

Example  5.     --^  =  ---=—^. 

EXAMPLES  Xn.  d. 

Simplify  the  following  expressions  : 


1. 

X      X 

2^3' 

2. 

y   y 
4   5" 

3. 

a     a 
3~4' 

4. 

2a:     5 

3     X 

5. 

2"^  5* 

6. 

a     b 
4~6' 

7. 

m,     n 
8"~l2" 

8. 

2m  n 
15     5' 

9. 

T    y 
7    21' 

10. 

a      h 
13"^  39" 

11. 

P      Q 
16    48' 

12. 

bm  n 
12     36' 

13. 

2a:    4a: 

3  "^  5" 

14. 

5x     4a: 

15. 

oa:     7x 
6     12' 

16. 

2a  4& 
5      15* 
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Simplify  the  following  expressions  : 

^r,      a    a     a  ^q      x    x  _   x  ^^      x    x    x 

^^'     2-3"^5'  ^^-     4-8  +  12'  ^^'     3  +  6-9- 

on      2x    a;    3a;  o^      5x     x     x  nn      *lx     x     x 

^^'     T"6  +  T-  ^^'      6'-l2  +  9'  ^'     ■8+12-? 

23.     ^-y  24.     %,-%.       25.     a  +  l  26.     a:-^^ 

a     0  ax^     So  c  yz 

27.    l^-^l  28.    a2  +  ^'.  29.    ^-^.       30.    2>3_:^' 


MISCELLANEOUS  EXAMPLES  II. 

(Chiefly  on  Chapters  i.-viii.) 

IThe  examplcii  marked  with  an  asterisk  must  be  postponed  by  those 
who  adopt  the  suggestions  printed  in  italics  on  pages  33  and  38.] 

1,  What  expression  must  be  added  to  4x^-^x^  +  2  to  produce 
^x^  +  lx-Qt 

2.  If  ^  =  fia;-3y  +  2z,    B  =  x  +  y  +  z,    and    C=lOx  +  y-7z,    find 
the  value  of  A+4:B-C. 

3.  If  x  =  3,  y=4,  z=l,  find  the  value  of 

sj2xy  +  4xz  +  s/9y  +  ■^~' 

4,  Simplify  by  removing  brackets 

a2  +  2c«2  _  (2e2  _  52)  _  |(^  _  C2  _  g2)  ^  (^  _  g2)  J. 

*5.     Multiply  7?^x^-^Zx  +  h  by  a;2-a;-2. 
6.     Solve  the  equations  : 

(1)     3-4a:  =  36a;-17;  (2)     5a;- 15  =  17a; +  21. 


*7.     Divide  a;^  -  lOa;^  +  9  by  a;^  -  2a;  -  3. 

8.  Simplify  7a-46-{5a-3[6-2(a-6)]}. 

9.  In  an  examination  A  has  x-\-y  marks,  B  has  2a;  -  3y,  and  C 
has  twice  as  many  as  A  ;  how  many  marks  have  ^,  B^  and  C  together? 

10.     Find  the  sum  of  1  -  2a;  +  a;^,  3a;  -  ^x^^  f>x^  -  7a;  -  2,  arranging 
the  result  in  descending  powers  of  x. 
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11.  Write  down  the  following  products  : 

(1)     {x  +  i:){x-3);  (2)     (3a; -8)  {8a; +  3). 

12.  Solve  the  equations  : 

(1)  7a;-3-(7-5x)  =  3-3ar-(5ar+8); 

(2)  (5a;+l)(a;-2)-  (4x--3)(3a:-l)  =  10-(7a;-f2)(a;+n= 


13.  From  the  sum  of  Sab,  -5a6,  2ab,  7ab,  -9ah,  subtract  the 
sum  of  —Sab,  Qao,  -9ab,   lOab. 

14.  "When  a  =  4,  6  =  3,  c  =  2,  find  the  numerical  value  of 

2a  +  b{2c--a) 
Sb-K'2? 

15.  From  what  expression  must  lla^ - 5ab - 7bc  be  subtracted  so 
as  to  give  for  remainder  7&(a  +  c)  +  5a2? 

♦16.     Multiply  a;3  4-6a;2  +  8a;-8  by  a;2-2a;  +  4, 

17.  Simplify 

12a  -  [6a  -  2{3a  -  4(6  -  a^}  -  (9o  +  86)]. 

18.  Solve  the  equations  ; 

(1)  S{2x-l)  +  2{3x-2)^3  =  Mx-5)', 

(2)  i(a;  +  l)  +  i(2;  +  3)  =  4(a;  +  4)  +  16.. 
Verify  the  solution  in  each  case. 


♦19.    Divide  Sp^  +  l&p*  -  33p^  +  Up^  by  p'^  +  7p. 

20.  Add  together 

a  +  26-(2c  +  c?),  Sa-{b-2€)  +  2d,  and  2a  -  [6 -(2c-3(£)]. 

21.  To  what  expression  must  72;^  -  6afi  -  ox  be  added  so  as  to 
make  ^o^-Qx-lx-t 

22.  What  value  of  x  will  make  the  product  of  x-f-l  and  2a; +  1 
less  than  the  product  of  a: +  3  and  2a; +  3  by  14:? 

23.  When  a  =  2,  6  =  3,  c  =  l,  7  =  4,  r  =  6,  ■^nd  the  value  of 

5a*c''  -  3''2*  +  2'-a5  -  c*6'. 

24.  Solve  the  equation  : 
a; -13     6a;  +  l     2/.     3a;\ 

■  =  -5-^3l^--2> 


x- 


9 
Shew  also  that  x  =  3  does  not  satisfy  the  equation. 
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25.  A  horse  can  eat  3m  +  2n  bushels  of  corn  in  a  week ;   how 
many  weeks  will  he  be  in  eating  I2m^  -  Imn  -  lOn^  bushels  ? 

26.  Subtract  the  sum  of 

2o^-Zx  +  4:  and   -Zx^  +  1x-l 
from  4a:3-3a:2  +  a;-6-[2a:3_(a._6)]. 

27.  Find  the  value  of  a^  +  6^  +  c^  -  3a&c,  when  a  =  l,6=4,  c=-5. 

28.  Solve  the  equations  : 

,,,     2x    x-6_3/a?       \ 

2(0;- 1)     15/      x\     \Q_^fx    1\ 
^''^  5      +2r     3riO-5V6    3/ 

♦29.    Divide  Z'l^  -  S7y^ + 35y^  +  7y^  +  2  by  y(y  - 1 )  (y  +  4)  -  2. 

30.    Divide  £1120  between  A  and  5  so  that  for  every  half-crown 
that  A  receives  B  may  receive  a  shilling. 


31.  Find  the  value  of 

{a  +  hf  +  ih  +  cf+ic+a^ 
when  a=-l,  6= -2,  c=3. 

32.  Multiply  (2m2  +  8)(m  +  2)  by  3m -6. 
*33.    Divide  the  product  of 

x-2,  x  +  S,  and  2a; -7 
by  the  sum  of  3  {x^  -  2a;  -  2)  and  5a;  -  ar^  -  15. 

34.  A  man  walks  at  the  rate  of  a  miles  an  hour  for  p  hours  ;  hs 
then  rides  for  q  hours  at  the  rate  of  b  miles  an  hour.  How  far  has 
he  travelled,  and  how  long  would  it  have  taken  to  ride  the  same 
distance  at  c  miles  an  hour  ? 

Also  work  out  the  result  supposing  p  =  7,  q  =  3,  a  =  4,  6  =  9,  c  =  ll. 

35.  Solve  the  equations  : 

36.  An  egg- dealer  bought  a  certain  number  of  eggs  at  Is.  4d.  per 
score,  and  five  times  the  number  at  6s.  Sd.  per  hundred.  He  sold 
the  whole  at  lOd  per  dozen,  gaining  £1.  7s.  by  the  transaction. 
How  many  eggs  did  he  buy  ? 


CHAPTER  XIII. 
Simultaneous  Equations. 

[In  connection  unVA  this  chapter  the  studevt  7;u7V  read  Chap.  xuv. 
Arts.  417-424.] 

too.  Consider  the  equation  2.r  +  5y  =  23,  which  contains  tico 
unknown  quantities. 

From  this  we  get  5y  =  23  -  2.r, 

that  is,  y=      7"'^ (1). 

From  this  it  appears  that  for  every  value  we  choose  to  give 
to  X  there  will  be  one  corresponding  value  of  u.  Thus  we  shall 
be  able  to  find  as  many  pairs  of  values  as  we  please  which 
satisfy  the  given  equation. 

21 

For  instance,  if  .r=I,  then  from  (1)  y  =  -r- 

o 

Again,  if  .r=  -  2,  then  u  =  ~  ;  and  so  on. 

But  if  also  we  have  a  second  equation  of  the  same  kind,  such 
as  3.r  4-  4y  =  24, 

we  have  from  this  2/=~ — r~ V^)- 

4 

If  now  we  seek  values  of  x  and  y  which  satisfy  both  equations, 
the  values  of  y  in  (1)  and  (2)  must  be  identical. 

rp,       r  23 -2r     24-3.r 

Therefore  = 

5  4 

Multiplying  up,  92  -  S.r  =  1 20  -  1 5.r  ; 

.-.     7.r  =  28; 

.-.       .r  =  4. 
Substituting  this  value  in  the  first  equation,  we  have 

S  +  5j/  =  23; 

.•.     by  =  15  ; 

.-.     y=3,| 

and  •  .r  =  4./ 

Thus,  if  both  equations  are  to  be  satisfied  by  the  sarjie  values 
of  X  and  y,  there  is  only  one  solution  possible. 
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101.  Definition.  When  two  or  more  equations  are  satisfied 
by  the  same  values  of  the  unknown  quantities  they  are  called 
Bimultaneous  equations. 

We  proceed  to  explain  the  dififerent  methods  for  solving  simul- 
taneous  equations.  In  the  present  chapter  we  shall  confine  our 
attention  to  the  simpler  cases  in  which  the  unknown  quantities 
are  involved  in  the  first  degree. 

102.  In  the  example  already  worked  we  have  used  the 
method  of  solution  which  best  illustrates  the  meaning  of  the 
term  simultaneous  equation  ;  but  in  practice  it  will  be  found 
that  this  is  rarely  the  readiest  mode  of  solution.  It  must  be 
borne  in  mind  that  since  the  two  equations  are  simultaneously 
true,  any  equation  formed  by  combining  them  will  be  satisfied 
by  the  values  of  x  and  y  which  satisfy  the  original  equations. 
Our  object  will  always  be  to  obtain  an  equation  which  involves 
one  only  of  the  unknown  quantities. 

103.  The  process  by  which  we  get  rid  of  either  of  the  un- 
known quantities  is  called  elimination,  and  it  must  be  effected 
in  different  ways  according  to  the  nature  of  the  equations 
proposed. 

Examphl.     Solve  3a;  +  7y=27 (1), 

5a:  +  2y  =  16 (2). 

To  eliminate  x  we  multiply  (1)  by  5  and  (2)  by  3,  so  as  to  make 
the  coefficients  of  a:  in  both  equations  equal.     This  gives 

15a;  +  35j/=135, 

15a:  +   6y  =  48; 

subtracting f  29i/  =  87  ; 

/.   y  =  3. 

To  find  a;,  substitute  this  value  of  y  in  either  of  the  given 
equations. 

Thus  from  (1)  3a; +  21  =27  : 


KtA 


Note.  When  one  of  the  unknowns  has  been  found,  it  is  immaterial 
which  of  the  equations  we  use  to  complete  the  solution.  Thus,  in 
the  present  example,  if  we  substitute  3  for  y  in  (2),  we  have 

5a;  +  6  =  16; 

.*.    a; =2,  as  before. 


nil.]  SIMULTANEOUS  EQUATIONS.  85 

Example^.     Solve  7a:  +  2y  =  47 (1), 

5a;-4t/  =  l    (2). 

Here  it  will  be  more  convenient  to  eliminate  y. 
Multiplying  ( 1 )  by  2,         14a:  +  4y  =  94, 
and  from  (2)  5a;  -  4y  =  1  ; 

adding,  1 9a;  =  95  ; 

.'.    a;  =  5. 
Substitute  this  value  in  (1), 

.-.    35  +  2y=47; 

.-.  y=6,| 

and  x  =  o.) 

Note.  Add  when  the  coefficients  of  one  unknown  are  equal  and 
unlike  in  sign ;  subtract  when  the  coefficients  are  equal  and  like  in 
sign. 

Example  3.     Solve  2x  =  o]/  +  l    (!>, 

24-7a;  =  3y (2), 

Here  we  can  eliminate  x  by  substituting  in  (2)  its  value  obtained 
from  (1).     Thus 

24-^(5y  +  l)  =  3y; 

.-.    48-35y-7=6y; 
.-.    41=41y; 

•••    y=h\ 

and  from  (1)  a:  =  3.  J 

104.  Any  one  of  the  methods  given  above  will  be  found 
sufficient  ;  but  there  are  certain  arithmetical  artifices  which  will 
frequently  shorten  the  work. 

Example  1.     Solve       171a; -2131/ =  6-42 (1), 

114a;-326y  =  244 (2). 

Noticing  that  171  and  114  contain  a  common  factor  S7,  we  shall 
make  the  coefficients  of  a;  in  the  two  equations  equal  tc^  the  least 
common  multiple  of  171  and  114  if  we  multiply  (1)  by  2  and  (2)  by  3. 

Thus  342a;  -  426?/  =  1 284, 

342a; -978?/ =  732; 

subtracting,  552y  =  552 ; 

that  is,  y  =  l» 

and  therefore  from  (1)  a; =5. 
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Example^.     Solve  127a;  +  59y  =  1928 (1), 

59a:  +  127y=1792 (2). 

By  addition,  186x+  186y=3720 ; 

.-.  x  +  y=20 (3). 

Subtracting  (2)  from  (1),      68x  -  68y  =  136  ; 

•••   x-y  =  2  (4). 

Thus,  by  an   easy   combination  of    (1)  and  (2),    the   problem  is 
reduced  to  the  solution  of  the  equations  (3)  and  (4).     From  these 
we  obtain  by  addition  2a:  =  22,  and  by  subtraction  2y  =  18. 
Therefore  a;  =  11,  and  2/  =  9. 

EXAMPLES  XIII.  a. 

[Art.  421  may  he  read  in  connection  with  these  Examples.'\ 

Solve  the  equations  : 

1.     3a;  +  4y=10,  2.     a:  +  2y  =  13,  3.     4a:  +  7i/  =  29, 

4a;  +  y  =  9.  Zx  +  y=l^,  a;  +  3y=ll. 

4.     2x-y=  9,  5.     5a;  +  6y=17,  6.     2x  +  y=\0, 

3x-7y=19,  6x  +  5y=16.  7a;  +  8z/  =  53. 

7.     8a;-y  =  34,  8.     lo.T  +  7t/  =  29,  9.     14a:-3y  =  39, 

a;  +  8y  =  53.  9a;+152/  =  39.  6x+17t/  =  35. 

10.     28a;-23y=  33,       11.     35x  +  17y  =  86,         12.     15a: +  77?/ =  92, 
63a;-25y=101.  56a:- 13?/=  17.  55a;-33y  =  22. 

13.     5x-7y=  0,  14.     21a:-50y=  60,       15.     39x-8y=99, 

7a;  +  5y  =  74.  28a; -27?/ =199.  52a:-15y  =  80. 

16.     5a;  =  72/-21,  17.     6?/-5a:=18,  18.     8a;  =  5y, 

21a;-9y  =  75.  12a; -9y=  0.  Ux  =  ^y  +  \. 

19.     3a;=7y,  20.     19a:  +  17y=  0,         21.     93a;+15y  =  123, 

12y  =  5a:-l.  2a;-y  =  53.  15a;  +  93y  =  201. 

1 05.     "We  add  a  few  cases  in  which,  before  proceeding  to  solve, 
it  will  be  necessary  to  simplify  the  equations. 

Example  1.     Solve  5(a:  +  2z/)- (3a:+lly)  =  14 (1), 

7a:-9y-3(a:-42/)  =  .38 (2). 

From(l)  5a:  +  10y-3a:-llt/=14; 

.-.   2a:-2/=14 (3). 

From  (2)  7a;-9y-3a:+122/  =  38 ; 

.-.  4a;  +  3y  =  38 (4). 

From  (3)  6a:-3y  =  42. 

By  addition  10a; =80 ;  whence  a;  =  8.     From  (3)  we  obtain  y=2. 
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Example^.     Solve        3a;-^^  =  ^^-^ (1), 

^-|(2a:-5)=y (2). 

Clear  of  fractions.     Thus 
from(l)  42a; -2y  + 10  =  28a; -21; 

/.    14a:-2y=-31  (3). 

From  (2)  9y  +  12- 10a:  +  25=15?/; 

/.    10x  +  6y=37 (4). 

Eliminating  y  from  (3)  and  (4),  we  find  that 

__14 
^~     13* 
Eliminating  x  from  (3)  and  (4),  we  find  that 

207 

Note.  Sometimes,  as  in  the  present  instance,  the  value  of  the 
second  unknown  is  more  easily  found  by  elimination  than  by  sub- 
stituting the  value  of  the  unknown  already  found. 

EXAMPLES  XIII.  b. 

Solve  the  equations  : 

1.    f +  2/  =  16,  2.    1  +  1=5,  3.    f -y=3, 

a;  +  T  =  14.  a;-y  =  4.  x--^  =  S. 

4  O 

4.    x-y=5,  5.    |  +  f=10»  6.    x  =  Sy, 

1-1=2.  |  +  ,=50.  |  +  ,=34. 

1      1         *  1 

4a:-y=20.  fjx+j^y=3.  ^y-3x=Sr 

10.    f+|=lf'  11.    3a:-72/=0,  12.    |-|=0, 

a:+|=4|.  f^+|y=7.  3a:  +  iy=17. 
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Solve  the  equations  : 

13.    |+|=3.-7y-37=0.  14.  '^J-M^^^-^. 

15.    ^J_^J(^+y),  16.  i^_|=6x-10y-8=0. 

o  4  o  i-6     1 

106.  In  order  to  solve  simultaneous  equations  which  contain 
two  unknown  quantities  we  have  seen  that  we  must  have  two 
equations.  Similarly  we  find  that  in  order  to  solve  simultaneous 
equations  which  contain  three  unknown  quantities  we  must  have 
three  equations. 

Rule.  Eliminate  one  of  the  unknowns  from  any  pair  of  the 
equations,  and  then  eliminate  the  same  unknown  from  another  fair. 
Two  equatio7is  involving  two  unknowns  are  thus  obtained,  which  may 
he  solved  by  the  rides  already  given.  The  remaining  unknown  is 
then  found  by  substituting  in  any  one  of  the  given  equations. 

Example!.     Solve  6a:  +  2y-o2  =  13  <1), 

3a;  +  3y-2z=13  (2), 

7x  +  5y-Sz  =  26  (3). 

Choose  y  as  the  unknown  to  be  eliminated. 
Multiply  (1)  by  3  and  (2)  by  2, 

18x  +  6y-15z  =  S9, 
6x  +  6y-  4^=26; 

subtracting,  12a;-llz=13  (4). 

Again,  multiply  (1)  by  5  and  (3)  by  2, 

30a;  +  102/-25z  =  65, 
Ux+lOy-   62  =  52; 

subtracting,  16x-19z=13  (5). 

Multiply  (4)  by  4  and  (5)  by  3, 

48x-442  =  52, 
48.r-57z  =  39; 
subtracting,  1 3z  =  1 3, 


x=2,  \ 
y=3.) 


and  from  (4) 
from  (1) 

Note.  After  a  little  practice  the  student  will  find  that  the  solution 
may  often  be  considerably  shortened  by  a  suitable  combination  of  the 
proposed  equations.  Thus,  in  the  present  instance,  by  adding  (1)  and 
(2)  and  subtracting  (3)  we  obtain  2a:  -  42  =  0,  or  a;  =  22.  Substituting 
in  (1)  and  (2)  we  have  two  easy  equations  in  y  and  z. 
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Some  modification  of  the  foregoing  rule  may  often  be  used 
with  advantage. 

Example2.     Solve        |-l=|+l=|+2, 

?^  +  --13 

From  the  equation                    ^  _  1  =  ?^  + 1^ 
we  have  3x-y=12 (1). 

Also,  from  the  equation  _  i  =  ^  .j.  2, 

^  7 

we  have  1x-2z=42 (2). 

And,  from  the  equation           |  +  ^  =  13^ 
we  have  2i/  +  3s  =  78 (3). 

Eliminating  2  from  (2)  and  (3),  we  have 

21a: +  4?/  =  282; 
and  from  (1)  12a:-4y  =  48; 

whence  a:=10>  y=l8. 

Also  by  substitution  in  (2)  we  obtain  z  =  14. 

Example  3.     Consider  the  equations 

5a;-3y-    2=6  (1), 

13a:-7y  +  32  =  14 (2), 

7a;-4y  =  8  -....(3). 

Multiplying  (1)  by  3  and  adding  to  (2),  we  have 

28a; -16^  =  32, 
or  7a;-   4y=S. 

Thus  the  combination  of  equations  (1)  and  (2)  leads  us  to  an 
equation  which  is  identical  with  (3),  and  so  to  find  x  and  y  we  have 
but  a  single  equation  7a:-4y  =  8,  the  solution  of  which  is  indeter- 
minate.    [Art.  100.] 

In  this  and  similar  cases  the  anomaly  arises  from  the  fact  that 
the  equations  are  not  independent ;  in  other  words,  one  equation  is 
deducible  from  the  others,  and  therefore  contains  no  new  relation 
between  the  unknown  quantities  which  is  not  already  implied  in  the 
other  equations. 

E.A.  a 
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EXAMPLES  XIII.  c. 

Solve  the  equations : 

1.      x  +  2y  +  2z=ll,  2.       a:+3y+4z=14, 

2x+  y+  z=  7,  x  +  2y+  z=  7, 

3ar  +  4y+  z=14.  2a;+  y  +  2z=  2. 

3.       a;  +  4y  +  3z  =  17,  4.     3a:-2y+  z=2, 

3a;+3y+  z=16,  2a;  +  3y-  z=5, 

2x  +  2y+  z=ll.  a;+  y+  z=6. 

5.     2x+  y+  z=16,  6.      a;-2y+3z=2, 

x  +  2y+  z=  9,  2a;-3y+  z  =  l, 

a;+  y  +  2z=  3,  3a;-   y  +  2z=9. 

7.     3a;  +  2?/-   2=20,  8.     2a;+3y  +  4z=20, 

2a:  +  3y  +  6z=70,  3a;  +  4y  +  52=26, 

X-  y  +  6z=41.  3x  +  5y  +  Qz=Sl. 

9.     3a:-4?/=6z-16,   4a;-y-z=5,   a;=32/+2(2~l). 

10.  5x+2y=14:,   y-6z= -15,   x  +  2y  +  z=^0. 

11.  x-l=e,    y-|=8,    2-|=10. 

12.  ^  =  -3-=    2    '    ^  +  2^  +  2=27. 

13.  ^=^=5z-4a;,   2^  +  z=2a;+l. 

14.  2x  +  3y=5,   2z-y=l,   7a;-9z=3. 

15.  l{x  +  z-5)=y-z  16.     a:+20=^+10 

=2aj-ll  =22  +  6 

=  9-(a;  +  2z).  =110-(y+z). 

*107.  Definition.  If  tlie  product  of  two  quantities  be  equal 
to  unity,  each  is  said  to  be  the  reciprocal  of  the  other.  Thus 
if  a6  =  l,  a  and  b  are  reciprocals.     They  are  so  called  because 

a=T,  and  b  =  -  ;  and  consequently  a  is  related  to  h  exactly  as 

b  is  related  to  a. 

The  reciprocals  of  x  and  y  are  —  and  ~  respectively,  and  in 

solving  the  following   equations  we  consider  -  and  -  as  ttie 

sn  y 

unknown  quantities. 
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Example  1.     Solve  =  1 nv 

X    y  " 

^+«=7 (2). 

X     y 

Multiply  (1)  by  2  and  (2)  by  3  ;  thus 

X      y     "* 

?«  +  i?=21, 
X      y 

adding,  "^=^5 

multiplying  up,  46  =  23a;, 

cr  =  2; 

and  by  substituting  in  (1 ),  y  =  3. 

Example  2.     Solve      _+__=- ' (1) 

2x    4y    Sz    4 

l=k <^'" 

5-ry+h^; «'>• 

clearing  of  fractional  coefficients,  we  obtain 

from(l)  6^3     4^3 ^^^^ 

X    y    z 

from  (2)  ---       =0 (5), 

X     y 

from  (3)  li-§  +  ^=32  (6). 

X     y     z 

Multiply  (4)  by  15  and  add  the  result  to  (6) ;  we  have 

105^42^^,, 

X    '   y~" ' 

dividingby7,  _  +  _=ll  (7); 

from  (5)  =  0  ;      % 

X     y 

X 

x  =  3,' 

from  (5) 
from  (4) 


.-.      x  =  3a 

2  =  2j 
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♦EXAMPLES.  XIII.  d. 
Solve  the  equations  : 

2,     ^-^  =  2, 

X    y 

2     U 

=  -r  — =  3. 

X     y 

5      ^-^-5 
X      y 

i-l  =  i- 
y     x~A'l' 

o^     04. 

8.     f-7=i. 

lO-        H  =  To  ^-     li^rr--  12.     •2y-.  =  4.>,, 

j»,_,>,,  =  3^  1      l^j  4_3_,_ 

•Jo  y    2x  y    •^" 

1    '"^  111 

13.     --  =  +4  =  0,  ^  14.     i-.i-^i  =  36, 

a-     y  '  X-     y     = 

l-i.l=0,  1  +  5-1=28. 


1. 

5 

.1" 

-h' 

15 

X 

.5=4. 

y 

4. 

5 

^^-79 

7. 

16 
a- 

-1  =  44. 

y 

8     9     „ 

.V     y     ^' 

3. 

a-     y  — 

^-H=o. 

X    y 

6. 

■i-   y 

9_5_., 

a-    y 

9. 

-^^■?I  =  42, 

^'    y 

U     15     , 

=  1. 

a-      y 

y    -  -i^   y 

2     3,.  Ill 

--^-  =  14.  -  +  5-^^- 

z     X  X    3y     2z 


,.      9     2     5     3     7     15     , 

y     ;     a     y     22 


X 


CHAPTEE  Xiy. 
Problems  leading  to  Sdiultaxeous  Equations. 

108.  In  the  Examples  discussed  in  the  last  chapter  vre  have 
Been  that  it  is  essential  to  have  as  many  equations  as  there  are 
unknown  quantities  to  determine.  Consequently  in  the  solution 
of  problems  which  give  rise  to  simultaneous  equations,  it  will 
always  be  necessary  that  the  statement  of  the  question  should 
contain  as  many  independent  conditions  as  there  are  quantities 
to  be  determined. 

Example  1.  Find  two  numbers  whose  difference  is  11,  and  one- 
fifth  of  whose  sum  is  9. 

Let  z  be  the  greater  number,  y  the  less  ; 

Then  2:-y=ll  (1), 

Also  ^4^  =  9, 

o 

or  a:-ry  =  45  (2). 

By  addition  2z  =  o6  ;  and  by  subtraction  2y  =  34. 
The  numbers  are  therefore  28  and  17. 

Example  2.  If  15  lbs.  of  tea  and  17  lbs.  of  coffee  together  cost 
£3.  OS.  6c?.,  and  25  lbs.  of  tea  and  13  lbs.  of  coffee  together  cost 
£4.  &s.  2d.  ;  find  the  price  of  each  per  pound. 

Suppose  a  pound  of  tea  to  cost  x  shillings, 

and coffee  y 

Then  from  the  question,  we  have 

15x-f  17y  =  65^  (1), 

25x-rl3y  =  86|-  (2). 

Multiplying  (1)  by  5  and  (2)  by  3,  we  have 

752: -r  85y  =  327|-, 

752:4-39y  =  2o8|. 
Subtracting,  46y  =  69, 

And  from  (1 )  \bx-¥lb\  =  6o|, 

whence  15a;  =  40; 

X  =  ^^ 

.'.     the  cost  of  a  pound  of  tea  is      2^  shillingB,  or  2«.  Sd., 
and  the  cost  of  a  pound  of  coffee  is  1^  shillings,  or  \s.  %d. 
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Example  3.  A  person  spent  15.s.  2d.  in  buying  oranges  at  the  rate 
of  3  for  twopence  and  apples  at  fivepence  a  dozen  ;  if  he  had  bought 
five  times  as  many  oranges  and  a  quarter  of  the  number  of  apples  he 
would  have  spent  £2.  4s.  2d.     How  many  of  each  did  he  buy  ? 

Let  X  be  the  number  of  oranges,  and  y  the  number  of  apples. 

^  2x 
X  oranges  cost  -^  pence, 
o 

y  apples  cost  y^  pence, 

•••    y+il='82 (1), 

A      •      r  ..  K       2  10a; 

Agam,  ox  oranges  cost  ox  x  ^,  or  -^  pence, 

and  J  apples  cost      j  ^  To*  or  j^  pence, 

•••  '-r+S=5^« (2). 

Multiply  (1)  by  5  and  subtract  (2)  from  the  result ; 

.-.     t=380; 

.-.         2/=  192, 
and  from  (1)  a:  =153. 

Thus  there  were  153  oranges  and  192  apples. 

Example  4.  If  the  numerator  of  a  fraction  is  increased  by  2  and 
the  denominator  by  1,  it  becomes  equal  to  ~;  and,  if  the  numerator 
and  denominator  are  each  diminished  by  1,  it  becomes  equal  to  |- : 
find  the  fraction. 

Let  X  be  the  numerator  of  the  fraction,  y  the  denominator ; 

X 

then  the  fraction  is  -. 


From  the  first  supposition, 

a;  +  2_5 
y  +  l~8 


(1), 


from  the  second,  ?_1=1 (2). 

y-l     2 

These  equations  give  a;  =  8,  y=l5. 

g 

Thus  the  fraction  is  y^- 
Id 
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Example  5.  The  middle  digit  of  a  number  between  100  and  1000 
is  zero,  and  the  stun  of  the  other  digits  is  11.  If  the  digits  be  reversed, 
the  number  so  formed  exceeds  the  original  number  by  495  ;  find  it. 

Let  X  be  the  digit  in  the  units'  place, 

y  hundreds' place  ; 

then,  since  the  digit  in  the  tens'  place  is  0,  the  number  will  be 
represented  by  10<^  +  a;.     [Art.  81,  Ex.  4,] 

And  if  the  digits  are  reversed  the  number  so  formed  will  be 
represented  by  lOOx  +  y. 

.:    100a:  +  y-(100y  +  ar)  =  495, 
or  100a;  +  t/-100y-a:  =  495; 

.-.    99a:-99y  =  495, 

that  is,  x-y  =  5 (1), 

Again,  since  the  sum  of  the  digits  is  11,  and  the  middle  one  is  0, 

we  have  x  +  y=ll (2). 

From  (1)  and  (2)  we  find  x=S,  y=3. 
Hence  the  number  is  308. 


EXAMPLES  XIV. 

1.  Find  two  numbers  whose  sum  is  34,  and  whose  difference  is  10. 

2.  The  sum  of  two  numbers  is  73,  and  their  difference  is  37 ; 
find  the  numbers. 

3.  One  third  of  the  sum  of  two  numbers  is  14,  and  one  half  of 
their  difference  is  4 ;  find  the  numbers. 

4.  One  nineteenth  of  the  sum  of  two  numbers  is  4,  and  their 
difference  is  30  ;  find  the  numbers. 

5.  Half  the  sum  of  two  numbers  is  20,  and  three  times  their 
difierence  is  18  ;  find  the  numbers. 

6.  Six  pounds  of  tea  and  eleven  pounds  of  sugar  cost  £1.  3s.  8<f., 
and  eleven  pounds  of  tea  and  six  pounds  of  sugar  cost  £1.  18s.  8d. 
Find  the  cost  of  tea  and  sugar  per  pound. 

7.  Six  horses  and  seven  cows  can  be  bought  for  £250,  and 
thirteen  cows  and  eleven  horses  can  be  bought  for  £461.  What  is 
the  value  of  each  animal  ? 

8.  A,  B,  C,  D  have  £290  between  them  ;  A  has  twice  as  much  aa 
C,  and  B  has  three  times  as  much  as  D  ;  also  C  and  D  together  have 
£50  less  than  A.     Find  how  much  each  has. 

9.  A,  B,  C,  D  have  £270  between  them;  A  has  three  times  as 
much  as  C,  and  B  five  times  as  much  as  D ;  also  A  and  B  together 
have  £50  less  than  eight  times  what  C  has.  Find  how  much  each 
has. 
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10.  Four  times  B's  age  exceeds  A 's  age  by  twenty  years,  and  one 
third  of  ^'s  age  is  less  than  5's  age  by  two  years :  find  their  ages. 

11.  One  eleventh  of  ^'s  age  is  greater  by  two  years  than  one 
seventh  of  ^"s,  and  twice  B's  age  is  equal  to  what  A's  age  was 
thirteen  years  ago  :  find  their  ages. 

12.  In  eight  hours  A  walks  twelve  miles  more  than  B  does  in 
seven  hours  ;  and  in  thirteea  hours  B  walks  seven  miles  more  than 
A  does  in  nine  hours.     How  many  miles  does  each  walk  per  hour  ? 

13.  In  eleven  hours  C  walks  12^  miles  less  than  Z>  does  in  twelve 
hours  ;  and  in  five  hours  Z>  walks  3^  miles  less  than  G  does  in  seven 
hours.     How  many  miles  does  each  w£^  per  hour  ? 

14.  Find  a  fraction  such  thac  if  1  be  added  to  its  denominator  it 
reduces  to  ^,  and  reduces  to  |-  on  adding  2  to  its  numerator. 

15.  Find  a  fraction  which  becomes  ^  on  subtracting  1  from  the 
numerator  and  adding  2  to  the  denominator,  and  reduces  to  ^  on 
subtracting  7  from  the  numerator  and  2  from  the  denominator. 

16.  If  1  be  added  to  the  numerator  of  a  fraction  it  reduces  to  ^  j 
if  1  be  taken  from  the  denominator  it  reduces  to  i :  required  the 
fraction. 

17.  If  •§  be  added  to  the  numerator  of  a  certain  fraction  the 
fraction  will  be  increased  by  -^,  and  if  ^  be  taken  from  its  de- 
nominator the  fraction  becomes  -| :  find  it. 

18.  The  sum  of  a  number  of  two  digits  and  of  the  number  formed 
by  reversing  the  digits  is  110,  and  the  difference  of  the  digits  is  6  : 
find  the  numbers. 

19.  The  sum  of  the  digits  of  a  number  is  13,  and  the  difference 
between  the  number  and  that  formed  by  reversing  the  digits  is  27  : 
find  the  numbers. 

20.  A  certain  number  of  two  digits  is  three  times  the  sum  of  its 
digits,  and  if  45  be  added  to  it  the  digits  will  be  reversed  :  find  the 
number. 

21.  A  certain  number  between  10  and  100  is  eight  times  the 
sum  of  its  digits,  and  if  45  be  subtracted  from  it  the  digits  will  be 
reversed  :  find  the  nimiber. 

22.  A  man  has  a  number  of  pounds  and  shillings,  and  he  observes 
that  if  the  pounds  were  turned  into  shillings  and  the  shillings  into 
pounds  he  would  gain  £5.  14s. ;  but  if  the  pounds  were  turned  into 
half-sovereigns  and  the  shillings  into  half-c^o^vns  he  would  lose 
£1.  135.  6d,     What  sum  has  he? 

23.  In  a  bag  containing  black  and  white  balls,  half  the  number 
of  white  is  equal  to  a  third  of  the  number  of  black  ;  and  twice  the 
whole  number  of  balls  exceeds  three  times  the  number  of  black  balls 
by  four.     How  many  balls  did  the  bag  contain  ? 
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24.  A  number  consists  of  three  digits,  the  right-hand  one  being 
zero.  If  the  left-hand  and  middle  digits  be  interchanged  the  number 
is  diminished  by  180 ;  if  the  left-hand  digit  be  halved  and  the  middle 
and  right-hand  digits  be  interchanged  the  number  is  diminished  by 
454.     Find  the  number. 

25.  The  wages  of  10  men  and  8  boys  amount  to  £1.  17s. ;  if  4 

men  together  receive  Is.  more  than  6  boys,  what  are  the  wages  of 
each  man  and  boy  ? 

26.  A  grocer  wishes  to  mix  spice  at  8s.  a  pound  with  another  sort 
at  5s.  a  pound  to  make  60  pounds  to  be  sold  at  6s.  a  povmd :  what 
quantity  of  each  must  he  take  ? 

27.  A  traveller  walks  a  certain  distance ;  had  he  gone  half  a 
mile  an  hour  faster,  he  would  have  walked  it  in  four-fifths  of  the 
time  :  had  he  gone  half  a  mile  an  hour  slower,  he  would  have  been 
2^-  hours  longer  on  the  road.     Find  the  distance. 

28.  A  man  walks  35  miles  partly  at  the  rate  of  4  miles  an  hour, 
and  partly  at  5 ;  if  he  had  walked  at  5  miles  an  hour  when  he  walked 
at  4,  and  vice  vers^,  he  would  have  covered  two  miles  more  in  the 
same  time.     Find  the  time  he  was  walking. 

29.  Two  persons,  27  miles  apart,  setting  out  at  the  same  time  are 
together  in  9  hours  if  they  walk  in  the  same  direction,  but  in  3  hours 
if  they  walk  in  opposite  directions  :  find  their  rates  of  walking. 

30.  A  family,  consisting  of  three  adults  and  five  children,  spends 
in  food  £1.  17s.  6d.  a  week.  Distress,  however,  comes  when  they  can 
afford  only  £1  per  week,  and  the  food  of  each  adult  is  diminished  by 
one-half,  and  of  each  child  by  one-third.  Find  the  cost  per  week  of 
an  adult  and  of  a  child. 

31.  If  I  lend  a  sum  of  money  at  6  per  cent.,  the  interest  for  a 
certain  time  exceeds  the  loan  by  £100  ;  but  if  I  lend  it  at  3  per  cent., 
for  a  fourth  of  the  time,  the  loan  exceeds  its  interest  by  £425.  How 
much  do  I  lend  ? 

32.  A  takes  3  hours  longer  than  B  to  walk  30  miles ;  but  if  he 
doubles  his  pace  he  takes  2  hours  less  time  than  B :  fiind  their  rates 
of  walking. 


CHAPTER  XVc 

Involution. 

[Arts.  41-45  should  he  studied  here  by  those  who  have  adopted  t?i6 
postponement  suggested  on  page  33.  ] 

1 09.  Definition.    Involution  is  the  general  name  for  multi 
plying  an  expression  by  itself  so  as  to  find  its  second,  third, 
fourth,  or  any  other  power. 

Involution  may  always  be  eflFected  by  actual  multiplication. 
Here,  however,  we  shall  give  some  rules  for  writing  down  at 
once 

(1)  any  power  of  a  simple  expression  ; 

(2)  the  square  and  cube  of  any  binomial ; 

(3)  the  square  of  any  multinomial. 

110.  It  is  evident  from  the  Rule  of  Signs  that 

(1)  no  even  power  of  any  quantity  can  be  negative  ; 

(2)  any  odd  power  of  a  quantity  will  have  the  same  sign  as 
the  quantity  itself. 

Note.  It  is  especially  worthy  of  notice  that  the  square  of  every 
expression,  whether  positive  or  negative,  is  ■positive. 

111.  From  definition  we  have,  by  the  rules  of  multiplication, 

(a2)3  =  a2.a2_  a2  =  ^2+2+2  =  ^6. 

(-aS)3  =  (-a5)(_a5)(_a6)=_a5+5+5=_ai6. 

(-3a3)4  =  (_3)4(^3)4  =  81ai2. 

Hence  we  obtain  a  rule  for  raising  a  simple  expression  to  any 
proposed  power. 

Rule.  (1)  Raise  the  coefident  to  the  required  power  hy  Arith- 
metic, and  prefix  the  proper  sign  found  hy  the  Rule  of  Signs. 

(2)  Multiply  the  index  of  every  factor  of  the  expression  hy  the 
exponent  of  the  power  required. 


CHAP.  XV.]  INVOLUTION.  99 

Examples.  ( -  2a;2)5  =  -  32a^o. 

(-3a63)6  =  729a66i8. 

It  will  be  seen  that  in  the  last  case  the  numerator  and  the  denomi- 
nator are  operated  upon  separately. 

EXAMPLES  XV.  a. 

Write  down  the  square  of  each  of  the  following  expressions : 
1.    Zah\  2.    ah.  3.    laV.  4.    116V. 

5.   ^"^Wx"'.  6.    5a:2y5.  7^   -1ahc\  8.    -Sca:^, 

2  2a;2  4 

9.    4a:y23.  10.     -|a2&3.  H.    ;^.  12. 


3        ■  ■"•"•    32/3  ■"''•        3a:V 

10        7a6  -.     3a263  -.1  10        o     " 

13-    "T-  14-    4?^-  15.     -2^.  16.     -2:ry-. 

17.   %  18.   13c^x3.  19.    -^,  20.    -g. 

Write  down  the  cube  of  each  of  the  following  expressions  : 
21.    2a62.  22.    Z^.  23.   4a;^.  24.    -Sa^ft. 

25.    -5a62.  26.    -&Va;.  27.    -6a«.  28.    -Sa^c^. 

29-  ^-  30.    -g.  31.  7^^.  32.    -|a^ 

Write  down  the  value  of  each  of  the  following  expressions  : 

33.    {Za%^f.  34.    {-a'xf.  35.    [-2:>?yf.         36.    (^.)'. 

^•(D-  38.(f)l  39.   (-g.         40.  ('-i:)'. 

112.     By  multiplication  we  have 

(a  +  6)2=(a  +  6)(a  +  6) 

=  a2  +  2a6  +  62 (1), 

{a-hf={a-h){a-h) 

=  a^-'Lah^W-... ■ (2). 

These  results  are  embodied  in  the  following  rules  : 

Rule  1.     The  square  of  the  sum  of  two  quantities  is  equal  to  the 
sum  of  their  squares  increased  hy  twice  their  product. 

BiUle  2.     The  squa/re  of  the  difference  of  two  quantities  is  equal 
to  the  sum  of  their  squares  diminished  hy  twice  their  'product. 
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Example  1.         {x+2y)'=x^  +  2  .  x  .  2y  +  (2y)« 

=  x^  +  4:zy  +  4y2. 
Example  2.     (2a3 _ 352)2 ^ (2a3)2 -2.2a^.3h^  +  (3&2)2 

113.  These  rules  may  sometimes  be  conveniently  applied  to 
find  the  squares  of  numerical  quantities. 

Example  1.     The  square  of  1012  =  ( 1000  + 12)2 

=  (1000)2  +  2.  1000.  12  +  (12)9 
=  1000000  +  24000  +  144 
=  1024144. 

Example  2.     The  square  of      98  =  (  100  -  2)2 

=  (100)2-2.  100.  2  + (2)2 
=  10000-400  +  4 
=9604. 

The  work  is  considerably  shortened  by  the  omission  of  the  first 
two  steps. 

114.  "We  may  now  extend  the  rules  of  Art  112  thus  : 
(a+6  +  c)2={(a  +  6)  +  c}2 

=(a+6)2  +  2(a  +  6)c  +  c2  [Art.  112.  Kule  1.] 

=  a^  +  h'^  +  C'  +  2ab-{-2ac  +  2bc. 
In  the  same  way  we  may  prove 
(a-b  +  cy  =  a^  +  b^  +  c^-2ab  +  2ac-2bc 
(a  +  b  +  c  +  dy-=a'^  +  b"  +  c-  +  d'  +  2ab  +  2ac  +  2ad+2bc  +  2bd+2cd. 

In  each  of  these  instances  we  observe  that  the  square  con- 
sists of 

(1)  the  sum  of  the  squares  of  the  several  terms  of  the  given 
expression ; 

(2)  twice  the  sum  of  the  products  two  and  two  of  the  several 
terms,  taken  with  their  proper  signs  ;  that  is,  in  each  product 
the  sign  is  +  or  —  according  as  the  quantities  composing  it 
have  like  or  unlike  signs. 

Note.     The  square  term^  are  always  positive. 

The  same  laws  hold  whatever  be  the  number  of  terms  in  the 
expression  to  be  squared. 

Rule.  To  find  the  square  of  any  mvltinominal  :  to  the  sum  of 
the  squares  of  the  several  terms  add  twice  the  product  {loith  the 
proper  sign)  of  each  term  into  eaxih  of  the  terms  that  follow  it. 


i 
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Ex.  I.     (x-2y-32)2  =  a:2a.4y2^922_2.a;.2y-2.a:.32  +  2.2y.3z 
=  x^-{-  ^y^  +  92^  -  43:3/  -  ^xz  4-  12y2, 

Ex.  2.    (l  +  2a;-3x2)2  =  l-^4a:2+9a:^-r2.1.  2:^-2.1.3x2-2. 2^. 3x* 
=  1  +  4a^2  +  9ar*  +  4a:  -  6i^  -  12^ 
=  1  +  4a:  -  2a;2  -  122:3  ^  9,-4^ 

bj-  collecting  like  terms  and  rearranging. 

EXAMPLES  XV.  b. 

Write  down  the  square  of  eacb  of  the  follo-^ng  expressions  : 

1.  a  +  36.  2.   a-36.                3.  x-oy.               1    2.r-r3y. 

5.  3a: -y.  6.    Sx  +  oy.              7.  9a; -2?/.             8.   ooi-c. 

9.  pq-r.  10.    a; -ate.             H.  ax-^2by.         12.    a;--l. 

13.  a  -  6  -  c.  14.    a  +  &  -  c.                    15.  a  -r  26  -^  c. 

16.  2a-36  +  4c.  17.    a:2-y--22.                ig.  an/  +  2/2  +  2a:. 

19.  3/j-2^  +  4r.  20.    a,-2-a;  +  l.                  21.  2a:2  +  3x-l. 

22.  x-y  +  a-h.  23.   2x  +  3y  +  a-Qb.       24.  m-n-p-q. 

25.   ^a-26  +  |.  26.   |-3?>-|  27.  |^'-^^| 

115.     Bv  actual  multiplication  "we  have 

(a  +  6)3  =  (a  +  6)  (a  +  by  a  +  6) 

=a3  4-3a26-|-3'-/62  +  Z>3. 

Also  (a  -  5)3 = a3  _  3^25  +  3^52  _  2,3, 

Bj   observing   the   law   of  formation   of  the  terms  in  these 
results  we  can  write  down  the  cube  of  any  binomial, 

Examjjle  1 .         (2a:  +  yf = {2x)^  +  3  {2x)^  ■i-3{2x)y-  +  y^ 

=  8x^-i-l2xh/  +  6xy'-{-y^. 
Example  2.      {Bx  -  2a^)^  =  (Sxf  -  3  (3a:)2(2a2)  +  3  (3a:)  {2a'^f  -  {2a^f 

=  27  x^  -  04^0^  -  36a-a^  -  8a^. 

EXAMPLES  XV  c. 
Write  down  the  cube  of  each  of  the  following  expressions  : 

.1.   x  +  a.  2.    x-a.  3.    x-2y.  4.    2x-T-y. 

5.    3x-5y.  6.    ab  +  c.  7.    2ab-Sc.  8.    oa-bc. 

9.    x2  +  4y2_  10.    4a:2_5y2.  n     2a^-Sb-.         12.    5x^-4y^. 

13.   a-|.  14.   1 4- 2.  15.   y-3.;.  16.    '^4- 2a:. 


CHAPTER  XVI. 
Evolution. 

[Arts.  51-54  should  he  studied  here  by  those  who  have  adopted  tks 
postponement  suggested  on  page  38.] 

116,  Definition.  The  root  of  any  proposed  expression  ip 
that  quantity  which  being  multiplied  by  itself  the  requisite 
number  of  times  produces  the  given  expression. 

The  operation  of  finding  the  root  is  called  Evolution  :  it  is 
the  reverse  of  Involution. 

1 1 7.  By  the  Rule  of  Signs  we  see  that 

(1)  any  even  root  of  a  positive  quantity  may  be  either  positive 
or  negative  ; 

(2)  no  negative  quantity  can  have  an  even  root ; 

(3)  every  odd  root  of  a  quantity  has  the  same  sign  as  the 
quantity  itself. 

Note.  It  is  especially  worthy  of  remark  that  every  positive 
quantity  has  two  square  roots  equal  in  magnitude,  but  opposite 
in  sign. 

Example.  s/9a^x^=  ±3ax^. 

In  the  present  chapter,  however,  we  shall  confine  our  attention  to 
the  positive  root. 

Examples.         sla%'^=a^h^^   because   {a%^)^  =  a%^. 

s/  -a^=  -  0!?y  because  ( -  a:')'=  -  a:'. 

11^  =(^,       because        {c^f  =  c^. 

-1/81x12=33:3,    because     (3a:')*=81a;i2. 

t18.  From  the  foregoing  examples  we  may  deduce  a  general 
rule  for  extracting  any  proposed  root  of  a  simple  expression  : 

Rule.  (1)  Find  the  root  of  the  coeffixnent  by  Arithmetic^  and 
prefix  the  proper  sign. 

(2)  Divide  the  exponent  of  every  factor  of  the  expression  by  the 
index  of  the  proposed  root. 

Examples.  s/  -  64a;^  =  -  4ar*. 

4/1608= 2a2. 


4 


25c4  ~5ca 
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EXAMPLES  XVI.    a. 

"Write  down  tiie  square  root  of  the  following  expressions 


1.     4:a%\ 
5.     81a%^ 

9.     6^xY^- 


13. 


16V 


2. 
6. 

10. 
14. 


lOOa:^. 
36 

81a^8 
36ft  12- 


3. 

7. 

11. 
15. 


16  * 

25QxY 

289p^^ ' 


4. 
8. 

12. 
16. 


16a462c6. 
a862ci2. 

28V 
25   • 

400a^06^ 
81a;i"yi8  • 


Write  down  the  cube  root  of  the  following  expressions  : 
17.     27a%hK        18.    -8ai269.         19.     Q4:xYz'^       20.    -34Sa^W^ 


21.    - 


3,12^9. 


22. 


8x^ 


23. 


125a'66 


24.    - 


27a;27 


125'  —     729yi5'  "*"     216x67/9  """       642/63" 

Write  down  the  value  of  each  of  the  following  expressions : 
25.     ^{a'x^%  26.     ^{x'Y')'  27.     4'(32a;Y0). 

28.     ^729ai866),  29.     »/(256a8a;64).  30.     ^'{-x^Y% 

128  Oft      1°  /a^^x^o  „o       9  /  a^ 


31.    y 


(^63^56- 


10   /a30^00  9   /   a 

«*^-      ^"5100-  ^'*-      ^p: 


18 
^36* 


118a.  By  Art.  112,  we  can  write  down  the  square  of  any 
binomial. 

Thus  (2^  +  3y)2  =  (2^)2  +  2.2^.  3?/  +  (3?/)2. 

Conversely,  by  observing  the  form  of  the  terms  of  an  expres- 
sion, its  square  root  may  often  be  written  down  at  once. 

Example  1.     Find  the  square  root  of  25a;^  -  40xy-M6y-. 
The  expression  =  (5x)^  -  2  .  20x7/  +  (47/)^ 

=  (5»)2-2(5x)(47/)  +  (47/)2 

=  {5x  -  4?/)2. 
Thus  the  required  square  root  is  5x  -  4?/. 

Find  the  square  root  of  -^7-^  +  4  +  -^. 


Example  2 

The  2xpression  =  C|^y+(2)2  +  2('^ 


_/8a 
~\3b 


(2)  +  (2)« 


8a 


Thus  the  required  square  root  is  ^+2. 
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Example  3.     Find  the  square  root  of  Aa^  +  fe'^  +  c^ + 4a6  -  4ac  -  26c. 

Arrange  the  terms  in  descending  powers  of  a,  and  the  other  letters 
alphabetically ;  then 

the  expression  =  4a^  +  4a6  -  4ac  +  6^  -  26c  +  c^ 
=  4a2  +  4a(6-c)  +  (6-c)2 
=  (2a)2  +  2.2a(6-c)  +  (6-c)2 
=  {2a  +  (6-c)}2; 
whence  the  required  square  root  is  2a  +  6  -  c, 
Or  we  might  proceed  as  follows  : 

tlie  expression  =  {2af  +  h'^  +  c'^  +  2.  (2a)  6  -  2  .  (2a)  c  -  2 .  6  .  c, 
which  is  evidently  the  square  root  of  2a  +  6-c.  [Art.  114.] 

119.  When  the  square  root  cannot  be  easily  determined  by 
inspection  we  must  have  recourse  to  the  rule  we  are  about  to 
explain,  which  is  quite  general,  and  applicable  to  all  cases.  But 
the  student  is  advised  to  use  methods  of  inspection  wherever  possible^ 
in  preference  to  rules. 

Since  the  square  of  a  +  6  is  a^  +  2ab  +  h\  we  have  to  discover  a 
process  by  which  a  and  5,  the  terms  of  the  root,  can  be  found 
when  a^  +  2ab-\-b'^  is  given. 

Now  a^  +  2ab  +  b^  =  a^  +  b(2a  +  b), 

BO  that  the  expression  is  made  up  of 

(1)  the  sqtuire  of  the^rs^  term  of  the  root,  together  with 

(2)  the  product  of  the  second  term  of  the  root  into  an  ex- 
pression consisting  of  this  second  term  added  to  twice  thef/rst  term 
of  the  root. 

By  reversing  the  process  we  arrive  at  the  following  method 
of  working  : 

a2  +  2a6  +  62(a  +  6 
a2 


2a  +  6 


2a6  +  Z>2 
2a6  +  62 


Explanation.     (1)     The  terms  are  first  arranged  according  to  the 
powers  of  one  letter  a. 

(2)  The  square  root  of  a^  is  written  down  as  the  first  term  of  the 
root,  and  its  square  subtracted  from  the  given  expression. 

(3)  The  first  term  of  the  remainder  is  divided  by  twice  the  first 
term  of  the  root  to  obtain  the  second  term  of  the  root,  that  is,'6. 

(4)  The  second  term  of  the  root  is  added  to  twice  the  term  already 
found  to  form  the  complete  divisor  2a  +  b. 
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Example  1.     Find  the  square  root  of  9ar  -  42xy  -f  49y*, 

9x2  _  42^  +  49y2  (  3a:  -  7y 
9^2 

6a;  -  7y    I  -  42x1/  +  49y2 
'-42xy  +  49y2 

Explanation.  The  square  root  of  9^^  is  3a-,  and  this  is  the  firsli 
tenn  of  the  root. 

By  doubling  this  we  obtain  6x,  which  is  the  first  t^rm  of  the 
divisor.  Dividing  -  42xy,  the  first  term  of  the  remainder,  by  6^*  we 
get  —  7y,  the  new  term  in  the  root,  which  has  to  be  annexed  both  to 
the  root  and  divisor.  We  next  multiply  the  complete  divisor  by 
-  7y  and  subtract  the  result  from  the  first  remainder.  There  is  now 
no  remainder,  and  the  root  has  been  found. 

The  rule  can  be  extended  so  as  to  find  the  square  root  of  any 
m^altinomiah  The  first  two  terms  of  the  root  will  be  obtained  as 
before.  When  we  have  brought  down  the  second  remainder,  the 
first  part  of  the  new  divisor  is  obtained  by  doubling  the  terms  of 
the  root  already  found.  We  then  divide  the  first  term  of  the 
remainder  by  the  first  term  of  the  new  divisor,  and  set  down  the 
result  as  the  next  term  in  the  root  and  in  the  divisor.  We  next 
maltiply  the  complete  divisor  by  the  last  term  of  the  root  and 
subtract  the  product  from  the  last  remainder.  If  there  is  now  no 
remainder  the  root  has  been  found ;  if  there  is  a  remainder  we 
continue  the  process. 

Example  2.     Find  the  square  root  of 

2o3^a'^  -  12xa^  ^lQ3^  +  4a'^-  24^a. 
Rearrange  in  descending  powers  of  x. 

16ar*  -  24x^a  +  2o3^a'^  -  I2xa^  +  4a-'  (  ^x^  _  3^.^  j_ o^i 
16a:* 
Sx^-Zxa 


-24x^a  +  25x^a^ 
-2-kc^a^   9x%2 


Sx^-6xa  +  2a2  j  16a-%2  _  i2xa^  +  4a-' 

I  16a:2q,2_  i2xa^  -i-  4a^ 

Explanation,     When  we  have  obtained  two  terms  in  the  root, 
4x^  -  3xa,  we  have  a  remainder 

16a:2a2-12xa3  +  4a^ 
Doubling  the  terms  of  the  root  already  found,  we  place  the  result, 
bx^  -  Qxa,  as  the  first  part  of  the  divisor.  Dividing  16ara^,  the  first 
term  of  the  remainder,  by  Soc^,  the  first  term  of  the  divisor,  we  get 
+  2a2,  which  we  annex  both  to  the  root  and  divisor.  We  now 
multiply  the  complete  divisor  by  2a"  and  subtract.  There  is  no 
remainder,  and  the  root  is  found. 


106  ALGEBRA.  [CHAP. 

EXAMPLES  XVI.  b. 

Find  the  square  root  of  each  of  the  following  expressions  : 

1.  x'^  +  ^xy  +  iy^-.  2.     9a2+12a5  +  462. 

3.  x'^-10xy  +  2oy^.     '  4.     ^x^-12xy  +  9y\ 

5.  Slx^  +  l8xy  +  y^  6.     25x^-S0xy  +  9y'^. 

7.  x*-2x^y-  +  y*.  8.     l-2a^  +  a^. 

9.  a4-2a3  +  3a2-2a  +  l.  10.     ix^  -  12^3  +  29^2  -  30a;  +  25. 

11.  9ot^-\2a?-2x^^-Ax  +  \.  12.     ar»- 4x3 +  6z2-4x+l. 

13.  4a4  +  4a^-7a=^-4a  +  4.  14.     1  -  10a;  + 27x2- 10x3  + ar*. 

15.  4x2 +  9y2  + 2522 +12x2/ -302/2 -20x2. 

16.  16x«  -h  16x7  -  4x8  -  4x9  +  a;10. 

17.  x«  -  22x4  +  34x3+ 121x2 -374x  + 289. 

18.  25x*-30ax3  +  49a2x2-24a3x+16a-*. 

19.  4x4  +  4a^2  _  1 2x222  +  y^-  6y222  +  9^4^ 

20.  6a62c-4a26c  +  a2?,2  +  4a2c2^9^2c2_i2a6c2. 

21.  -662c2  +  9c''  +  fe4-12c2a2  +  4a4  +  4a262. 

22.  4x4  +  V  + 1 3_j,2y2  _  6an/3  _  4^y 

23.  67x2  +  49  +  9x4 -70x- 30x3. 

24.  1  -  4x  + 10x2 -20x3 +  25x4- 24x5 +  16x«. 

25.  6acx5  +  4&2x4  +  a2xio  +  9c2  -  126cx2  -  4a&x'. 

[If  preferred,  the  remainder  of  this  chapter  may  he  postponed  and 
taken  after  Chap,  xxiv.] 

*120.  When  the  expression  whose  root  is  required  contains 
fractional  terms,  we  may  proceed  as  before,  the  fractional  part 
of  the  work  being  performed  by  the  rules  explained  in  Chap.  xii. 

*121.  There  is  one  important  point  to  be  observed  when  an 
expression  contains  powers  of  a  certain  letter  and  also  powers  of 
its  reciprocal.     Thus  in  the  expression 

2a:+-o  +  4  +  ^  +  -  +  7.r2+8 
X'  X  or 

the  order  of  descending  powers  is 

^  +  7.r2  +  2a:  +  4  +  -  +  4  +  4; 
X     or     XT 

and  the  numerical  quantity  4  stands  between  x  and  -• 

The  reason  for  this  arrangement  will  appear  in  Chap.  xxy. 


%n.] 
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7       -c.-   J  .1,                      ^    r  o.     1%^    8a;  .  a;2    32y 
Example.     Find  the  square  root  of  24 -i f 1 — s ^. 

■^  ^  x^       y     y^      X 

Arrange  the  expression  in  descending  powers  of  y. 


l6y!_32y^24-^  +  ^(i^-4  +  ? 
a;^        X  y     y-\  X  y 


16y2 


^-4 

X 

-»2i'  +  .24 
-32^  +  16 

X 

8y    ^     X 
X          y 

8- 
8- 

8a;     x^ 
■y+y* 

8x    a;2 

y    y^ 

Here  the  second  term  in  the  root,  -4,  arises  from  division  c'H 

— ^  by  —.and  the  third  term,  -,  arises  from  division  of  8  by  —  S 
X     -^   x'  y  "^   « 

8-r— =8x5-  =  -. 
a:  8y    y 

*  EXAMPLES  XVI.   c. 
Find  the  square  root  of  each  of  the  following  expressions  : 


1.    4-3a;  +  9, 
4 


3. 

5. 

7. 

9. 
11. 
13. 
15. 


25       5   ^^' 
-^-?^  +  4. 

4y2        y 

.64^4.32^  +  4 

a^     a^ 
64+8-"  +  ^- 

-3a3  +  ^  +  a*-5a  +  ^a2. 

a*      a?     a^  n     ^ 

-1-+— +^-ax-2+-5-. 


2. 

4. 

6. 

8. 
10. 
12. 


^     4a;     a;2 
4 +  -5. 

y    r 

ar^     10a; 

^  +  —  +  25. 

2/^     y 

x^  2ax  a^ 
y^  by  l^ 
25 


^    0 
25"^ 


9a;2' 


ar2 


a" 


14. 


a;*  +  2a;3_a.4. 
4 

x*-2x  +  ^  +  ~x^-6x^-, 

^  ,     3a:2     a;      1 
ar    *-ar  +2       2     16' 


4aa; 


+  4a-+^4-2^-^. 
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Find  the  square  root  of  each  of  the  following  expressions  : 

16      ^-^     101     4x   ^  4:x^ 
x^      5x     25      15a     9a^ 

18  4         4 

17.  16m*  +  yw2w  +  87n2  +  ^n2  +  ^n+l. 

18.  ^  +  32:*^^  96  +  ^  +  ^-^. 

ar      x^ 

*1 22.     To  find  the  cube  root  of  a  compound  eacpression. 

Since  the  cube  of  a  +  6  is  a^  +  Za^h  +  3ab^  +  b^,  we  have  to 
discover  a  process  by  which  a  and  6,  the  terms  of  the  root,  can 
be  found  when  a^  +  3a-b  +  3ab^  +  b^  is  given. 

The  first  term  «  is  the  cube  root  of  a^. 

Arrange  the  terms  according  to  powers  of  one  letter  a  ;  thee 
the  first  term  is  a^,  and  its  cube  root  a.  Set  this  down  as  the 
first  term  of  the  required  root.  Subtract  a^  from  the  given 
expression  and  the  remainder  is 

3^26  +  Sab'-  +  63  or  (Sa^  +  Zab  +  b^)  x  b. 

Thus  6,  the  second  term  of  the  root,  will  be  the  quotient 
when  the  remainder  is  divided  by  Za^  +  Zab-rb"^. 

This  divisor  consists  of  three  terms  : 

(1)  Three  times  the  square  of  a,  the  term  of  the  root  already 
found. 

(2)  Three  times  the  product  of  the  first  term  a,  and  the  new 
term  b. 

(3)  The  square  of  b. 

The  work  may  be  arranged  as  follows  : 

a3+3a26  +  3a62-j.53(a4.j 
a3 


Z{af      =3a2 
3  X  a  X  6  =       +  3a6 
(6)2       = +62 

3a2  +  3a6  +  62 


3a-'6  +  3a62  +  63 
3a26  +  3a62  +  63 


Example  1.     Find  the  cube  root  of  Sar^  -  Z&x'^y  +  54xy^  -  2^y*. 

8x^  -  Sexh/  +  54ary2  _  27^3  (  2a;  -  3« 

83^ 

3  (2x)2  =  1 2a:2  |  _  ^Qx"^  +  54:xy^-27y^ 

3x2a;x(-3y)=         -ISxy 
(-3y)2  =  +V 


12x2 -18x2/ +  92/2 


-36a:2j/  +  54a:y2  _  273/» 


SVI,} 
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*  EXAMPLES  XVI.  d. 

Find  the  cube  root  of  each  of  the  following  expressions  : 

1.  a3  +  3a2  +  3a+l.  2.     cc^  +  ex'^  +  l2x  +  8. 

3.  a^x^-Sa^x^T/^  +  Saxy^-y^.         4.     Sm^-Um^  +  Gm-l. 

5.  64a3  -  144a26  +  108a62  -  2W. 

6.  l+Sx  +  Gx^  +  lx^  +  Qx^  +  Ss^  +  x^. 

7.  1  -  6x-  +  21  x2  -  44x3  +  63a^  _  543.5  +  27x«. 

8.  a3  +  6a26  -  Sa^c  +  I2ab'^  -  12ahc  +  3ac^  +  8b^  -  I2b\  +  6hc^  -  <^. 

9.  8a«  -  36a5  +  GGa^  -  63a3  +  33^2  -  9a  + 1 . 

10.  y^-Sy^  +  6y^-7i/  +  6f-3y  +  l. 

11.  8a;6  +  12x5  _  30^4  _  35^^  +  453^2  +  272:  -  27. 

12.  27a:«  -  54x^a  + 1 1  Ix^a^  -  1 1 6x^a^  + 1 1  la^a'^  -  54Ma^  +  27a«. 

13.  27x« -27x5 -182:^ +  17x3  + 6x2 -3x-l. 

14.  24xV^  +  96x2y4  _  Q^y  ^^_  QQ^y5  +  g4y6 _  56a;3y3^ 

15.  216  +  342x3+  171x4  + 27x«  -  27x5  -  109x3  _  io8x. 


*1 23.     "We  add  some  examples  of  cube  root  where  fractional! 
terms  occur  in  the  given  expressions. 

Example.     Find  the  cube  root  of  54  -  27x3  +  -^  -  -3- 

Arrange  the  expression  in  ascending  powers  of  x. 

8     36 

8^ 
x^ 


8     36     ^.     „-  0/2 
--+54-27x3^^- 


3x 


3x 


(I)' 


3x    ^    x(-3x)=      - 
(-3x)» 


12 

X* 

18 

_§  +  54_27x» 

X3 

X 

+  9x2 

12 

x^' 

-^  +  9x2 

X 

_?^  +  54-27x' 

X3 

XTi.]  EA'OLUTION.  Ill 

*  EXAMPLES  XVI.  e. 

Find  the  cube  root  of  eacii  of  the  following  expressions  : 


3. 


4    '  2        •  '^     27      3 

^      3  ^      27  64y3      8?/-      y 


5.    a;3_9;p  +  27_27^  g^     ^- 6.r^+ 12a:2y3-8y«. 

x3,6x2     9a:     ,     9i/^62/2     y3 
y      y       y  x     x^     tt 

ft      a:3     i2a;2     54a;     „^     lOSa     48a2     Sa^ 
a^       a^        a  x         x^       tt 

--,      &4a3     192a2     240a     ,^^     60x     12a:2     x^ 

10.     —3 5— -i- 160  + 2-  +  -^- 

ar  a;"*  X  a         a^       a"^ 

ah  h^      br       a^     a^ 

^      60x4_80x3_9^     8x«     lOSx     .^_     48x^ 
2/^         y3         y"^       y^         y        "^       V"  ' 

*1 24.  The  ordinary  rules  for  extracting  square  and  cube  roots 
in  Arithmetic  are  based  upon  the  algebraical  methods  explained 
in  the  present  chapter.  The  following  example  is  given  to 
illustrate  the  arithmetical  process. 

Example.     Find  the  cube  root  of  614125. 

Since  614125  lies  between  512000  and  729000,  that  is,  between 
(80)'^  and  (90)^,  its  cube  root  lies  between  80  and  90  and  therefore 
consists  of  two  figures. 

a  +  6 
614125(80  +  5=85 
512000 


3a2  =  3x(S0)2  =19200    102125 
3xax&  =  3x80x5=   1200 
6*=         5  X  5=       25 

20425    102125 

In  Arithmetic  the  ciphers  are  usually  omitted,  and  there  ars 
other  modifications  of  the  algebraical  rules. 


CHAPTER  XVTL 

Resolution  into  Factors. 

125.  Definition.  When  an  algebraical  expression  is  the 
product  of  two  or  more  expressions  each  of  these  latter  qiian= 
tities  is  called  a  factor  of  it,  and  the  determination  of  these 
quantities  is  called  the  resolution  of  the  expression  into  its 
factors. 

In  this  chapter  we  shall  explain  the  principal  rules  by  which 
the  resolution  of  expressions  into  their  component  factors  maj 
be  effected. 

126.  When  each  of  the  terms  which  compose  an  expression  is 
divisible  hy  a  common  factor,  the  expression  may  be  simplified 
by  dividing  each  term  separately  by  this  factor,  and  enclosing 
the  quotient  within  brackets ;  the  common  factor  being  placed 
outside  as  a  coefficient. 

Example  1.  The  terms  of  the  expression  Sa'^  -  Qah  have  a  common 
factor  3a ; 

.♦.    3a2-6a&=3a(a-26). 

Example,  2.     ^%^  -  I5dbx^  -  20b^a^ = 5bs^  {a^x  -  3a  -  46^). 

EXAMPLES  XVn.   a. 

Resolve  into  factors  : 
L   a^-ax.  2.   a^-x^.  3.   2a-2a\ 

1   a^-ab^  5.    7p'^+p.  6.   8a;-2ar5. 

7.   5ax-5a^x^.  S,   Sx^  +  a^.  9.   a^+xi/. 

10.   x^-xh/.  11.   5a;-25xV-  12.    15+25a^». 

13.    l&x  +  64xh/.        14.    15a2-225a*.  15.   64 -Six. 

16.    10a;3_25a;42,.       17^   Sa^-a^  +  x.  18.   6x^+2x*+4x^. 

19.   x^-xh/+xy\      20.   3a4-3a36  +  6a262,      21.   2xV-6xV+2a^^ 

22.   6a^-9xh/+12xf.  23.  5a^  -  lOa^a^  -  15a^a^. 

24.   7a-7a3+14a*.  25.  SSa^x^ -^  57ah?, 
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127.  An  expression  may  be  resolved  into  factors  if  the  terms 
can  be  arranged  in  groups  which  have  a  compound  factor  common. 

Example  1.     Resolve  into  factors  x^-ax  +  hz-  ah. 

Noticing  that  the  first  two  terms  contain  a  common  factor  x,  and 
the  last  two  terms  a  common  factor  b,  we  enclose  the  first  two  terms 
in  one  bracket,  and  the  last  two  in  another.     Thus 

n^  -ax  +  bx-ab  =  (x^-  ax)  +  (6a:  -  ab) 
=  x{x-a)  +  b{x-a) 

=  {x-a)  taken  x  times  plus  {x-a)  taken  b  times 
=  {x-a)  taken  {x  +  b)  times 
=  {x-a){x-hb). 

Example  2.     Resolve  into  factors  Gap  -  9aa:  +  4!>x  -  6ah. 
6x«  -  9aa;  +  4^x  -  6a?)  =  (6x2  -  9ax)  +  (46x  -  6a5) 
=  3j:(2x  -  3a)  +  2b{2x  -  3a) 
=  {2x-3a){Sx  +  2b). 

Example  3.     Resolve  into  factors  I2a'^  -  4^6  -  SaxP  +  bx^. 
12a'^-4ab-dax^  +  bx^  =  il2a^-4ab)-(SaaP-b3p) 
=  ^{3a  -b) - x^(3a  -b) 
=  {3a-b){-ia-z^). 

Note.  In  the  first  line  of  work  it  is  sufBcient  to  see  that  each  pair 
contains  some  common  factor.  Thus,  in  the  last  example,  by  a 
different  arrangement,  we  have  , 

12a^'-4ab-3ax^  +  b3p={l2a'^-3ax^)-{4ab-bx^) 
=  Sa{^-aP)-b('ia-ar^) 
=  (4a-ar2)(3a-6), 

the  same  result  as  before,  since  it  is  immaterial  in  what  order  the 
factors  o^  a  product  are  written. 

EXAMPLES  XVn.  b. 
Resolve  into  factors : 

L     a'^  +  ab  +  ac  +  bc.  2.  a^-ac  +  ab-hc 

3.     ah'^  +  acd  +  ahc  +  bd.  4.  a^  +  3a  +  ac  +  3c. 

5.     2x  +  cx  +  2c  +  <^.  6.  aP  -  ax  i- ox  -  5a. 

7.     5a  +  db  +  5b  +  lt^.  8.  ab-by-ay  +  y^. 

9.     ax-bx-az  +  bz,  10.  pr  +  qr-ps-qs. 

XL     m^-my-nx  +  ny.  12.  m^-ma  +  nx-na. 

13.     2ax  +  ay  +  2bx  +  by.  14.  3aa:  -  6j:  -  3ay  +  6y. 
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Resolve  into  factors  : 

15.  6x2  ^  ^yyy  _  o^x  "  flty.  16.  mx  -  2my  -nx  +  2ny, 

17.  cw^  -  Zhxy  -  axy  +  36y^.  18,  ar^  +  mocy  -  Aocy  -  ^my\ 

19.  00-2  +  6x2  + 2a +  26,  20.  x^-Sx-xy  +  Sy. 

2L  2x*-x3  +  4x-2.  22.  3x3  +  5x2  +  3x  +  5. 

23.  x^  +  x3  +  2x  +  2.  24.  y3_y2  +  y_i_ 

25.  axy  +  hcxy  -az-  bcz.  26.  /^x^  +  gr^x^  -  0^2  _  ^^^ 

27.  2ax2  +  Saxy  -  26xy  -  Zby^.  28.  amx^  +  67wxy  -  anxy  -  ^y^. 

29.  ax-bx  +  hy  +  cy-cx-ay.  30.  a^x  +  aix  +  cw  +  a6y  +  6^^  +  &c. 

Trinomial  Expressions. 

128.  Before  proceeding  to  the  next  case  of  resolution  int/O 
factors  the  student  is  advised  to  refer  to  Cliap.  v.  Art.  44, 
Attention  has  there  been  drawn  to  the  way  in  which,  in  forming 
the  product  of  two  binomials,  the  coefficients  of  the  different 
terms  combine  so  as  to  give  a  trinomial  result.    Thus,  hy  Art.  44. 

(x+5)(x-\-S)=a^  +  Sx-\-l5 (1), 

(a;-5)(a;-2,)=x^-8x  +  lo (2^ 

(jF  +  5)(^-3)  =  ^  +  2.r-15 =  ,...(3), 

(:r-5)(^+3)=^-2^-15 (4). 

We  now  propose  to  consider  the  converse  problem  :  namely, 
the  resolution  of  a  trinomial  expression,  similar  to  those  which 
occur  pn  the  right-hand  side  of  the  above  identities,  into  its 
component  binomial  factors. 

Bj  examining  the  above  results,  we  notice  that : 

1.  The  first  term  of  both  the  factors  is  x. 

2.  The  product  of  the  second  terms  of  the  two  factors  is 
equal  to  the  third  term  of  the  trinomial ;  e.g.  in  (2)  above  we  see 
that  15  is  the  product  of  —5  and  —3  ;  while  in  (3)  —15  is  the 
product  of  +  5  and  —  3. 

3.  The  algebraic  s^im  of  the  second  terms  of  the  two  factors  is 
equal  to  the  coefficient  of  :r  in  the  trinomial ;  e.g.  in  (4)  the  sum 
of  —  5  and  +  3  gives  —  2,  the  coefficient  of  jc  in  the  trinomial. 

In  applying  these  laws  we  will  first  consider  a  case  where  the 
third  term  of  the  trinomial  is  positive. 

Example  1.     Resolve  into  factors  x2  +  llx  +  24. 

The  second  terms  of  the  factors  must  be  such  that  their  product 
is  +24,  and  their  sum  +11.  It  is  clear  that  they  must  be  +8 
and  +3. 

.-.    «2^iia;  +  24  =  (x  +  8)(x  +  3). 
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Example  2=     Resolve  into  factors  ar^  -  lOic  +  24, 

Tlie  second  terms  of  the  factors  must  be  such  that  their  product 
is  +  24,  and  their  sum  -  10.  Hence  they  must  both  be  negative,  and 
it  is  easy  to  see  that  they  must  be  -  6  and  -4. 

.-.    a:2-i0a;  +  24=(a:-6)(a;-4). 

Example  Z.  ar^- 18a: +  81  =  (a; -9)  (a; -9) 

=  (a;-9)2. 

Example  4.  x^  +  IQx"^ ■\-2b  =  {x^-¥b){x^  +  5) 

Example  5.     Resolve  into  factors  x^  -  llaa:+  lOa^. 
The  second  terms  of  the  faotors  must  be  such  that  their  product 
is  +  lOa^,  and  their  sum  -  11a.     Hence  they  must  be  -  10a  and  -  a, 
:.    a:2_iiaa:+10a2=(a:-10a)(a;-a). 

Note.  In  examples  of  this  kind  the  student  should  always  verify 
Ms  results,  by  forming  the  product  {mentcdly,  as  explained  in  Chap,  v.) 
of  the  factors  he  has  chosen. 


EXAMPLES   XVIL    c. 


Resolve  into  factors  ; 

L  a2  +  3a  +  2.  2. 

4.  a2-7a  +  12.  5. 

7.  ar'-19a:  +  90.  8. 

10.  a:2-21a;+108.  11. 

13.  a;2-19a;  +  84.  14. 

16.  a:2  +  20a;  +  96.  17. 

19.  a^5+23a:  +  102.         20. 

22.  a2  +  30a  +  225.  23. 

25.  a2-14a6  +  4962. 

27,  m2-137nn  +  40n2. 

29.  ar2-23an/+132y2. 

31.  ar*  +  8ar»  +  7. 

33.  ar2y2_i6ari/  +  39. 

35.  xV  +  34an/  +  289. 

37.  o2-20a6a;  +  75&2a;2. 

39.  a2-29a5  +  54^. 

4L  12-7a:  +  a:2 

43.  132-23a;  +  a^'. 

45.  I'^  +  ^lxy  +  xy, 

47.  204-292^2  +  a:4. 


a2  +  2<i  +  l. 
ar2-lla;  +  30. 
a:2+13a;  +  42. 
a:2-21a;  +  80. 
a:2-19a:  +  78. 
a:»-26a;  +  165. 
a2-24o  +  95. 
a2  +  54a  +  729. 

26. 

28. 

30. 

32. 

34. 

36. 

38. 

40. 

42. 

44. 

46. 

48. 


a2  + 
a:2- 
X-  - 
x^  + 
x^- 
x"- 
a2- 


3. 

6. 

9. 
12. 
15. 
18. 
21. 
24.    a' 

rr?  -  227WW  +  lOon^. 
a;2-26a:y  + 1691/2. 

a:4  +  9a:V  +  lV- 
a:2  +  492:y  + 6003/2. 

a^6*  +  37a262  +  300. 
ar2  + 432:1/ +  3902/2. 
a:4  +  i62a:2  +  656i 

20  +  9a;-!-ar2. 

88  +  19a;  +  a:2^ 
143-24a;a  +  a:2flj2 

216  +  35a:  +  a:2. 


7a +  12, 
15a; +  56. 
21a: +  110. 
21a: +  90. 
18a: +  45. 
21a: +  104. 
32a +  256. 
38a,  +  36L 
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129,    Next  consider  a  case  where  the  third  term  of  the  trU 

nomial  is  negative. 

Example  1.     Resolve  into  factors  a:^  +  2a;-35. 

The  second  terms  of  the  factors  must  be  such  that  their  product 
is  —  35,  and  their  algebraical  sum  +  2.  Hence  they  must  have  opposite 
signs,  and  the  greater  of  them  must  be  positive  in  order  to  give  its 
sign  to  their  sum. 

The  required  terms  are  therefore  +  7  and  -  5. 
.-.    x'^  +  2x-35  =  {z  +  7){x-5). 

Example  2.     Resolve  into  factors  x^  -  3x  -  54. 

The  second  terms  of  the  factors  must  be  such  that  their  product 
is  -  54,  and  their  algebraical  sum  -  3.  Hence  they  must  have  opposite 
signs,  and  the  greater  of  them  must  be  negative  in  order  to  give  its 
sign  to  their  sum. 

The  required  terms  are  therefore  -  9  and  +  6. 
.-.    x2-.3x-54  =  (a;-9)(a:  +  6). 

Remembering  that  in  these  cases  the  numerical  quantities 
must  have  opposite  signs,  if  preferred,  the  following  method  may 
be  adopted. 

Example  3.     Resolve  into  factors  xh/^  +  23a^  -  420. 

Find  two  numbers  whose  product  is  420,  and  whose  difference,  is  23, 
These  are  35  and  12 ;  hence  inserting  the  signs  so  that  the  positive 
may  predominate,  we  have 

xV + 23x2/ -  420 = (xy  +  35)  (xy  - 12). 


EXAMPLES  XVll. 

d. 

Resolve  into  factors  : 

1. 

x2-x-2. 

2. 

x2  +  x-2. 

3. 

x2-x-6. 

4. 

x^  +  x-Q. 

5. 

x2-2x-3. 

6. 

x2  +  2x-3. 

7. 

x'^  +  x-5Q. 

8. 

x2  +  3x-40. 

9. 

x2  -  4x  -  12. 

10. 

a2  -  a  -  20. 

11. 

a2-4a-21. 

12. 

a2  +  a- 20. 

13. 

a2-4a-117. 

14. 

x2  +  9x-36. 

15. 

X2  +  X-156. 

16. 

X2  +  X-110. 

17. 

x2-9x-90. 

18. 

X2-X-240. 

19. 

a^  -  12ft  -  85. 

20. 

a2- 11a -152. 

21. 

x2t/2  _  Qxy  -  24. 

22. 

x2  +  7x?/-60y2. 

23. 

x2  +  ax  -  42a2. 

24. 

x2  -  32xy  -  105y^ 

25. 

a^-ay-  2102/1 

26. 

x2  +  18x-115. 

27. 

x2-20xy-96y2. 

28. 

x2+16x-260. 

29. 

a2-lla-26. 

30. 

ah/^+Uay-240. 
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31.  a<  -  a262  -  566*.       32.  x*-Uz^- 51.         33.     y*  ^  GarV' -  STar*. 

34.  a^h^-Sabc-lOc^.                      35.     a2+12a5x- 2862^2. 

36.  a'^-lSaxy-243x^y\                 JJ.     t^  +  na^x"  -  ZOQa\ 

38.  x*-a2x2-132a*.                        39.     ar*  -  a^^s  -  462a^ 

40.  a:«  +  x3-870.           41.  2  +  x-x^.                42.     G-f-x-ar^. 

43.  110-a;-x2.            44.  380-a;-x2.            45.     120-7our-aV. 

46.  6o  +  8xy-a:2y2        47^  98-7a;-a:2,            43^     20A:-6z-x^. 

l^For  easy  Miscdlaneotis  Examples  see  page  124^.] 

130.  We  proceed  now  to  the  resolution  into  factors  of  tri- 
nomial expressions  when  the  coejicient  of  the  highest  power  is  not 
unity. 

Again,  referring  to  Chap.  v.  Art.  44,  we  mav  write  down  the 
following  results  : 

(3jr  +  2)(.r+4)  =  3x2  +  14i-  +  8 (1), 

(^x-i){x  -4)  =  3.r2-  14r+8 (2), 

(3j:  +  2)(^-4)  =  3x2-10.r-8 (3), 

(.3^  -  2)  (.r  + 4)  =  3.1-2  +  10:^-8 (4), 

The  converse  problem  presents  more  difficulty  than  the  cases 
•we  have  yet  considered. 

Before  endeavouring  to  give  a  general  method  of  procedure,  it 
will  be  worth  while  to  examine  in  detail  two  of  the  identities 
given  above. 

Consider  the  result  3jr-14j:  +  8  =  (3jr-2)(jr-4). 
The  first  term  Zx-  is  the  product  of  3^:*  and  x. 
The  third  term  +8 -2  and  —4. 

The  middle  term  —  14j;  is  the  result  of  adding  together  the 
two  products  30*  X  —  4  and  a:  x  —  2. 

Again,  consider  the  result  3vr2— 10^7  —  8  =  (3r+2)(jf  — 4). 

The  first  term  Zx^  is  the  product  of  ?>x  and  x. 
The  third  term  —8 +2  and  —4. 

The  middle  term  —  10.r  is  the  result  of  adding  together  the 
two  products  3j:  X  —  4  and  x  x  2  ;  and  its  3i;7n  is  negative  because 
the  greater  of  these  two  products  is  negative. 

13t.  The  beginner  will  frequently  find  that  it  is  not  easy  to 
select  the  proper  factors  at  the  first  trial.  Practice  alone  will 
enable  him  to  detect  at  a  glance  whether  any  pair  he  has  chosen 
will  combine  so  as  to  give  the  correct  coeflBcients  of  the  expres- 
iion  to  be  resolved. 
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Example.     Resolve  into  factors  Ix^  -  19a:  -  6. 

Write  down  (Ix  3)  [x  2)  for  a  first  trial,  noticing  that  3  and  2 
mist  have  opposite  signs.  These  factors  give  Ix'^  and  -6  for  the 
first  and  third  terms.  But  since  7x2-3x  1  =  11,  the  combination 
fails  to  give  the  correct  coefficient  of  the  middle  term. 

Next  try  (7a;    2)  (a;    3). 

Sirce  7x3-2x1  =  19,  these  factors  will  be  correct  if  we  insert 
the  signs  so  that  the  negative  shall  predominate. 

Thus  7a:2-19a;-6  =  {7a;  +  2)(a;-3). 

[Verify  by  mental  multiplication.] 

132.  In  actual  work  it  will  not  be  necessary  to  put  down  all 
these  steps  at  length.  The  student  will  soon  find  that  the 
different  cases  may  be  rapidly  reviewed,  and  the  unsuitable 
combinations  rejected  at  once. 

It  is  especially  important  to  pay  attention  to  the  two  following 
hints  : 

1.     If  the  third  term  of  the  trinomial  is  positive,  tnen  the 
second  terms  of  its  factors  have  both  the  same  sign,  and  this  sign 
is  the  same  as  that  of  the  middle  term  of  the  trinomial. 
'    2.     If  the  third  term  of  the  trinomial  is  negative,  then  the 
second  terms  of  its  factors  have  opposite  signs. 

Example  1.     Resolve  into  factors  14a:2  +  29ar  - 15 (1), 

14ar2-29a;-15  (2), 

In  each  case  we  may  write  down  (7a;  3)  (2a:  5)  as  a  first  trial, 
noticing  that  3  and  5  must  have  opposite  signs. 

And  since  7  x  5  -  3  x  2  =  29,  we  have  only  now  to  insert  the  proper 
signs  in  each  factor. 

In  (1)  the  positive  sign  must  predominate, 

in  2  the  negative 

Therefore  Ux^  +  29a;  - 15  =  (7a;  -  3)  (2a:  +  5). 

14a:2  -  29a:  - 15  =  (7a;  +  3)  (2a;  -  5). 

Example  2.     Resolve  into  factors  5a:2+17a:  +  6 (1), 

5a:2_i7a;  +  6 (2), 

In  (1)  we  notice  that  the  factors  which  give  6  are  both  positive. 

In  (2)  negative. 

And  therefore  for  (1)  we  may  write  (5x+  ){x+   ). 

(2) (5a;-   ){x-   ). 

And,  since  5  x  3  + 1  x  2=  17,  we  see  that 

5ar2  +  17a;  +  6  =  (5a;  +  2)  (a:  +  3). 

5a;2  _  17a:  +  6  =  (5a:  -  2)  (a;  -  3), 
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Note.  In  each  expression  the  third  terra  6  also  admits  of  factors 
6  and  1  ;  but  this  is  one  of  the  cases  referred  to  above  which  the 
student  would  reject  at  once  as  unsuitable. 

Example  3.     9x^  -  48xy  +  64y2  =  {Sx-8y){Zx-  8y ) 

=  {3x-8y)K 
Example  4.  G  +  lx - 5a^={3  +  5x){2 - x). 

EXAMPLES  XVn.  e. 

Eesolve  into  factors  : 


1. 

2a^^  +  3a:  +  l. 

2. 

3a:2  +  5a;  +  2. 

3. 

2x2  +  5a;+2. 

4. 

3a:2+i0a;  +  3. 

5. 

2x2 +  92: +  4. 

6. 

3x2  +  8x  +  4, 

7. 

2x^  +  1x  +  Q. 

8. 

2z^+Ux  +  o. 

9. 

3x2+llx  +  6. 

10. 

5ar^  +  lla;  +  2. 

11, 

27?  +  Zx-2. 

12. 

3x2  +  x-2. 

13. 

^x^  +  Ux-3. 

14. 

3ar  +  14a:-5. 

15. 

2x2  +  15x-8. 

16. 

2x^~X'~l. 

17. 

3x2  +  7a;  -  6. 

18. 

2x2  +  x-28. 

19. 

3a:2  +  i3a;_30. 

20. 

6x2  +  7x-3. 

21. 

6x2  -  7x  -  3. 

22. 

3a:2  +  7a;  +  4 

23. 

3x2  +  23x4-14. 

24. 

2x2 -2: -15, 

25. 

3x^  +  l9x-l'L 

26. 

3x2-19x-14. 

27. 

6x2-31x  +  35 

28, 

^x^  +  x-U. 

29. 

3x2-13x+14. 

30. 

3x2+41x  +  263 

31. 

4ar2  +  23x  +  15. 

32. 

2x2 -5xy- 32/2. 

33. 

8x2-38x  +  35. 

34. 

12.r2-23x2/  +  102/- 

.35. 

15x2  +  224x-15 

.36. 

15x2-77x+lG 

37 

12a;2_3ia._i5. 

38. 

24x2  +  22x-21. 

39. 

72x2-145x  +  72. 

40. 

24c2--29a;2/-4y2. 

41. 

2-3x-2x2. 

42. 

3  +  llx-4x2. 

43. 

6+5ic-6x2. 

44. 

4  -  Dx  -  6x2. 

45 

5  +  32x-21x2. 

46. 

7  +  10x  +  3a:2_ 

47. 

18-33x  +  5x2. 

48. 

8  +  6x-ox2. 

49.     20 -9x- 20x2.         50.     24  +  37x-72x2. 

The  Difference  of  Two  Squares. 
133.     Bj  multiplying  a+6  by  a-^>  we  obtain  the  identity 

a  result  which  may  be  verbally  expressed  as  follows  : 

The  product  of  the  sum  and  the  differerice  of  any  two  quantities 
is  equal  to  the  difference  of  their  squares. 

Conversely,  the  difference  of  the  sqvxires  of  any  tico  quantities 
is  equal  to  the  product  of  the  sum  and  the  difference  of  the  tun 
quantities. 

Thus  any  expression  which  is  the  difference  of  two  squares 
may  at  onoe  be  resolved  into  factors. 
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Example.     Resolve  into  factors  25ar^  -  16y'. 
25ar2-16y2=(5a:)2-(4y)2. 

Therefore  the  first  factor  is  the  sum  of  5x  and  4y, 

and  the  second  factor  is  the  difference  of  oz  and  4y. 

.-.  25^2  -  16y-  =  (5a;  +  4y){5a:  -  4y). 

The  intermediate  steps  may  usually  be  omitted. 

Example.  1  -  49c6  =  ( 1  +  7c3)(  1  -  Tc^). 

The  difference  of  the  squares  of  two  numerical  quantities 
may  be  found  by  the  formula  a^-b-  =  {a  +  b)(a-b). 

Example.        (329)2  -  (171)2  =  (329  + 171)(329  -  171) 

=  500  X 158 
=  79000. 


EXAMPLES  XVII  f. 

Resolve  into  factors  : 

1.  2:^-4.  2,  a2-81,  3. 

4.  c3-144.  5.  9-a2.  6. 

7.  121 -a~2.  8.  400 -o».  9. 

10.  y2-25ar«.  11.  S6x^-25h^.  12. 

13.  36/)2-49g2.  14.  4^-2-1.  15, 

16.  l-25ar=  17.  a2-462.  Ig. 

19.  p^q^-S6.  20.  a262-4c2(ia.  21. 

22.  9a4-121.  23.  253^2-64.  24. 

25.  x^-2o.  26.  l-36a^  27, 

28.  81a:«-25a2.  29.  2:*a2-49.  30. 

31.  a262_9x8.  32.  a^y^-^.  33. 

34.  4-a:2.  35.  9 -4a'.  36. 

37.  ar^-1662.  38.  x^-25y\  39. 

40.  25-64ar2.  41.  121a2-81x3.  42, 

43.  642:2. 25-6^  44^  ^9x^-l6y*.  45. 

46.  16x^6  _9y6,  47^  36a:»«  -  49ai*.  48. 

49.  25x1° -16a8.  50,  a26*c«-a:i«. 

Find  by  resolving  into  factors  the  value  of 

61.  (575)2 -(425)2.  52.  (121)2 -(120)2.  53. 

54.  (339)2 -(319)2.  55.  (753)2 -(253)2.  55 

57.  (1723)2 -(277)2.  58.  (1639)2- (739)2.  59, 

60.  (2731)2 -(269)2.  51^  (8133)' -(8131)2.  62. 


y2-100, 
49 -c2. 
ar»-9a'. 
92:2  _i. 

49  -  lOOi^c 
9x^  -  y\ 
x^-9 

81a4-492J^. 
92:^- a'. 
a2-64a:«. 
l-a262. 
9a<  -  256*. 
1  -  10062. 
p2g3  -  64a*. 
81;)*2«  -  256'. 
1  -  lOOa't^c*. 


(750)'  -  (250)'. 
(101)2 -(99)'. 
(1811)' -  (689)8 

aoooi)'-i. 
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1 34.     "WTien  one  or  both  of  the  squares  is  a  compound  quan- 
titj  the  same  method  is  employed. 

Example  1.     Resolve  into  factors  {a  +  2b)'^-  16z^. 
The  sum  of  a +  25  and  4a;  is  a  +  2b  +  'ix, 
and  their  difference  is  a  +  2b-  4p;, 

.-.    {a+2b)^-lQcc^-  =  {a  +  2b  +  iz){a  +  2b-ix), 

Example  2.     Resolve  into  factors  a:^  -  (26  -  3c )^. 
The  sum  of  x  and  25  -  3c  is  a;  +  25  ~  3c, 

and  their  difference  is  x  -  (26  -  ^:)  =  x  -  25  +  3c. 
.-.    2:2-(25-3<:)2  =  (x  +  26-3c)(a:-25  +  3c). 

If  the  factors  contain  like  terms  thej  should  be  collected  so  as 
to  give  the  result  in  its  simplest  form. 

Example  3.     {Sz  +  lyf  -  (2x  -  Zyf 

={(3.z  +  7y)  +  (2a:-3y)}{(3x  +  7y)-(2a:-3y)} 
=  {Zx  +  ly  +  2x  -Zy){Zx  +  'Jy  -2x  +  Zy) 
=  {6x  +  ^y){x  +  l0y). 

EXAMPLES  XVII.  g.  / 

Resolve  into  factors  : 

1.  (a  +  6)2-c2.  2.  (a-5)2-c2.  3.     {x  +  yf-^\ 

1  (a;  +  2y)2-a2.  5.  (a  +  36)2  - 162:2.         g^     (a:  +  5a)2-9y2. 

7,  (a;  +  oc)--l.  8.  (a-2a:)2-52.  9.     (2a;-3a)2-9c^. 

10.  a2-(5-c)2.  11,,  x'^-iy  +  zf.  12.     ^''-{y-zf. 

13.  9x2 -(2a -35)2        ^4.  l-(a-6)2,  15.     c^- (5a -36)2. 

16.  (a  +  5)2-(c  +  d)2.     17.  (a-5)2-(a;  +  y)2.     18.     (7a;  +  y)2-l. 

19.  (a  +  5)2-(m-w)2.    20.  (a-n)2-(6  +  77i)2.    21.     (6-c)2- (a-a;)2. 

22.  (4a  +  a;)2-(5  +  y)2.  23.     (a +25)2-(3a:  +  4y)2. 

24.  1- (7a -36)2.  25.     (a-6)2-(a;-y)2. 

26.  (a  -  3a:)2  -  163/2.  27.     (2a-oa;)2-l. 

28.  {a  +  b-cf-{x-y  +  z)\  29.     (3a  +  25)2-(c  +  a:-2y)2. 

Resolve  into  factors  and  simplify  : 

30.  {x  +  yf-^.  31.  x'-iy-xf.  32.     (ar  +  3y)2-4y2. 

33.  (24a:  +  y)2-(23a;-y)2.  34.     {ox  +  2yf -{^x-yf. 

35.  9a:2  _  (3a.  _  5y)2.  gg^     (7x  +  3)2-(5a;-4)2. 

37.  (3a +  1)2 -(2a -1)2.  38.     16a2-(3a  +  l)2. 

39.  (2a  +  5-c)2-(a-6  +  c)2.  40.     {x-ly  +  zf-{ly-z)\ 

41.  (a;+y- 8)2 -(a; -8)2.  42.     (2a;  +  a  -  3)2  -  (3  - 2x)2. 

E.A.  I 
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135.  By  suitably  grouping  together  the  terms,  compound 
expressions  can  often  be  expressed  as  the  diflference  of  two 
squares,  and  so  be  resolved  into  factors. 

Example  1.     Resolve  into  factors  a^  -  2ax  +  3cr-  46^. 
a2  -  2ax  +  a^2  -  462  =  (a2  -  2aa:  +  x2)  -  462 
=  (a-x)2-(26)2 
=  {a-x  +  2b){a-x-  26). 

Example  2.     Resolve  into  factors  9a^  -  c2  +  4ca:  -  4^2. 
9a2  -  c2  +  4cx  -  4x2  _  90^2  -  ( c^  -  4cx  +  4a^) 
=  (3a)2-(c-2x)2 
=  {Sa  +  c-2x){3a-c  +  2x). 

Example  3.     Resolve  into  factors  2hd  -a^-(^  +  b^  +  d^  +  2ac. 

Here  the  terms  2hd  and  2ac  suggest  the  proper  preliminary 
arrangement  of  the  expression.     Thus 

26£i  -  a2_  c2  + 62  +  cP  +  2ac  =  62  +  26c?  +  cP  -  a2  +  2ac  -  c2 

=  62  +  26d  +  cP  -  (a2  -  2a<:  +  c2) 
=  i6  +  c?)2-(a-c)2 
=  {b  +  d  +  a-c){b  +  d-a  +  c). 

Example  4.     Resolve  into  factors  x*  +  x^xp-  +  y^. 

ari  +  x2y2  +  3^  =  (or*  +  2a;2y2  +  y4)  _  a;2^-2 
=  (a;2  +  y2)2_(^)2 
=  (a;2  + 1/2  +  xy)  (a:2  +  2/2  -  a:y) 
-{x?-^xy^y^){dt?--xry  +  y\ 

This  result  is  very  important  and  will  be  referred  to  again  in 
Chapter  xxviii. 

EXAMPLES  XVn.   h. 

Resolve  into  factors  : 

1.  ar2  +  2an/  +  y2_a2.  2.  a^  -  2a6  +  62  -  a:2^ 

a  x2-6ax  +  9a2-1662.  4.  4a2  +  4a6  +  62  -  9c«. 

5.  2:24.^2  4. 2aa;-y2.  g.  2ay  +  a2  +  2/2  -  a^. 

7^  x2-a2_2a6-62.  8.  y^  -  c^  ^-^cx  -  01?. 

9.  l-x2-2xy-2/2.  10.  c2-a;2-y2  +  2xy. 

11.  x2  +  y2  +  2x2/-4a:2y2,  12.  a2  -  4a6  +  462  -  9a2c2. 

13.  x2  +  2xy  +  y2_a2-2a6-62.  H  a2  -  2a6  +  62  -  c2  -  2cc?  -  d«. 

15.  a?'-4ax  +  4a2-62  +  262/-?/2.  16.  ?/2  +  26y  +  62  -  a2  -  6aa;  -  ga;*. 
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17.  x2_2a;  +  l-a2-4a6-462.        18.     Qa^-Ga  +  l-a^-Sdx-ied^. 

19.  x^-a^+y^-b^-2xy  +  2ah,      20.     a^  +  h'^-2ah-c^-(P-2cd. 

21.  4a:2_i2aa;-c2-F_2a-  +  9a2. 

22.  a^  +  6bx-9b^x^-10ab-l+25b\ 

23.  a4-25a;«  +  8a2a:2-9  +  30a:3  +  i6^^ 

24.  x*-3!^-9-2a^a^  +  a*  +  6x. 

25.  a4  +  a262  +  &4,  26.     x4  +  4a;V+162/*-      27.    i9*  + V^^  +  Slg*. 
28.     c4  +  3c2cP  +  4<i^       29.     x^  +  y^-llxY.       30.     4m4-5mV+n*. 

The  Sum  or  Difference  of  Two  Cubes. 

136.     If  we  divide  a^  +  Phj  a-]-b  the  quotient  is  a^  —  ab+b^ ; 
and  if  we  divide  a^  —  P  hy  a  —  b  the  quotient  is  a^  +  ab-\-b\ 
We  have  therefore  the  following  identities  : 

a^  +  P=(a  +  b){a^  -ab  +  b^)  : 
a^-b^  =  (a-  h){a^  ■\-ab  + 1/). 

These  results  enable  us  to  resolve  into  factors  any  expression 
which  can  be  written  as  the  sum  or  the  difference  of  two  cubes. 

Example  1.  Sx^  -  27y^  =  {2xf  -  {3y)^ 

=  {2x  -  Zy)  (4x2  +  6a:y  +  9y2). 

Note.     The  middle  term  Qxy  is  the  product  of  2x  and  3y. 

ExampU  2.  64a3  + 1  =  [^af  +  (l)^ 

=  (4a+l)(16a2-4a  +  l). 

We  may  usually  omit  the  intermediate  step  and  write  down 
the  factors  at  once. 

Examples.     UZa^  -  21x^  =  {la^-  dx)  (49a4  +  21a2a;  +  9a:2). 
8x9  +  729  =  (2x3  +  9)  (4x6  -  18x3  +  81). 


EXAMPLES  XVII.  k. 

Resolve  into  factors  : 


1. 

^-f- 

2. 

x3  +  y3. 

3. 

X3-1. 

4. 

l  +  a3 

5. 

8x3 -y3. 

6. 

x3  +  8y3. 

7. 

27x3  +  1. 

8. 

l-8y3. 

9. 

^353  _  (,3^ 

10. 

8x3  +  272/3^ 

11. 

1  -  343x3. 

12. 

64  +  y3. 

13. 

125  + a'. 

14 

216 -a3. 

15. 

a3&3+5i2. 

16. 

1000y3-L 
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Resolve  into  factors  : 

17.  x^  +  6^y^.  18.  27-1000x3.  19.  a%^  +  2l6(^. 

20.  343-8x3.  21.  a^  +  2W.  22.  27x3 -64y3. 

23.  125x3-1.  24.  2162)3-343.  25.  x3y3  +  23_ 

26.  a3ft3c3„i.  27.  343x3 +  1000y3.  28.  729a3-646». 

29.  8a363+ 125x3.  30.  x32/3_2i623.  31,  x^-llx^. 

32.  64x«+12oy3,  33  8x3 -2«.  34  216x6-63. 

35.  a3  + 34363.  36.  a6  + 72963.  37.  8x3-729y6. 

38.  vW-llv?.  39.  z3_64y6.  40.  x3y3_5i2. 

136^.  In  Arts.  128  to  132  we  have  discussed  the  factorisation 
of  trinomials  by  trial.  And  in  Arts.  133  to  135  we  have  shewn 
how  any  expression  which  is  the  difference  of  two  squares  can 
be  written  down  as  the  product  of  two  factors.  We  shall  now 
explain  a  general  method  by  which  any  expression  of  the  form 
x^Wpx-^-q  or  ax^-\-hx-\-c  can  be  expressed  as  the  difference  of 
two  squares. 

By  Art.  112  we  have  the  following  identities  : 

x'^-\-2ax-\-c?={x-V0Lf--,     x^  —  2ax  +  a^  =  {x  —  af. 

So  that  if  a  trinomial  is  a  perfect  square,  and  its  highest  power 
x^  has  unity  for  its  coeficient^  we  must  always  have  the  term 
without  X  equal  to  the  square  of  half  the  coeffi.cient  of  x.  If 
therefore  the  first  two  terms  (containing  ^-  and  or)  of  such  a 
trinomial  are  given,  the  square  may  be  completed  by  adding  the 
square  of  half  the  coefficient  of  x. 

Thus  a^  +  6x  is  made  a  perfect  square  if  we  add  to  it  (  »  )  > 
or  9  ;  and  it  then  becomes  x^-\-6x  +  9,  or  (^  +  3)^.  ^^ 

Similarly  to  make  x"  —  7x  a  perfect  square  we  must  add 
(  -  -  )  ,  or  — ,  and  we  then  have  x'^-lx-h  —  ,  or  ( ^  -  ^  j  • 

Note.     The  added  term  is  always  positive. 

Example  1.     Find  the  factors  of  x^  +  6x  +  5. 
The  expression  may  be  written  (x2  +  6x  +  9)  +  5-9; 
that  is,  x2  +  6x  +  5=(x+3)2-4 

=  (x  +  3  +  2)(x  +  3-2) 
=  (x  +  5)(x+l). 
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Example  2.     Find  the  factors  of  x^-7x- 228. 

x^-7x-22S=(x^-lx  +  ^\-228-~ 

=  1 x~^  1  - 


/       ly    961 

/       7^31\/       7    31 
=  V^-2+TJ(,^-2-T 


=^(a;+12)(x-19). 
Example  3.     Find  the  factors  of  Sx^-  132;  + 14. 
3a:2-13x+14  =  3(a~^-yx  +  y 

_„/       13^1\/       13     1 

=  s[x-l)ix-2) 

=  {Sx-l){x-2). 

As  the  process  of  completing  the  square  is  quite  general  and 
applicable  to  all  cases,  it  may  conveniently  be  used  when  factorisa- 
tion by  trial  would  prove  uncertain  and  tedious.  For  example,  if 
the  factors  of  24x2+  ii8a:-247  were  required,  it  would  probably  be 
best  to  apply  the  general  method  at  once. 

1363.  The  following  exercise  contains  easy  miscellanecua 
examples  of  the  different  cases  explained  in  this  chapter. 

EXAMPLES  XVII  L    (Miscellaneous.) 

{On  Arts.  128,  129.) 

Resolve  into  factors  : 

1.     x2-3a;  +  2.                 2.  a2  +  7a+10.  3.  62+5.12. 

4.     2/2-4y-21.                5.  c2  +  12c  +  ll.  6.  x'^-^-5. 

7.     n2  +  12n  +  20.              8.  y^  +  9y-l0.  9.  p^-2pq-2^q\ 

10.     2/2  +  2/- 110.              11.  22  _  92  _  90.  12.  T^-Uh  +  ^. 


12^ 

tB 
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Resolve  into  factors  : 

13. 

a2  +  18a  +  81. 

14. 

^.2-246-81. 

15. 

c2  +  30c  +  81. 

16. 

a;2-14a;  +  49. 

17. 

2/2 +  10yz +  2122. 

18. 

22  +  2Z-63. 

19. 

7l2+ 1171  +  24. 

20. 

p2-5p-24. 

21. 

^2  +  9Z-36. 

22. 

a262_4a6  +  4. 

23. 

a262+10a6  +  16. 

24. 

62-46-45. 

25. 

m2  +  3m-88. 

26. 

7i2-127l-45. 

27. 

/)2+ 10^9-39. 

28. 

a;V  -xy-  72. 

29. 

22-Z-20. 

30. 

x^  +  xy-5%y\ 

31. 

a2-lla6-266'''. 

32. 

a262-a6-56. 

33. 

2/4  +  7/2-156. 

34. 

s^- 722 -78. 

35. 

y4-2y2-35. 

36. 

a;2  +  6a;y-91y2. 

(Ow  Jr^5.  125-132.) 
Resolve  into  two  or  more  factors  : 
37.     mhi^-ZmH^.  38.     10a:3  +  25a:V-  39.     y'^-2y~\5. 


40. 

{a  +  h)x  +  {a  +  h)y 

41.     x'^-z 

Z  +  Xy-  7/2. 

42. 

3c2  +  c-2. 

43. 

262  +  116  +  5. 

44.     x2-6xy  +  9y''. 

45. 

3^2- 10a; +  3. 

46. 

c'^cP  -cd-2. 

47.     6x2  + 7a: -3. 

48. 

4{a-6)-c(a-6). 

49.     a*  +  a 

3  +  2a  +  2. 

50. 

2c^cZ-6c2cP  +  2c2d^ 

. 

51.     x3y  + 

2x27/  -  63xy. 

52. 

6y2-7y-3. 

53. 

4x2- 12a; +  9. 

54.     3  -  5i?  -  12p». 

55. 

16  +  8/?g  +  p2g2, 

56. 

4z3  +  522-6z. 

57.     a3  +  a2-42a. 

58. 

27;i*-77l3  +  47?i-2. 

59.     a4-3a3-a36  +  3a26. 

60. 

14-5a:-x2. 

61. 

17-182  +  22. 

62.     27n4-ll77i2-2L 

63. 

5a;2  +  7a;7/-6y2. 

64. 

{On 

6m^+ 17 171^-4:5. 
Arts.  125-136^.) 

65.     97n2-24m  +  16. 

66. 

25-81a2.      67. 

a'^b^- 

9.        68.     27  +  ^3. 

69.     1  -  647^3. 

70. 

;j4-25^2.       71.     ; 

p^q^- 

1.       72.     823  +  1. 

73.     1  -  64x2 

74. 

250^^3 +  2. 

75. 

100a264-4. 

76.     729  +  c3rf3. 

77. 

(a  +  a;)2-l. 

78. 

16-(6-c)2. 

79.       9x3  _  43-^2, 

80. 

p^-pq-  20g2. 

81. 

p-p-  m. 

82.     a262c2-81rf2. 

83. 

64x6-277/3. 

84. 

a:2  +  2x-323. 

85.     X4-289. 

86. 

^  +  ^-272. 

87. 

lOOOz^  -  27. 

88.     a2+10a-299. 

89. 

a2-62-26c-c2. 

90.     l-x2  +  6xy-97/2. 

91. 

sd^  +  y^-lx^y"^. 

92. 

a4+3a2  +  4. 

93.     62-26-  783. 
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1 37.     Miscellaneous  cases  of  resolution  into  factors. 

Example  1.     Resolve  into  factors  IGa'*  -  816^. 
16a4  -  8164=  (4^2  +  952)  (4(^2  _  9^2) 

=  (4a2  +  962)  (2a  +  36)  (2a  -  36). 

Example  2.     Resolve  into  factors  afi  -  y^. 
a;^  -  y«  =  (ar' +  y3)  (a;3  _  y3) 

=  {x^y){x'^-xy  +  y'^){x-y){x'^  +  xy^y'^). 

Note.  When  an  expression  can  be  arranged  either  as  the  dif- 
ference of  two  squares,  or  as  the  difference  of  two  cubes,  it  will  be 
found  simplest  to  first  use  the  rule  for  the  difference  of  two  squares. 

Example  3.     Resolve  into  factors  '2.2>oc^y  +  Q4:X^y  -  QOx^y. 
2Sa:4y  +  64a;3y  -  60a:2y  =  4x2y(7a;2+  16x  -  15) 
=  4a;2y(7a;-5)(x  +  3). 

Example  4.     Resolve  into  factors  oc^p^  -  ^y^p^  -  ^v?(f  +  22y^^, 
The  expression  =292(a;3  -  8y^)  -  4g2(a;3  _  g^^S) 
=  (a:3_gy3)(p2_4^2) 

=  [x-  2y)  (a;2  +  2xy  +  4^2)  {p  +  2g)  {p  -  2g). 
Example  5.     Resolve  into  factors  4^2  -  25y^  +  2x  +  5y. 

'ix'^-25y'^  +  2x  +  5y  =  {2x  +  5y){2x-5y)  +  2x  +  5y 

=  {2x  +  5y){2x-5y  +  l). 

EXAMPLES  XVII.   1.     {Continued.) 
Resolve  into  two  or  more  factors  : 

94.     a:" -64.  95.     7292/^  _  64a;6.         96.     a:^-l. 

97.     729a'6-a67.  98.     a^x^ -Ua^y"^.        99.     a^'^-h^'^. 

100.     ai^  +  4tx'^yH^  +  4:y^z\    101.     a363  +  512.  102.     2x2  +  17x4-35. 

103.     500x2y-20y3.  104.     (a -f  6)^-1.  105.     {c-\-df-l. 

106.     l-{x-yf.  107.     x2-6x-247.      108.     a2- 22a -279. 

109.     250  (a -6)3 -1-2.  110.     {c  +  df  +  {c-df. 

111.     ^{x  +  yf-(2x-yf.  112.     x'^-4y'^  +  x-2y. 

113.     a2-62  +  a-6.  114.     {a  +  bf  +  a  +  h. 

115.     a3  +  63  +  a  +  6.  116.     a2  -  962  +  a -^  36. 

117.     ^x-yf-{x-y).  118.     X^y-xh^^-^y'^  +  xy*. 

[Miscellaneous  Examples  IV.,  p.   174,  and  Chapter  xxviii.  will 
furnish  further  practice  in  Resolution  into  Factors.^ 
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MISCELLANEOUS   EXAMPLES   IIL 

1.  Subtract  3a:^-7a;  +  l   from  2x^-5z-S,    then    subtract   the 
diflference  from  zero,  and  add  this  last  result  to  2xr^-2z^-^. 

2.  Simplify 

2{3a  -  (4^>  -  5<;)}  +  4{4a  -  (o&  -  2c)}  +  4{5a- 3(6 -c)}. 

3.  Find  the  product  of 

a^-2a'C  +  2ac^-(^ 
and  a^  +  2a^c  +  2ac^  +  c^. 

4.  Solve  the  equations  : 

2     3     4  7a;-4y  =  ll. 

5.  Find  the  square  root  of  8x*  +  IQar^  +  l-8x-2a:^  +  a^. 

6.  Find  a  number  whose  third,  fourth,  sixth,  and  eighth  parte 
together  make  up  63. 


7.  If  a  =  4,  b  =  3,  c  =  2.  find  the  value  of  V-^  +  ^—^  +  ^ — ?- 

8.  Divide  ^-4-^x3  +  1^  +  33^+ 5^  ^^  ^  +  ^  +  |- 

9.  Add  53>^  -  Qx  to  the  excess  of  1  over  3x^  -dx+1. 

10.  Find  the  factors  of      ( 1 )   aV  -  2ax  -  15  ;       (2)   4m*  -  Slp^^, 

11.  Solve  the  equations  : 

(1)     13x  +  lly=18,  (2)     57x  +  52y  =  181, 

lla:+13y  =  30.  76a;  -  39y  =  458. 

12.  A  train  which  travels  a  miles  in  h  hours  is  p  times  as  fast  as 
a  coach.  If  the  coach  takes  m  hours  to  cover  the  distance  between 
two  places,  how  many  miles  are  they  apart  ? 


13.  Find  the  continued  product  of  3x^  -  2a;  +  3,  4a;  +  5,  7a;  -  2. 

14.  Solve  the  equations  : 

15.  Write  down  the  square  of  a;^  +  7a;  ~  11. 
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16.  Resolve  into  factors  : 

(1)     3^-^2ax-hx-2ab;         (2)     x^  +  lQx-y -56i/^. 

17.  Find  the  H.C.F.  and  L.C.M.  of  4:%c\  2la''h'-,  o6ca\  6Zab<^. 

18.  A  has  £50,  and  B  has  £6  ;  after  B  has  won  from  A  a  certain 
sum  he  then  has  five-ninths  of  what  A  has  :  how  much  did  B  win  ? 


19.  Smiphfy  56^  >^  4^2^3-64^- 

20.  Shew  that    a{a-l){a-2){a-S)  =  (a^-Sa  +  l)'-h 

21.  Express  by  means  of  symbols  : 

(1;     The  excess  of  m  over  n  is  greater  than  a  by  c  ; 
(2)     Three  times  the  square  of  ah  together  with  the  cube  of 
c  is  equal  to  p  times  the  sum  of  m  and  n. 

22.  solve       f(3-?)-^7-|)  =  l<i-^). 

and  shew  that  x  =  2  does  not  satisfy  the  equation. 

23.  Divide  the  product  of  Ss^  -  2xy  -  y'^  and  2x-y  hy  x-y. 

24.  What  is  the  price  of  apples  per  dozen,  and  of  eggs  per  score, 
when  60  apples  and  100  eggs  together  cost  8s.  4d.,  and  72  apples 
cost  as  much  as  30  eggs  ? 


25.  Express  the  product  [2x^ -\^x  +  \d)[oi^ -4:X-o){2xr -x-Z) 
in  simple  factors,  and  thence  write  down  its  square  root  as  the 
product  of  three  binomial  factors. 

26.  If  a:  =  6,  y  =  l,  2  =  8,  find  the  value  of 
a;-(y-2)-2[a:-f-z-3{-2(y-l)}]  +  4[|-(3-|/)]. 

27.  Divide    %x^  +  57x^  ^  12Sx^y^  -  QQx-y^  -  I30xy^  +  63y= 
by  3x^  +  \oxry  +  Ixy-  -  9y^. 

28.  Solve  the  equations  : 

4;c-!-22/  +  z  =  14,     Sx-y  +  2z  =  3,     x  +  ly-z=23. 

29.  Kesoive  into  two  or  more  factors  : 

(1)    x^y-Ax^',  (2)     2m^  +  mhi^--Zn'^. 

30.  In  how  many  days  will  a  men  do  — th  of  a  piece  of  work,  the 

whole  of  which  can  be  done  by  h  men  in  c  days  ? 

If  m=4,  a  =  24,  6  =  14,  c  =  18,  what  is  the  numerical  value  of  the 
answer? 


CHAPTER  XVin. 

Highest  Common  Factor. 

138.  Definition.  The  highest  common  factor  of  two  or 
more  algebraical  expressions  is  the  expression  of  highest  dimen- 
sions which  divides  each  of  them  without  remainder. 

Note.  The  term  greatest  common  measure  is  sometimes  used  instead 
of  highest  common  factor ;  but,  strictly  speaking,  the  term  greatest 
common  measure  ought  to  be  confined  to  arithmetical  quantities ; 
for  the  highest  common  factor  is  not  necessarily  the  greatest  common 
measure  in  all  cases,  as  will  appear  later.     [Ait.  145.] 

In  Chap.  XI.  we  have  explained  how  to  write  down  by 
inspection  the  highest  common  factor  of  two  or  more  simple 
expressions.  An  analogous  method  will  enable  us  readily  to 
find  the  highest  common  factor  of  co^npound  expressions  which 
are  given  as  the  product  of  factors,  or  which  can  be  easily 
resolved  into  factors. 

Example  1.     Find  the  highest  common  factor  of 
4^3^  and  2ca;^  +  4c^a:^. 

It  will  be  easy  to  pick  out  the  common  factors  if  the  expressions 
are  arranged  as  follows  : 

A  /'*-v3  ^  A  /»o>*3 

2cx^  +  ^'^x^=2ca^{x  +  2c) ; 
therefore  the  H.C.F.  is  2cx^. 

Example  2.     Find  the  highest  common  factor  of 
3a2  +  9a6,    a^-9ah\   a^  +  Ga'^b  +  dctb^. 

Resolving  each  expression  into  its  factors,  we  have 
3a2  +  9a6  =  3a(a  +  36), 
a3  -  9a&2  =  a{a  +  3b)  (a  -  36), 
a'  +  6a2&  +  9a&2=a(a  +  36)(a  +  36); 
therefore  the  H.C.F.  is  a{a  +  3b). 
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139.  When  there  are  two  or  more  expressions  containing 
diflFerent  powers  of  the  same  cc/mpound  factor,  the  student  should 
be  careful  to  notice  that  the  highest  common  factor  must  contain 
the  highest  power  of  the  compound  factor  which  is  common  to 
all  the  given  expressions. 

Example  1.     The  highest  common  factor  of 

x{a-x)-,    a(a-ar)^,    and   2ax{a-x'f'   is    (a -a;)-. 

Example  2.     Find  the  highest  common  factor  of 

ax^  +  ^ahi  +  a?,   2ax^ - ia^x -  6a\   Siax  +  a"^)"^. 

Resolving  the  expressions  into  factors,  we  have 

ax^  +  2a'^x  +  d^  =  a{x^  +  2ax  +  a^) 

=  a{x  +  a)^    (1), 

2ax^-4ah:-6a^  =  2aix^-2ax-Sa^) 

=  2a{x  +  a){x-3a)  (2), 

3iax  +  a^)'^  =  3a\x  +  a'f^ (3). 

Therefore  from  (1),  (2),  (3),  by  inspection,  the  highest  commcax 
factor  is  a{x  +  a). 

EXAMPLES  XVIII.  a. 

Find  the  highest  common  factor  of 

1.  a^  +  ab,   a2-62.                           2.     {x  +  y)\   7?-y^. 

3.  %^-^xy,   7?-7?y.                   4.     %x^-^xy,   4r2-9y2. 

5.  0^  rxhj,   y?  +  y^.                        6.     a^h-ah^,   o^}f--a'^. 

7.  a^-ahc,    a^-ax^,    a^-aoi?,       8.    o?-^,   a^  +  lax. 

9.  a^x  +  abh:,   a^h-h\                10.    'iachf-Qxy^   x^-9y^. 

11.  a^-x^,    a^-ax,   a'^x-ax^.      12.     4x^  +  2xy,    I2xh/-Sy^, 

13.  20a; -4,    50x^-2.                     14.     65x  +  4^y,    9cx  +  Qcy. 

15.  xr^  +  x,    {x  +  lf,    x^+l.             16.     xy-y,    xhj-xy, 

17.  x^-2xy-{-y''-,    {x-yf.               18.     x^  +  a^a:,    x^-a^. 

19.  3?  +  ^^,   x^  +  xy-2y^.              20.     x^-2-a^x,    {x-%a)\ 

21.  x2  +  3a,  +  2,   ar2-4.                    22.     x^-x-2!^,   a;2_9.p  +  20. 

23.  x'-l'^x^^,    ar2-9.                 24.     2ar2-7x  +  3,    3a:2_7^_g, 

25.  \2a?-^x-\,    15a;2  +  8x  +  l.      26.     2x2-c--l,    %x^-x-2, 

27.  c^  -  cP,    acx^  -  hex  +  adx  -  bd. 

28.  a^  -  xy^,    y?"  +  xhf  +  ary  +  y^. 

29.  a^x-a-hx-^aWx,    a'^bx^  -  4ab'^x^  +  Sb^x^. 

30.  2ar2  +  9a:  +  4,    2x2  +  nx  +  5,    2a:2-3a:-2. 

31.  3a:*  +  8a;3  +  4ajs^   3ar'  +  lla;4  4-6a:3,   3a;*- 16ar3- 12ar'. 
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[If  preferred^  the  remainder  of  this  chapter  may  he  taken  after 
Chap.  XXV.] 

*140.  The  highest  common  factor  should  always  be  found  by 
inspection  if  possible,  but  it  may  happen  that  the  expressions 
cannot  be  readily  resolved  into  factors.  In  such  cases  we  adopt 
a  method  analogous  to  that  used  in  Arithmetic,  for  finding  the 
greatest  common  measure  of  two  or  more  numbers, 

*141.  We  shall  now  illustrate  the  algebraical  process  of 
finding  the  highest  common  factor  by  examples,  postponing  for 
the  present  the  complete  proof  of  the  rules  we  use.  But  we 
shall  enunciate  two  principles,  which  the  student  should  bear  in 
mind  in  reading  the  examples  which  follow. 

I.     If  an  expression  contains  a  certain  factor,  any  multiple  of 
the  expression  is  divisible  by  that  factor. 

II.  If  two  expressions  have  a  common  factor,  it  will  divide 
their  sum  and- their  difference  ;  and  also  the  sum  and  the  difference 
of  any  multiples  of  them. 

Example.     Find  the  highest  common  factor  of 

4^3  -  3x2  -  24a;  -  9  ^j^^j  Sa:^  _  2a;2  _  53a;  -  39. 

8a:3_2a:2-53a;-39  :  2 
8a;3_6a;2-48a;-18  \ 


X 

^x^-3x^-24:X-9 

^oi?-5x'^-2\x 

2x 

2x2-   3a,  _  9 

2a;2-    Qx 

3 

3a;- 9 

3a;-9 

42-2  _ 

4a;2- 


5a; -21 
6a; -18 


X-  3 


Therefore  the  H.C.F.  is  a; -3. 


Explanation.  First  arrange  the  given  expressions  according  to 
descending  or  ascending  powers  of  x.  The  expressions  so  arranged 
having  their  first  terms  of  the  same  order,  we  take  for  divisor  that 
whose  highest  power  has  the  smaller  coefficient.  Arrange  the  work 
in  parallel  columns  as  above.  When  the  first  remainder  4a;2  -  5a;  -  21 
is  made  the  divisor  we  put  the  quotient  x  to  the  left  of  the  dividend. 
Again,  when  the  second  remainder  2a;2  -  3a;  -  9  is  in  turn  made  the 
divisor,  the  quotient  2  is  placed  to  the  right ;  and  so  on.  As  in 
Arithmetic,  the  last  divisor  a; -3  is  the  highest  common  factor 
required. 

'^142.  This  method  is  only  useful  to  determine  the  compound 
factor  of  the  highest  common  factor.  Simple  factors  of  the 
given  expressions  must  be  first  removed  from  them,  and  the 
highest  common  factor  of  these,  if  any,  must  be  observed  and 
multiplied  into  the  compound  factor  given  by  the  rule. 
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Example.     Find  the  highest  common  factor  of 

24a;4_2a:3_60a;2-32a;  and  \^u^-Qx^-2Qx'^-\Sx, 

We  have  2^x^  -2y?-  60a;2  -  32a;  =  2a;  ( 12a;3  -  a;^  -  30a;  -  16), 
and  18a;^  -  6a;3  _  39^2  _  I8a;=3a;(6a;3  -2x^-  13a;  -  6). 

Also  2a;  and  3a;  have  the  common  factor  x.  Removing  the  simple 
factors  2a;  and  3a;,  and  reserving  their  common  factor  x,  we  continue 
as  in  Art.  141. 


'Zx 


6a;3  _  2x2  _  13^;  _  6 
6a;3-8a;2-   8a; 

6a;^  -   5a;  -  6 

6ar2-    8a; -8 

3a;  +  2 


Therefore  the  H.C.F.  is  a;(3a;  +  2). 


12a;3-   a;2_30a;_i6 
12a;3_4^2_26a;-12 


3a;2-   4a;- 
3a;2+   2a; 

4 

-  6a:- 

-  6a;- 

4 
4 

X 


-2 


*143.  So  far  the  process  of  Arithmetic  has  been  found  exactly 
applicable  to  the  algebraical  expressions  we  have  considered. 
But  in  many  cases  certain  modifications  of  the  arithmetical 
method  will  be  found  necessary.  These  will  be  more  clearly 
understood  if  it  is  remembered  that,  at  every  stage  of  the  work, 
the  remainder  must  contain  as  a  factor  of  itself  the  highest 
common  factor  we  are  seeking.     [See  Art.  141,  I.  &  II.]. 

Example  1.     Find  the  highest  common  factor  of 

3a;3_i3a;2  +  23a;-21  and  6a;3  +  a;2-44a;  +  21. 


3a;3_i3a;2  +  23a;-21 


6a'3+     a;2-44a;  +  21 

6a:^-26a:2  +  46a;-42 

27a;2-90a;  +  63 


Here  on  making  27a;2  -  90a;  +  63  a  divisor,  we  find  that  it  is 
not  contained  in  3a;2- 13a:2  +  23a;-21  with  an  integral  quotient. 
But  noticing  that  27a;2  -  90x  +  63  may  be  written  in  the  form 
9(3a;2- 10a;  +  7),  and  also  bearing  in  mind  that  every  remainder  in 
the  course  of  the  work  contains  the  H.  C.  F. ,  we  conclude  that  tlie 
H.C.F.  we  are  seeking  is  contained  in  9(3.x;^- 10a;  +  7).  But  the 
two  original  expressions  have  no  simple  factors,  therefore  their 
H.C.F.  can  have  none.  We  may  therefore  reject  the  factor  9  and 
go  on  with  di^^sor  3a;-  -  10a;  +  7.  • 
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Resuming  the  work,  we  have 

3a:3_i3a;2  +  23a;-21 

Sa^-lOx'^+  Ix 


-1 


-  3a:2+16a;-21 

-  3a:^+10a:-    7 

2)  ex-  14 
3x-   7 


3a:2_i0a;+7 
3x^-   Ix 

-  3a;  +  7 

-  3a;+7 


-1 


Therefore  the  H.C.F.  is  3a; -7. 

The  factor  2  has  been  removed  on  the  same  grounds  as  the  factor 
9  above. 

Example  2.     Find  the  highest  common  factor  of 

2x^+  x^-x-2 (1), 

and  Zo(^-2x^  +  x-2 (2), 

As  the  expressions  stand  we  cannot  begin  to  divide  one  by  the 
other  without  using  a  fractional  quotient.  The  difficulty  may  be 
obviated  by  introducing  a  suitable  factor^  just  as  in  the  last  case  we 
found  it  useful  to  remove  a  factor  when  we  could  no  longer  proceed 
with  the  division  in  the  ordinary  way.  The  given  expressions  have 
no  common  simple  factor,  hence  their  H.C.F.  cannot  be  affected  if 
we  multiply  either  of  them  by  any  simple  factor. 

Multiply  (2)  by  2,  and  use  (1)  as  a  divisor  : 


-2x 


2x3+     a;2- 

X- 

-  2 

6x3 _     4a^+  2x-   4 

7 

6a;3+     3a^_   3^_   6 

\Aa?+  7^2- 

-  7x- 

-14 

-     7x2-1-  5x-H  2 

14x3-10^2- 

-  4x 

-  3x- 

~14 

17 

17^2- 

-  119x2 +  85X+ 34 

17x2- 

-llx 

-  119x2 -}-21x -1-98 

Ux- 

-14 

64)64x-64 

Ux- 

-14 

X-    1 

17a; 


14 


Therefore  the  H.C.F.  is  x-  1. 

After  the  first  division  the  factor  7  is  introduced  because  the  first 
remainder  -  7x2  +  5x  +  2  will  not  di\'ide  2x3  +  ^.2  _  ^  _  2.  At  the  next 
stage  the  factor  17  is  introduced  for  a  similar  reason,  and  finally  the 
factor  64  is  removed  as  explained  in  Example  1. 

Note.  Here  the  highest  common  factor  might  have  been  more 
easily  obtained  by  arranging  the  expressions  in  ascending  powers  of  x. 
In  this  case  it  will  be  found  that  there  is  no  need  to  introduce  a 
numerical  factor  in  the  course  of  the  work.  Detached  coefficients, 
as  explained  in  Art.  45,  may  also  be  used  with  advantage  here,  and 
will  often  effect  a  considerable  saving  of  labour. 
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*144.  From  the  last  two  examples  it  appears  that  vre  maj 
multiplv  or  divide  either  of  the  given  expressions,  or  anv  of  the 
remainders  which  occur  in  the  course  of  the  work,  by  any  factor 
which  does  not  divide  both  of  the  given  expressions. 

*145.  Let  the  two  expressions  in  Example  2,  Art,  143,  be 
written  in  the  form 

Then  their  highest  common  factor  is  ^  —  1,  and  therefore 
2;/'^  +  3vr+2  and  3j:^+x+2  have  no  algebraical  common  dicisor. 
If,  however,  we  put  .r  =  6,  then 

20,-3+^-2  _^_  2 =460, 
and  ar3-2a^+.r-2  =  580; 

and  the  greatest  common  measure  of  460  and  580  is  20 ;  whereas 
5  is  the  numerical  value  of  x—  1,  the  algebraical  highest  common 
factor.  Thus  the  numerical  values  of  the  algebraical  highest 
common  factor  and  of  the  arithmetical  greatest  common  measure 
do  not  in  this  case  agree. 

The  reason  may  be  explamed  as  follows  :  when  ;r=6,  the 
expressions  2a-  +  3.r  +  2  and  3.r^ +'<:'+ 2  become  equal  to  92  and 
116  respectively,  and  have  a  common  arithmetical  factor  4  j 
whereas  the  expressions  have  no  algebraical  common  factor. 

It  will  thus  often  happen  that  the  highest  common  factor  of 
two  expressions,  and  their  numerical  greatest  common  measure, 
when  the  letters  have  particular  values,  are  not  the  same  ;  for 
this  reason  the  term  greatest  common  measure  is  inappropriate 
when  appHed  to  algebraical  quantities. 

*  EXAMPLES  XVIIL  b. 

Find  the  highest  common  factor  of  the  following  expressions : 
L    x3  +  2x2-13a;-f  10,    7^-hx^-\(yx  +  ^. 

2.  x3-5x2-99x  +  40,   3^-&j(^-mx  +  Zo. 

3.  a:3  +  2x2-8x-16,   a^  +  3x2  -  8x  -  24. 

4.  3:3  +  4x2 -5a: -20,    x^  +  6x2  -  5x  -  30.        ., 

5.  7?-x^-bx-'&,   x3-4x2-llx-6. 

6.  x3  +  3x2-8x-24,   x3  +  3x2-3x-9. 

7.  a3-5a2a;  +  7ax2-3x3,  a3-3ax2  +  2x3. 
a  x*-2x3-4x-7,  x4  +  x3-3x2-x  +  2. 
9.    2x3-5x2+11x4- 7,   4x3-llx2  +  25x  +  7. 
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Find  the  highest  common  factor  of  the  following  expressions : 

10.  2x^  +  4x'^-'Jx-l4:,    6xr'^-l0x^-21x  +  35. 

11.  3x*-3:t^-2x'^-x-l,   9x*-Sx^-x-l. 

12.  2x^-2x^  +  x'^  +  3x-6,    4cX^-2x^  +  Sx-9. 

13.  Sx^-Sax'^  +  2a'^x-2a\   Sx^  +  l2ax'^  +  2a'^x  +  8a^ 

14.  2x^-9ax'^  +  9a'^x-7a^,   4x^-20ax'^  +  20a'^x-iea^ 

15.  I0x^  +  25ax'^-5a\    ^  +  9ax^-2a'^x-a^. 

16.  6a3  +  ISa^a;  -  Dax^  -  lOx^,    9a^  +  I2a^x  -  1  lax^  -  lOa:^^ 

17.  24a;V  +  i^y^y"^  -  Qx'^y^  -  90xy^,    6a:V  +  ISar^^s  _  43^2^4  _  i^^y^. 

18.  4a:5a2  +  lOar^a^  _  60a:%^  +  54'c2a5,  2Aa^a^  +  SOar^a^  -  126x2a«. 

19.  4a;5  + 143^  +  20a:3  +  70^:2^    3^.7  +  28a:6  -  8^-5  _  1  o^^  +  56^3. 

20.  72a^  -  12aa;2  +  na^x  -  420a\    1  Sa:^  +  42^x2  -  282a'^x  +  270a^ 

21.  9ar*  +  2a;V  +  2/^^    Sx^  -  Sa:^^  +  5^.22^2  _  2a:y^ 

22.  xP-x^-x  +  l,   x'^  +  x^  +  x^-1. 

23.  l+ic  +  x^-a;^    1  -  a;^  -  a;6  +  x''. 

24.  6  -  8a  -  32*2  -  18a3,    20  -  35a  -  95a2  -  40a3. 

25.  9a;2-15a;3_45a^_i2a;5^    42a;  -  49a;2  -  203a:3  _  34^^ 

26.  3x5-5a;3  +  2,    2a;5_5^2  +  3 

27.  4ar5  -  6a;3  _  28a;,    ex^+10x^-l7x'^-S5x-14:. 

*146.     The  statements  of  Art.  141  may  be  proved  as  follows. 

I.     If  F  divides  A  it  will  also  divide  mA. 

For  suppose  A  =  aF,  then  mA  =  maF. 

Thus  i^  is  a  factor  of  mA. 

II.     If  F  divides  A  and  B,  then  it  will  divide  mA  ±  nB. 

For  suppose  A  =  aF,  B  =  bF, 

then  mA  ±  nB = maF±  nhF 

=^F(ma±nb). 

Thus  i^  divides  mA  ±  ?i^. 

*147.  We  may  now  enunciate  and  prove  the  rule  for  finding 
the  highest  common  factor  of  any  two  compound  algebraical 
expressions. 

We  suppose  that  any  simple  factors  are  first  removed.  [See 
Example,  Art.  142.] 

Let  A  and  B  be  the  two  expressions  after  the  simple  factors 
have  been  removed.  Let  them  be  arranged  in  descending  or 
ascending  powers  of  some  common  letter  ;  also  let  the  highest 
power  of  that  letter  in  B  be  not  less  than  the  highest  power  in  A. 
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Divide  B  hy  A  ;  let  p  be  the  quotient,  and  C  the  remainder. 
Suppose  C  to  have  a  simple  factor  m.  Eemove  this  factor,  and 
so  obtain  a  new  divisor  D.  Further,  suppose  that  in  order  to 
make  A  divisible  by  i)  it  is  necessary  to  multiply  A  by  a  simple 
factor  n.  Let  q  be  the  next  quotient  and  E  the  remainder. 
Finally,  divide  D  hr  E ;  let  r  be  the  quotient,  and  suppose  that 
there  is  no  remainder.     Then  £  will  be  the  H.C.F.  required. 

The  work  will  stand  thus  : 

A)B(p 
pA 

D)nA{q 
qD_ 

E)D{r 
rE 

First,  to  shew  that  ^  is  a  common  factor  of  A  and  B. 

By  examining  the  steps  of  the  work,  it  is  clear  that  E  divides 
Z),  therefore  also  qD  ;  therefore  qD-\-E,  therefore  nA  ;  therefore 
A^  since  n  is  a  simple  factor. 

Again,  E  divides  2),  therefore  mD^  that  is,  C.  And  since  E 
divides  A  and  C,  it  also  divides  pA  +  C,  that  is,  B.  Hence  E 
divides  both  A  and  B. 

Secondly,  to  show  that  E  is  the  highest  common  factor. 

If  not,  let  there  be  a  factor  X  of  higher  dimensions  than  E. 

Then  X  divides  A  and  B^  therefore  B—pA.  that  is,  C ;  tliere- 
fore  D  (since  m  is  a  simple  factor) ;  therefore  nA  —  qD,  that  is,  E. 

Thus  X  divides  E ;  which  is  impossible  since  by  hypothesis, 
X  is  of  higher  dimensions  than  E. 

Therefore  E  is  the  highest  common  factor. 

*148.  The  highest  common  factor  of  three  expressions 
A,  B,  C  may  be  obtained  as  follows. 

First  determine  E  the  highest  common  factor  of  A  and  B  ; 
next  find  G  the  highest  common  factor  of  E  and  C;  then  G  will 
be  the  required  highest  common  factor  oi  A,  B,  C. 

For  E  contains  erery  factor  which  is  common  to  A  and  B, 
and  G^  is  the  highest  common  factor  of  E  and  C  Therefore  0 
is  the  highest  common  factor  of  A,  B,  0. 

E.A-  K 


CHAPTER  XIX. 

Fractions. 

[On  first  readiTig  the  subject^  the  student  may  omit  the  general 
proofs  of  the  rules  given  in  this  chapter. 

The  articles  and  examples  marked  with  an  asterisk  must  he 
oraitted  hy  those  who  adopt  the  suggestion  printed  at  the  top  oj 
page  130.] 

{49.  In  Chapter  xii.  \re  discussed  the  simpler  kinds  of 
fractions,  using  the  ordinary  arithmetical  rules.  We  here  propose 
to  give  proofs  of  those  rules,  and  shew  that  they  are  applicable 
to  algebraical  fractions. 

Definition.  If  a  quantity  x  be  divided  inix)  6  equal  parts, 
and  a  of  these  parts  be  taken,  the  result  is  called  the  fraction 

r  of  X,     If  X  be  the  unit,  the  fraction  ,-  of  .27  is  called  simply 

"  the  fraction  ^  "  ;  so  that  the  fraction  r  represents  a  equal  parts, 
b  of  which  make  up  the  unit. 

Note.  This  definition  requires  that  a  and  6  should  be  positive 
whole  numbers.  In  Art.  155  we  shall  adopt  a  definition  which  will 
enable  us  to  remove  this  restriction. 

a     ma 
150.     To  prove  that  r  =  — r;*  where  a,  b,  m  are  positive  integers. 

By  r  we  mean  a  equal  parts,  h  of  which  make  up  the  unit . . .  (1) ; 

by  — T mxi mh (2). 

"^  mb  ^  ^ 

But  h  parts  in  (l)  =  mb  parts  in  (2); 

.'.  1  part =m    

.".  a  parts =7/ia 

,       .  a    ma 

tnat  IS,  v= — T' 

'  0    mo 

^  ,  ma    a 

Conversely,  ^=5. 
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Hence,  the  value  of  a  fraction  is  not  altered  if  we  multiply  or 
divide  the  numerator  and  denominator  by  the  same  quantity. 

Reduction  to  Lowest  Terms. 

151.  An  algebraical  fraction  may  be  changed  into  an 
equivalent  fraction  by  dividing  numerator  and  denominator 
by  any  common  factor  ;  if  this  factor  be  the  highest 
common  factor  the  resulting  fraction  is  said  to  be  reduced  to 
its  lowest  terms. 

Example  1.     Reduce  to  lowest  terms    -^X  o   \c,  i^' 
The  expres8ion  =  g^,^^3^_^^  =  3^-^. 

Example  2.     Reduce  to  lowest  terms  ■= — "-.^o' 

yxy  -  12y2 

The  expression  =  ^-~ f4  =  jr-. 

Note.  The  beginner  should  be  careful  not  to  begin  canceUing 
until  he  has  expressed  both  numerator  and  denominator  m  the  most 
convenient  form,  by  resolution  into  factors  where  necessary. 

EXAMPLES  XIX.  a. 

Reduce  to  lowest  terms  : 
-        3a'^  -  ^ab  ahx  +  baP  ax 

l^a^c  4x2 -V  20(a:3-y^ 

*•     100  (a3-a^)*  °-     ^^  +  Qxy  ^'     bx'  +  bxy  +  by'^' 

x{2a'^-3ax)  x^-2xy^  {xy-Sy^ 

''     a{4a^x-9x^y  °*     x*  -  ^%'- +  iy*'  ^'     x^y^-2'y^' 
W        ^-^x                             Za?  +  Qx  5a^5  +  10a^ 

-o      xV+2xVt4^  3a'^  +  9a36  +  6«26^ 

ar^-8  ^^       a^^a'h-2a:-W-  ' 

-        a:^-14a:2_5]  x^  +  xy-2y''  2ar2+17a;  +  21 

^'      X^-2a^-lc'  ^^  a^-i^      •  ■^'-     3a^  +  26x  +  3o' 

18  g^  -  16a2  -Q      3a;^  +  2.3a;+14  27a -ra^ 

***•     ax2  +  9aa:  +  20a*  •^^-     3x'  +  ilx  +  26'  ^'     18a  -  Qa""  +  2a^' 
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*152.  When  the  factors  of  the  numerator  and  denominator 
cannot  be  determined  by  inspection,  the  fraction  may  be  reduced 
to  its  lowest  terms  by  dividing  both  numerator  and  denominator 
by  the  highest  common  factor,  which  may  be  found  by  the  rules 
given  in  Chap,  xviii. 

1       -D  ^        4.    1         +*  3a:3_i3a;2  +  23a;-21 

Example.     Keduce  to  lowest  terms  ir^qo  2_9     .  oi* 

First  Method.  The  H.C.F.  of  numerator  and  denominator  is 
3a; -7. 

Dividing  numerator  and  denominator  by  3x  -  7,  we  obtain  as 
respective  quotients  x'^-2x  +  S  and  5x^ -x-S. 

Za^-lSx'^  +  2Sx-2l     {Sx-7){x^-2x  +  S)     cc2_2a;  +  3 


Thus 


15a;3_38a;2_2a;  +  21     {Sx-l){5x^-x-3)    5x^-x-3 


This  is  the  simplest  solution  for  the  beginner  ;  but  in  this 
and  similar  cases  we  may  often  effect  the  reduction  without 
actually  going  through  the  process  of  finding  the  highest 
common  factor. 

Second  Method.  By  Art.  141,  the  H.C.F.  of  numerator  and 
denominator  must  be  a  factor  of  their  sum  ISa;^- 51x^  +  210;,  that  is, 
of  3a;(3a;-7)(2a;-  1).  If  there  be  a  common  divisor  it  must  clearly 
be  3a;  — 7  ;  hence  arranging  numerator  and  denominator  so  as  to 
shew  3a;  -  7  as  a  factor, 

.,     .      ..  x^  (3a; -7) -2a;  (3a; -7) +  3  (3a; -7) 

the  traction    -  5^2  (3^  _  7)  .^^  (3a; -7) -3  (3a; -7) 

_(3a;-7)(a;^-2a;  +  3) 

~{3x-1){5x^-x-Z) 

_x^-2x  +  3 

~5a;2-a;-3* 

*153.     If   either   numerator  or   denominator  can  readily  be 
resolved  into  factors  we  may  use  the  following  method. 

Example.     Reduce  to  lowest  terms  ^r-g — VoZS. — « E" 

The  numerator  =  x{oc?  +  3x - 4)  =  x{x  +  4k){x -\). 

Of  these  factors  the  only  one  which  can  be  a  common  divisor  is 
a;  -  1.     Hence,  arranging  the  denominator, 

.,      .       ..  a;(x  +  4)(a;-l) 

the  fraction=^^^^_^^_^^^^^_^^_^^^_^^ 

_       a;(a;  +  4)(a;-l)       _     a;(a;  +  4) 
~{x-\){ls(^-\lx-5)~1x'^-\\x-5' 
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♦EXAMPLES  XIX.  b. 

Reduce  to  lowest  terms  : 

^-     a3  +  3a26  +  3a62  +  263"  ^'  u^-^x  +  2     ' 

a^  +  2a?-\Za  +  \0  23:^  +  5a:V  -  30a:y- +  27y^ 

^'       a3  +  (j2_  10^  +  8  ■  *•  4x2  + 5x1/2 -21y3       ' 

Aa^+\2a%-ah'^-\5¥  \+2x'^  +  u^  +  2x^ 

^-     6a3  +  13a26-4a62_i5ft3-  o-     l  +  3^2  +  2^2  +  3a:*' 

*•     Zo^  +  lx-lO'  ^'  4a2-5a6  +  &2 

Q         A2c^  +  Za3^  +  a^  «      4x^-1 0x2  + 4a: +  2 

^'     x^  +  ax^  +  a^x  +  a^'  ^^'      3x'-2x^-3x  +  2' 

-        16a:^-72x2a2  +  81a4  6a:3  +  2:2  -  5x  -  2 


4x^+l2ax  +  9a-  ^'     Qx^  +  5x'^-3x-2 

„       5a:g  +  2a:2_i5a:-6  -.  4a:4+lla:2  +  25 


7a:2-4a:2-21x  +  12  "^"^     4a:4  _  9^2  +  30^;  _  25 

3a:3  _  27aa:2  +  ISa^x  -  12a^        -„     ax^  -  5a?yP-  -  Q^a^x  +  40a^ 
■^^*      2ar^+\0ax^-4a'^x-48a^'        ^^'     a:*  -  6aa:3  _  86a2x2  +  35a3a;" 

Multiplication  and  Division  of  Fractions. 

154.    Eule  I.     To  multiply  a  fraction  by  an  integer: 

TMiltiply  the  numerate  hy  that  integer  ;  or,  if  the  denominator  he 
divisible  hy  the  integer,  divide  the  denominator  hy  it. 

The  rule  maj  be  proved  as  follows  : 

(1)  r  represents  a  equal  parts,  h  of  which  make  up  the  unit ; 

-J-  represents  ac  equal  parts,  h  of  which  make  up  the  unit ; 

and  the  number  of  parts  taken  in  the  second  fraction  is  c  times 
the  number  taken  in  the  first ; 

, ,    .  .  a  ac 

that  IS  y  X  c  =  -5-.  » 

0  0 

(2)  h^^^~h^^  ^y  ^^®  preceding  case, 

=|.  [Art.  151.] 
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155.  By  the  preceding  article 

a     ,     ah 
T  X  6  =  ^-  =  a, 

0  0 

that  is,  the  fraction  t  is  that  which  must  be  multiplied  by  h  in 

order  to  obtain  a.  But,  by  Art.  46,  the  quantity  which  must 
be  multiplied  by  6  in  order  to  obtain  a  is  the  quotient  resulting 
from  the  division  of  a  by  6  ;  we  may  therefore  define  a  fraction 
thus  : 

the  fraction  r  is  the  quotient  of  a  divided  hy  b. 

1 56.  Rule  IL    To  divide  a  fraction  by  an  integer :  divide 

the  numerator^  if  it  he  divisible^  hy  the  integer;  or  if  the  numerafov 
he  Tiot  divisihle,  multiply  the  denominator  hy  that  integer. 

The  rule  may  be  proved  as  follows  : 

(1)  -J-  represents  ac  equal  parts,  h  of  which  make  up  the  unit ; 

J  represents  a  equal  parts,  h  of  which  make  up  the  unit. 

The  number  of  parts  taken  in  the  first  fraction  is  c  times  the 
number  taken  in  the  second.  Therefore  the  second  fraction  is 
the  quotient  of  the  first  fraction  divided  by  c  j 

, ,    ^  .  ac  a 

that  IS  ^  -^  c  =  T- 

b  0 

(2)  But  if  the  numerator  be  not  divisible  by  c,  we  have 

a _ac  . 
h~Tc' 
a  ac 

=  r-,  by  the  preceding  case. 

157.  Rule  III.  To  multiply  together  two  or  more 
fractions :  multiply  together  all  the  numerators  to  form  a  new 
numerator^  and  all  the  denx>mi'iiators  to  form  a  new  denominator. 

a     c 
To  find  the  value  of  t  x  -?. 

h     d 

T    f  —^     ^ 

0    d 
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Multipljing  each  side  hj  bxd,  we  have 

a^x  bxd—T  x-,xbxd 
0    d 

[Art.  29.] 

[Art.  154] 


=  T  x6x 

0 

c 

a"" 

d 

=  axc 

.-.  xxbd= 

^OjC. 

Dividing 

each  side  bj  6c?,  we  have 

x  = 

ac 

a     c 

•'•    b^T 

ac 

milarly 

ace 
h'^d^T 

ace 
'bdf 

and  so  for  any  number  of  fractions. 

1 58.    Rule  IV.   To  divide  one  fraction  by  another :  invert 
the  divisor,  and  proceed  as  in  multiplication. 

Since  division  is  the  inverse  of  multiplication,  we  mav  define 

a  .      .   .  c 

the  quotient  .r,  when  r  is  divided  by  -%,  to  be  such  that 

c     a 

]^ultiplying  by  -  we  have  :rx-x-=^x-: 
c  d     c     0     c 

ad 

•■•  '=te- 

^^"■^^  1-^3=^=?^?  [Art.  157.] 

which  proves  the  rule. 

Example  1.     Simplify  -4^3—  >^  12^18' 

2a2  +  3a     4a'^-6a  _a(2a  +  S)     2a  (2a -3) 
4a3      ^12a+18'"      Aa^      ^  S(2a  +  3) 
_2a-3 
12a  ' 

by  cancelling  those  factors  which  are  common  to  both  numerator 
and  denominator. 
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^  ,    ^      o.      ,.r     6x2-aa;-2a2        a; -a     .     2x  +  a 

Example  2.     Simplify        „^_^2       x  9^234^2- 3^  ^ga^' 

6ar2-ax-2a2        a; -a        3ax  +  2a2 
The  expressions-     ^^_^,       x  ^^^-^^ x    2x^-a 

_(3a;-2a)(2a;  +  a)  a;-tt  a(3x  +  2o) 

a{x-a)         ^(3a;  +  2a)(3a;-2a)^     2a:  +  a 

=  1, 

since  all  the  factors  cancel  each  other. 
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Simplify 

Ux^-1x    ,  2x-l                    „  a^b'^  +  3ab  ,ab  +  3 

^'     12^:3  +  24a?2  •  x2  +  2x*  4a2-l     '20  +  1' 

ar^-4a'^        2a                            .  a^-121  .a  +  11 

^-     ax  +  2a2^»-2a'                        *'  a2-4    '  a  +  2* 

\6x^  -  9a^      a:-2  25a'' -6^      a:(3a  +  2) 

^'        a:2-4     ^4a;-3a*                    °*  9a''x'^-4a^^    5a  +  b 

x^  +  5x  +  &    a^-2x-3               ^  ^  +  3x-v2     x?  +  1x^\2 

'•         x^-\      ^     a:2-9     ■              ^'  ar2  +  9x  +  20^  a:2  +  5^  +  6- 

^-          a:2-4      ^2a;2T9x  +  4'        ■^"'  4^2 .9        •       4a;2-l 

a^- 14a;- 15  .  a;^--12a:-45     .^  2a;2-a:-l      4x^  +  3; -14 

■^■^*      x2-4a;-45  '  a:2-6a:-27*  2a;2  +  5a;  +  2^    16a:2_49 

6^ - 276         46^ - 25                 -.  a;^ - 63;^  +  36a;  .  a:^  +  216x 

^^'     262  +  56^262-116  +  15'           ••■*•  x2_49        '  a;2-a;-42' 

64j32g2 - z^     {x-2f  .    a;2-4 

15.  ^_4      ^8pg  +  2;2- (a;  +  2)2* 

,^      a;2_^_20      x2-a:-2       x+l 

16.  o      o^r      X 


x2-25       a;2  +  2a.'-8  '  x2  +  5a; 

a;2-18a;  +  80      a;2  -  6a;  -  7      a;  +  5 
•^'*      x2-5a;-50  ^a^^-15a;  +  56^a;-r 

a;2  -  8x  -  9      a^^-25  .  x2  +  4a;-5 
"•     a;'-17x  +  72^  ar^-1   •  a;2-9x  +  8* 
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,„      4a;2  +  a;-14      4a^       x-2        2^^  +  ^ 
19.       o^.     n...   X  Z^—i  X 


6xy-Uy      x^-4:    ^-7  '  Sx^-x-U 

^       x'^  +  x-2     x^  +  5a;  +  4  .  /  x'^  +  Sx  +  'Z     x  +  3\ 
^'     x^-x-20^~x^-x      •  \x--2x-\b^    x2  / 

4a;^-16a;+15       x^-%x-l  Ax^-\ 


2a;2  +  3a;  +  l       2a;2- 17x4-21     4^2- 20a; +  25 

oo         x^-Sa;        a;2  +  2a;+l   .  a:2  +  2a:  +  4 
'     x^-'^-b     oi?-\x?'-2x'       x-o 

^'     a^  +  ab-ac    {a  +  cf-h"^    ab-y^-hc 
a2  +  2a6  +  62-^    gg  - 2ac  +  c^  -  6^^ 

^'     cc2  +  24a;  +  128^       7?-Q4:       '  x'  +  Ax  +  l^' 
OR      (a2  +  aa:)^      {a-x)^        a^-ax  +  x^ 


a2  -  a;2       a^  +  a2a;3    qS  ^  2a?x  +  aa;2 

2y X '— - —J 

*     3w2/i  -  5m7i2  -  2n^    9m2  -  3m7i  -i-  n?-  '  21m^  +  n^ 

1  +  8^    4a; -x^  .  (l-2a:)24-2a; 
^'     l2-xf^l-A3?'   2-5x+2x^' 

x^{x-4:f       64-^3  ^(x2-4x)3 
^'     {a;  +  4)2-4a;^  16-^2  •    (a;  +  4)2  ' 

( j3  +  g)2  -  r2    j?2  ^yg,  ^^^  .p^-pq  +pr 
^'      {p  +  q  +  rf     {p-rf-q"'  {p-qf-r^' 

-oc^  (a^x  +  y?     a'^  +  a'^x^  +  x^\ 


'     a^-2ax  +  x^  '  \  a^-a^     aP'X  -  ay?  ■\- x? ) 

a3  +  8a25  +  l5a62      I6a^  -  17^2^2  +  ^4    ^^2  +  2a&  -  36=^ 
^*     (64a3  -  &3)  (^3  +  i3)  ^  4^2  ^  21aZ) 4-  562   •  ^z  _  ^2^  +  (^2- 


CHAPTER  XX. 

Lowest  Common  Multiple. 

{^The.  articles  and  examples  marked  with  an  asterisk  mvMt  he  omitted 
by  those  ivho  adopt  the  suggestion  printed  at  the  top  of  page  130.] 

159.  DefinitioNo  The  lowest  common  multiple  of  two  or 
more  algebraical  expressions  is  the  expression  of  lowest  dimen- 
sions, which  is  divisible  by  each  of  them  without  remainder. 

In  Chapter  XT.  we  have  explained  how  to  write  down  hj 
inspection  the  lowest  common  multiple  of  two  or  more  simple 
expressions  ;  the  lowest  common  multiple  of  compound  expres 
sions  which  are  given  as  the  product  of  factors,  or  which  can  be 
easily  resolved  into  factors,  can  be  readily  found  by  a  similar 
method. 

Example  1.     The  lowest  common  multiple  of  Qx^{a  -  x)"^,  8a^(a  -  x^ 
and  \2ax  [a  -  x)^  is  24a^a:^(a  -  x)^. 
For  it  consists  of  the  product  of 

(1)  the  L.C.M.  of  the  numerical  coefficients  ; 

(2)  the  lowest  power  of  each  factor  which  is  divisible  by  every 
power  of  that  factor  occurring  in  the  given  expressions. 

Example  2.     Find  the  lowest  common  multiple  of 
3a2  +  9a6,   2a^-lM}^,   a^-v^%  +  ^aJy^. 

2a3  -  18a62 = 2a  (a  +  36)  (a  -  36), 
a3  +  6a26  +  9a62 = a  (a  +  36)  (a  +  36) 
=  a  (a +  36)2. 
Therefore  the  L.C.M.  is  6a(a  +  36)2(a-36). 

EXAMPLES  ZX.  a. 

Find  the  lowest  common  multiple  of 
h    X,   x'^+x.  2.     x\   x^-Sx.  3.     3x2,    4a;2+g3.^ 

4.     21«3^  7Jc2(a;  +  l).      5.     st^-h   x^  +  x.         6.     a^  +  ab,   ab  +  lP. 

7.    4a^-3/,  2x^+x.  8.  6x^-2x,  9x^-3x. 

9.     x^  +  2x,   x^  +  ^x  +  2,  10.  a;2-3a;  +  2,   7?-\. 

11.    a:^+4a;4-4,   sc^+5a;+a  12.  x^-bx  +  i:,   7?-Qx+^ 
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13.  x^-x-6,    z^  +  z-2,    x^-^x  +  3. 

14.  ci^  +  x-20,    a:2_i0a;4-24,    ar^-x-SO. 

15.  x^  +  x-i2,   x^-Ux-i-SO,   x^  +  2x-S5. 

16.  2a:2  +  32:  +  l,    2:i^-i-ox  +  2,    x^  +  Sx  +  2. 

17.  3x^+llx  +  d,   3x^  +  Sx  +  ^,   x^  +  5x  +  6. 

18.  ox'^-rUx  +  2,    5a:2  +  16a:  +  3,    x^  +  5x  +  6. 

19.  2a:2  +  32,_2,    2a:2+i5a,_3^    2:24.103;+ 16. 

20.  Sx^-x-U,   Sd^-lSx  +  U,   7?-^. 

21.  12a:2  +  32;_42,    \27?  +  30x^+\2x,   Z27^-^0x-2». 

22.  3ar*  + 26^ +  352:2,    Gx^  +  38a:  -  28,    27a:^  +  27a:2  _  30a;. 

23.  60a;^  +  5a:3_5a^^    eOa:^^  +  32x1/ +  4y,    40a:3y  _  2ar2y  -  2a:y. 

24.  8a:2 _ 332-^ 4. 35y2^    4a:2 _ ^^ _ 5 2^2^   2x^-bxy-ly\ 

25.  12ar2-23a:y+103/2,    4a:2  _  9^.^  +  5^2^    3a:2  _  5^^  ^  22/2. 

26.  6a3^  +  7a^-3a^x,    Zah^  +  14a^x  -  5a\    6x^  +  S9ax  +  4oa\ 

27.  4aa:2y2  +  ii^3^2_3^y2^    32:^^3  +  7a^y  _  62:^3^   24ax2  -  22aa:  +  4a. 

28.  (3a; -5x2)2,    B-Tx-Sor^,    4x  +  4x2  +  x3. 

29.  I4a*{a^-b%   2\aW{a-hf,   Qa^b{a-b){a'^-h'^). 

30.  m^  +  m^^  +  n*,   m^n  +  n^,   {m^-mnf. 

31.  (2c2_3<:rf)2,    (4c-6d)3,    8c3-27(^. 

*160.  When  the  given  expressions  are  such  that  their  factors 
cannot  be  determined  by  inspection,  they  must  be  resolved  by 
finding  the  highest  common  factor. 

Example.     Find  the  lowest  common  multiple  of 

2x^  +  z^-2k)x'^-':x  +  2A  and  2x*  +  3x5- ISx^- 7x  +  15. 

The  highest  conmion  factor  is  x^  +  2x  -  Z. 

By  division,  we  obtain 

2x^  +  x3-20x2-7x  +  24  =  (x2  +  2x-3){2x2-3x-8). 
2a:*  +  3x3  _  13^  _  73.  + 15  ^  (3,2  +  2x  -  3)  (2x2  -  X  -  5). 
Therefore  the  L.C.M.  is  (x2  +  2x-3)(2x2-3x-8)(2x2-x-5). 

*161.  "We  may  now  give  the  proof  of  the  rule  for  finding 
the  lowest  common  multiple  of  two  compound  algebraical  ex- 
pressions. 

Let  A  and  B  be  the  two  expressions,  and  F  their  highest 
common  factor.  Also  suppose  that  a  and  h  are  the  respective 
quotients  when  A  and  B  are  divided  by  F;  then  A=aFj  B=hF. 
Therefore,  since  a  and  h  have  no  common  factor,  the  lowest 
common  multiple  of  A  and  B  is  obF,  by  inspection. 
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*162.  There  is  an  important  relation  between  the  higheat 
common  factor  and  the  lowest  common  multiple  of  two  ex- 
pressions which  it  is  desirable  to  notice. 

Let  i^  be  the  highest  common  factor,  and  X  the  lowast  common 
multiple  of  A  and  B.     Then,  as  in  the  preceding  article, 

A=aF,  B=hF, 

and  X=ahF. 

Therefore  the  product      AB=aF .  hF 

=F.abF 

=  FX (ly 

Hence  the  prod'>ict  of  Uoo  expressions  is  equal  to  the  prodv.ct  of 
their  highest  common  factor  and  lowest  common  multiple. 

Again,  from  (1)     Z=-vf  =-pX  B^^x  A  ; 

hence  the  lowest  common  multiple  of  tico  expressions  may  he 
found  by  dividing  their  product  by  their  highest  common  factor ; 
or  by  dividing  either  of  them  by  their  highest  common  factor^  ajid 
multiplying  the  quotient  by  the  other. 

*163.  The  lowest  common  multiple  of  three  expressions 
A,  B,  C  may  be  obtained  as  follows. 

First,  find  X  the  LCM.  of  A  and  B.  Next  find  Y  the 
L.C.M.  of  X  and  (7;  then  Y  will  be  the  required  L.C.M.  of 

A,  B,  a 

For  Y  is  the  expression  of  lowest  dimensions  which  is  divisible 
hj  X  and  C,  and  X  is  the  expression  of  lowest  dimensions 
divisible  hj  A  and  B.  Therefore  Y  is  the  expression  of  lowest 
dimensions  divisible  by  all  three. 


EXAMPLES  XX.  b. 

1.  Find   the   highest   common   factor  and  the  lowest   conmioD 
multiple  of  a:^  -  5.r  +  6,   x^-4l,   a:^  -  3a;  -  2. 

2.  Find  the  lowest  common  multiple  of 

a6(ar2  +  l)  +  a:(a2  +  62)  and  ab{x^-l)  +  x{a^-lr^), 

3.  Find  the  lowest  comTion  multiple  of 

xy-bz,   xy-ay,   y''--Sby  +  2^,   xy -2bx-ay  +  2ab, 
xy~bx-ay  +  ab. 
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4.  Find  the  highest  common  factor  and   the  lowest  common 
multiple  oia^  +  2a^-  3x,  2^3  +  5ar^  -  3x. 

5.  Find  the  lowest  common  multiple  of 

1-x,  (l-a;2)2,  {1+xf. 

6.  Find  the  lowest  common  multiple  of 

a;2-10a:  +  24,  x^-8x  +  12,  a:2-6a;  +  8. 

7.  Find  the  highest   common   factor   and   the   lowest   common 
multiple  of  Qx^  +  x'^  -  ox  -  2,  Qx^  +  5x^  -  3a;  -  2. 

8.  Find  the  lowest  common  multiple  of 

(6c2-a6c)2,  62(ac2_a3),  aV^-2ac3  +  c^ 

9.  Find  the  lowest  common  multiple  of 

x^-y^,  x^y-y*,  y^ix-y)^,  x^  +  xy  +  y\ 
Also  find  the  highest  common  factor  of  the  first  three  expressions. 

10.  Find  the  highest  common  factor  of 

6:^2- 13a: +  6,  2a;2  +  5a;-12,  Qx^-x-\2. 
Also  shew  that  the  lowest  common  multiple  is  the  product  of  the 
three  quantities  divided  by  the  square  of  the  highest  common  factor. 

11.  Find  the  lowest  common  multiple  of 

x^  +  ax^  +  a^x  +  a'^,  x^  +  a'^x^  +  a'^. 

*12.     Find  the  highest  common  factor  and  the  lowest   common 
multiple  of  3a:^  -  Ix^y  +  5xy^  -  y^,  x^y  +  Zxy-  -  3x3  _  y3^ 

Zx^  +  5x^y  +  xy"^  -  y^. 

''^IS.     Find  the  highest  common  factor  of 

4a:3_i0a;2  +  4a:  +  2,  %o(^-2x^ -3x^2. 

14.  Find  the  lowest  common  multiple  of 

a2-fe2^  a3-63,  a^-aPb-ab''-2b^ 

15.  Find  the  highest  common  factor  and  the   lowest  common 
multiple  of  (2a:2  _  3^2)^  4.  (2a2  -  Sy^)x,  {2a^  +  37/)x  +  {2x^  +  3a^)y. 

■*16.     Find   the  highest  common  factor  and  the  lowest  common 
multiple  of  a:3  _  93,2  +  26a;  -  24,  x^  -  \2x'^  +  47a;  -  60. 

*  17.     Find  the  highest  common  factor  of 

a:3-15aa:2  +  48a2a;  +  64a3,  aj^-lOaaj  +  lGa*. 

18.     Find  the  lowest  common  multiple  of 

2\x[xy-y'^f,  35(a;V-a:2/),   \^y{7^  +  xyf. 


CHAPTER    XXL 
Addition  and   Subtraction  of  Fractions. 

164.  Having  explained  the  rules  for  finding  the  lowest 
common  multiple  of  any  given  expressions,  we  now  proceed  to 
shew  how  the  addition  and  subtraction  of  fractions  mav  be 
eflFected. 

.__      rr  «  .  ^     ad-\-hc 

165.  To  prove  j  +  ^=-g^ 

Thus  in  each  case  we  divide  the  unit  into  hd  equal  parts,  and 
we  take  first  oA  of  these  parts,  and  then  he  of  them  ;  that  is,  we 
take  ad-\-bc  of  the  bd  parts  of  the  unit ;  and  this  is  expressed 
ad-hbc 


by  the  fraction  — r~r 


Similarly, 


a     c_ad-\-bc 
h'^d~~bor' 

a     c  _ad  —  bc 
h~d~~hd~' 


166.  Here  the  fractions  have  been  both  expressed  with  a 
common  denominator  hd.  But  if  b  and  d  have  a  common  factor, 
the  product  hd  is  not  the  lowest  common  denominator,  and  the 

fraction  — j-^—  will  not  be  in  its  lowest  terms.     To  avoid  work- 
bd 

ing  with  fractions  which  are  not  in  their  lowest  terms,  some 

modification  of  the  above  will  be  necessary.     In  practice  it  will 

be  found  advisable  to  take  the  lowest  common   denominator, 

which  is  the  lowest  common  multiple  of  the  denominators  of  the 

given  fi-actions. 
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Rule.  I.  To  reduce  fractions  to  their  lowest  common 
denominator:  f.nd  the  L.C.M.  of  the  green  denominators,  and 
take  it  for  the  common  denmninator  ;  divide  it  hy  the  denominator 
of  the  first  fraction^  and  multiply  the  numerator  of  this  fraction  hy 
the  quotient  so  obtained  ;  and  do  the  sarfie  with  all  the  other  given 
fractixms. 

Exam'ple.     Express  with  lowest  common  denominator 

ox  ,  4a 

and 


2a{x-a)  3x{x^-a^) 

The  lowest  common  denominator  is  6ax{x-a)lx  +  a). 
We  must  therefore  multiply  the  numerators  by  3x(x  +  a)  and  2a 
respectively. 

Hence  the  equivalent  fractions  are 

lox^ix  +  a)  ,  8a^ 

and 


Qax  {x  -  a)  {x  +  a)  6ax  (x  -  a)  {x  +  a) 

167.  "We  may  now  enunciate  the  rule  for  the  addition  or 
subtraction  of  fractions. 

Rule  II.  To  add  or  subtract  fractions :  rediice  them,  to  the 
loujest  common  denominator ;  find  the  algebraical  sum  of  the 
numerators^  and  retain  the  common  denominator. 

Examr)le  1.     Find  the  value  of  — ^ 1 s • 

od,  Ma 

The  lowest  common  denominator  ia  9a. 

3  (2x  +  a)  +  5^  -  4a 


Therefore  the  expression  = 


9a 

6a:  +  3a  +  5a:  -  4a     11a: -a 


9a  9a 


Example  2.     Fmd  the  value  of  ^— ^  +  ^^—^  -  ^^    '^. 

xy  ay  ax 

The  lowest  conmion  denominator  is  axy. 

m,        .,  .         a(a;-2y)  +  a:(3y-a)-y(3a:-2a) 

Thus  the  expression  =  — ^ — —^ '- — ^-^ ' 

axy 

_ax-  2ay  +  3a:y  -ax-  Sxy  +  2ay 

axy 

=  0, 
since  the  terms  in  the  numerator  destroy  each  other. 

Note.     To  ensure  accuracy  the  beginner  is  recommended  to  use 
brackets  as  in  the  first  line  of  work  above. 
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EXAMPLES  XXI.  a. 

Find  the  value  of 

-  x-1     x  +  3    x  +  7  -      2a; -1     x-5    x-4 

„      ox  - 1     33;  -  2    x-5  .      2a;-3     x  +  2    5a:  +  8 

^*         8            7     "^    4  '                *•     ~"9           6    "^     12   * 

-  y-T     a;-9 _ a;  +  3  ^      2x4-5 _ x  +  3  _  27 
^'       15   ■'■"25         45"*  *^'         X     ~   2a;   ~ 8^' 

„      a-b    b-c     c-a  ^      a -2b    a -5b    a  +  lb 

ab        be        ca  '  '2a          4:a          Sa 

Q      b  +  c     c  +  a     a-b  --.      a-x     a  +  x    a^-x~ 

2a        46         3c  *  x          a         2ax 

11      ^+2_Xj-5     x  +  2  „      2a2-62    5a_c2    52.^2 


17x       34x  ^  51x-  ■^'"         a2  62  ^2 

iq     ^:i^4.?L:^_8-^  2      3y2-a;2    xy  +  y^ 

'■^'  5X     "^   10X2  15x3  •  i*-       a-y  ^y3       +      aj2y2    • 

,_      2x-3y    3x-22    5  -«      a'^-bc    ac-b"^    ab-c^ 

15. ^  + +  -  16.     -T T— 

xy  xz        X  6c  ac  ab 

Example  3.     Simplify  ^ 

The  lowest  common  denominator  is  (x  -  2a)  (x  -  a). 

Hence,  multiplying  the  numerators  by  x  -  a  and  x  -  2a  respectively, 

we  have 

.,  .         (2x-3a)(x-a)-(2x-a)(x-2a) 

the  expression  =  ^^ -^ — '  ,  / ^-^ 

(x-2a)(x-a) 

_  2x2  _  5cix  +  3a2  -  (2x2  -  5ax  +  2a2) 

~  (x-2a.)(x-a) 

_2x2  -  5ax  +  3a2  -  2x2  ^  5^3;  -  2a^ 

~  (x-2a)(x-a) 

«2 


(x-2a)(x-a) 

Note.     In  finding  the  value  of  such  an  expression  as 

-(2x-a)(x-2a), 

the  beginner  should  first  express  the  product  in  brackets,  and  then 
remove  the  brackets,  as  we  have  done.  After  a  little  practice  he 
will  be  able  to  take  both  steps  together. 

The  work  will  sometimes  be  shortened  by  first  reducing  the 
fractions  to  their  lowest  terms. 
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Example  i.     Simj^My  t±J^ll^  -  ^^^. 

_,  .         x'  +  oxv-^y-        y 

The  expression  — 


x"^  -  16?/-         a;  +  4y 

_x'^  +  5xy  -  4y2  -y[^x-  4y) 
x"^  -  163/^ 

_x^  +  5xy  -  4?/^  -xy-\-  ^y^ 
x^  - 16?/- 

_x^  +  ^xy  _     X 

EXAMPLES  XXI.  b. 

Find  the  value  of 

1.      1  +_L.        2.      2  _    1  3_      1        1 


x-\-1    x  +  2>  '     x  +  3     x  +  4:  '     X-  o    x-4: 

.31                 r-         a           b                nab 
4.      — 7i ^-  5. r.  6.      + 


x-6     x  +  2  '     x  +  a    x  +  b  '     x -  a    x -b 


x  +  3 

X  +  4: 

a 

b 

x  +  a 

X  +  b' 

a  +  x 

a-x 

a-x 

a  +  x 

a 

a2 

„      a;  +  3a;  +  l  «      a  +  x     a-x  g      a;  +  2a:-2 

x  +  4:    X  +  2  '     a-x     a  +  x  '     x~2    x  +  2' 

^  (\      X     ^     X     i  ^  •*  \Z  a  10  ^x 

J.U.     ^ -•  11. 9 s-        1^.     ^H — 9 — „• 

a;-2a;-5  x-a     x"^  -a^  x-3    x^-y 

^n  1  x  +  y  ^.        x  +  a      x^  +  2a^ 

2x-Sy    4x^-9^^  '     x-2a    x^-4a^' 

,(.      4a2  +  62    2a- 6  -„         2^2  2x'^ 

10.      ^r-5 — rs  -  :=;. r-  lO. 


4a2  -  62     2a  +  6'  '     a:^  -  y-     a;^  ^  ^.y' 

17.     -^-.-^.  18.    — ^+      ^ 


a^-ar*     l  +  a:^'  *     a:(x--t/)     y{x  +  y) 

19.    .,^^^+       2x^  20.    ^^^+       " 


25x'^-y'^     10x'^y  +  2xy^'  '  xix'^-y"^)     y{x^  +  y^) 

ni       X'-'ia^     x^  +  2ax-Sa'^  no  x'^  +  xy  +  y'^     x'^-xy  +  y^ 

41.        — Q 7i o J— 9 "^' ' 

w                  x^  -  '■lax          X-  -  4a^  x-,  y  ^  -y 

23      _l {a  +  2xf  „.  a?  +  b^            a^-¥ 

a-2x     d^-^x^'  d'-ab  +  b^    a^  +  ab  +  b^' 

25            ^       I         1  no      1 1 

•     a,-2-4'^(a;-2)2'  ^"'  a(a;2-a2)     a:(a;  +  a)2' 


152  ALGEBRA.  LCHAP. 

168.  Some  modification  of  the  foregoing  general  methods 
may  sometimes  be  used  with  advantage.  The  most  useful 
artifices  are  explained  in  the  examples  which  follow,  but  no 
general  rules  can  be  given  which  will  apply  to  all  cases. 

Example  1.     Simplify 


a-4    a-3    a^-lG 

Taking  the  first  two  fractions  together,  we  have 

a2_9_(a2_i6)         8 

the  expression =—7 -r^. ^. s — ^r^ 

^  (a -4)  (a -3)       a-^-lo 

7  8 


(a-4)(a-3)     (a  +  4)(a-4) 
^  7(a4-4)-8(a-3) 

(a  +  4)(a-4)(a-3) 
_  52 -g 

~(a  +  4)(a-4)(a-3)' 

Example  2.     Simplify  ^^^^  +  ^^^Y 

The  expression  =  j^ r— 7 fv  + 


Example  3.     Simplify 


(2a;-l)(a;+l)     {3x  +  l){x  +  l) 
3x+l+2a;-l 

'(2a;-l)(a;+l)(3a;  +  l) 

5x 
'(2a;-l)(a;+l)(3a:  +  l)' 

_1 1  2x  4ar' 

a-x    a  +  x    a^  +  x^    a'^  +  x^' 


Here  it  should  be  evident  that  the  first  two  denominators  give 
L.C.M.  a^~x^,  which  readily  combines  with  a'^  +  x'^  to  give  L.C.M. 
a'^-cc^,  which  again  combines  with  a'^  +  x^  to  give  L.C.M.  a^-3^. 
Hence  it  will  be  convenient  to  proceed  as  follows  : 

rp,  .         a  +  x-{a-x) 

ihe  expression = 


a''-x'' 
2x  1x 


a^  -  x^    a^  +  x^ 
'a'^-x^~  a*  +  x* 
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EXAMPLES  XXI.  c. 

Find  the  value  of 

_1 1_        2x  2  1             1             3a; 

x  +  y    x-y    x^-y^'                 '  2x  +  y    2x-y    'kc^-y'^' 

5           3x       4  -  13a;  2a  Sh             ^ 

^'     l+2a;     l-2a;     l-4a;2*  *'  2a  +  36    2a-36    4a2-962' 

10          2 1_  „  5x 1^          1 

°*     9-a2    3  +  a     3-a"  °'  6(a;2-l)     2(a;- l)'^3(ar+l)* 

1 1 h_  _  2a           5         4(3a  +  2) 

'•     2{a-h)     2(a  +  6)     a^-y^'  ^'  2a-3     6a  +  9     3(4a2-9)' 

Q         3            2           5a;  -  ^  a;      _      y         7?y  +  a;3^ 

^'     x^2'^3ar+6"^x2^'  ■'•"•  a;3  +  y3-^3^+   ^^e.^e  ' 

11            1         I          1         .  12  __i L_. 

■^■^*     x2-9x  +  20    a;2_xia;  +  30  •^'^'  x^-7a;+12    x?-z>x  +  ^ 

13.          !_,.        1^.  14.  1                3 


2a;2_a;-l     2a;2  +  ^_3-  "•     2a;2-a;-l     6a;2-a;-2' 

ir      __i 3__  5  2 

^^*     4-7a-2a2    S-a-lOa^'  ■^"-     5  +  a;-18x2    2  +  5a;  +  2a:2' 

17,       1    __!_.+ 


a;+l     (a;+l)(a;  +  2)'^(a;+l)(a;  +  2)(a;  +  3)" 

-J.  5a; lo(a;-l) 9(a;  +  3) 

^^'     2(a;+l)(x-3)     16(a;-3){a;-2)     16(a;  + 1 )  (a;  -  2) 

-Q      a  +  3&  a  +  26 a  +  & 

■^^-     4(a  +  fe)(a  +  26)'^(a  +  &)(a  +  3&)     4(a  +  26)(a  +  36)* 

9  2  1 

'^^     a;2-3a;  +  2^a;2_a;_2    x'-l 

„.  a;  ,  15  12 


a;2  +  5a;  +  6     a;2  +  9a;+14     a;2+10a;  +  2r 

22.    ^+^.+.    ^^^ 


a:2-l"^2a;+l     2a;2  +  3a,+  l• 
!     ^  5(2a;  -  3)       ,  Ix 12(3a;  +  l) 

^'     ll(6a;2  +  a:-l)^6a;24.7a,_3     ll(4a;2  +  8a;  +  3)' 

„.      a;-3     a;-2  _     1  __      a;-3     a;  +  4 

24.     — — s -ii  + ?•  25. 


x  +  2    a;  +  3    x-r  ^'     a;-4    a;  +  3    ar^-lG' 


154  ALGEBRA.  [OHAP. 

Find  the  value  of 

l+2a     l-2a         8a  ^  '2Ax  3  +  2a?    3-_2g 

^     T^^~l  +  2a    {l-2af        ^''  9-12a;  +  4x2    S-2x^3  +  2x' 

1  1  2a;  nQ  L_      _J ^— 

1  1  1  „-  3  1 a-x 

^'     4(l+a;)"*"4(l-x)'^2(l  +  a;2)-  3L  si^T^)'^ 8{a  +  x)    Md'  +  a^' 

oo        2a;     ,      1     __1_  „„  ^ 5  X 

^     4  +  a:2+2-a;    2  +  a;'  ^'  3-6x    Z  +  Qx    2+8a^^ 

34.    _1 ?_+      ' 


43. 


2a -8x    Za^  +  ^Sx^    '2a  +  8x 

35.    ^,^,+,   ' 


6a2  +  54'^3a-9    3a2-2r 
36.    ^^„-5-7^+; 


8-8x    8  +  8a;    4  +  4a^2    2  +  2a:4- 

'       1 1_ 1_        18 

^'     6a- 18     6a+18     a^  +  Q"^  0^  +  81* 

Oft         a;+l      ,     x-l 1_ 

**•     2x^-'kc^^2x^  +  ^ix^    x^-4' 

1  1 ^_3 

^*     3a:2_4^  +  2/2    x2-4a;y  +  3y2    3^^10an/  +  32/2r 

_1_        2       3a; -2 1_ 

^'     a;-l'^a;  +  l     ar»-l     (a;  +  l)2* 

108-52^ _  _4_ _  12  /l+£ y 
^'  x{3-xf  S-x  x'^\3-xj' 
AQ  {a  +  W  a  +  26  +  a;  {a-\-h)x  1 

*^     {x-a)(x  +  a  +  h)      2{x-a)  ^ T^  +  hx-d^-ab^^ 


3(a^^  +  a;-2) _ 3(a^^-a;-2) _    8a; 
ar*-x-2         a;2  +  a;-2       a^-4* 


1 69.  We  have  thus,  far  assumed  both  numerator  and  deno- 
minator to  be  positive  integers,  and  have  shewn  in  Art.  165 
that  a  fraction  itself  is  the  quotient  resulting  from  the  division 
of  the  numerator  by  denominator.  But  in  algebra  division  is  a 
process  not  restricted  to  positive  integers,  and  we  shall  extend 
this  definition  as  follows  : 

The  algebraic  fraction  ^  is   the  quotient  resulting  from   the 

division  o/  a  63/  b,  where  a  and  b  may  have  any  values  whatever. 
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—  a 


170.     By  the  preceding  article  — ^  is  the  quotient  resulting 

from  the  division  of  -  a  by  -  6 ;  and  this  is  obtained  by  dividing 
a  by  6,  and,  by  the  rule  of  signs,  prefixing  +. 

Again,  —r-  is  the  quotient  resulting  from  the  division  of  —a 

by  h  ;  and  this  is  obtained  by  dividing  a  by  6,  and,  by  the  rule 
of  signs,  prefixing  — . 

Therefore  ^=  -? (2). 

0  0 

Likewise  — r  is  the  quotient  resulting  from  the  division  of 

a  by  —h;  and  this  is  obtained  by  dividing  a  by  b,  and,  by  the 
rule  of  signs,  prefixing  — . 

Therefore  '^b^  ~l ^^^' 

These  results  may  be  enunciated  as  follows  : 

1.  //  the  sigTis  of  both  numerator  and  denominator  of  a 
fraction  be  changed^  the  sign  of  the  whole  fraction  will  be  un- 
changed. 

2.  //  the  sign  of  either  numerator  or  denominator  alone  be 
changed^  the  sign  of  the  whole  fraction  uill  be  changed. 

The  principles  here  involved  are  so  useful  in  certain  cases  of 
reduction  of  fractions  that  we  quote  them  in  another  form, 
which  will  sometimes  be  found  more  easy  of  application. 

1.  We  may  change  the  sign  of  every  term  in  the  numerator  and 
denominator  of  a  fraction  without  altering  its  value. 

2.  We  may  change  the  sign  of  a  fraction  by  simply  changing 
the  sign  of  every  term  in  either  the  numerator  or  denominator. 

Example  1. 
Example  2. 
Example  3. 


h-a 

-b +a    a-b 

y-x 

-y+x    x-y 

x-y? 
2y   " 

-x  +  a^ 

2y    ~ 

?>x 

Sx 

X--X 

3a: 

The  intermediate  step  may  usually  be  omitted. 
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rr  7    A      a-      ^■c       <*         2a;      a(3x-a) 

Example  4.     Simplify 1 +  —^ 5-A 

x  +  a     x-a       a^-yr 

Here  it  is  evident  that  the  lowest  common  denominator  of  the 
first  two  fractions  is  7?  -  a?,  therefore  it  will  be  convenient  to  alter 
the  sign  of  the  denominator  in  the  third  fraction. 

_,       ,,  .a         2x      a{Zx-a) 

Thus  the  expression  = 1 5 5— 

^  x  +  a    x-a      x^-a^ 

_a[x  -  a)  +  2x{x  +  a)  -  a (3a;  -  a) 
~  x^  -a?- 

_ax-a^  +  2x^  +  2ax  -  Sax  +  a^ 
2a;2 


'  x^-a^ 


5        3x  —  1         1 

Example  5.    Simplif y  ^—^  + 1—,  +  2^^. 

m,                 •                       5  3a;-l  1 

The  expression  =  ■^. ^  — 2 — f  + 


3(a;-l)     a;2-l     2(a;+l) 

_10(a;  +  l)-6(3a:-l)  +  3(a;-l) 
6(x2-l) 

_10a:+10-18a;  +  6  +  3a;-3 
6(a;2-l) 

_  13 -5a; 
~6(ar2-l)* 

EXAMPLES  XXI.  cL 

Simplify 

'■'     4a:-4    5a;  +  5     l-a:2  ^-     1+a     1-a     a^-l 

a;-2a    2(a2-4aa:)      3a  .      x-a    a^  +  Sax    x  +  a 

x  +  a         a^-x^        x-a  x  +  a      a^-x^      x-a 

_  1  1  4a;  .        3a;  2  2 

5.      o— TT  +  oZ — i+A — JZa-  "• 


2a;  +  l     2a;-l     l-4a;2'  "*  l-a;^    a;-l     x+\ 

2-5x_3  +  x    2a;(2a;-ll)  ^  3 -2a;    2a;+3        12 

'•      a:  +  3     S-x'^      x'^-9      '  ^'  2a;  +  3    S-2x^^x^-9' 

5            3            11  -^          11             1 

^-     26  +  2    4[)-4'^6-662*  ^^'  6a  +  6    6-6a    3^2-3 
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11          y^      I    ^y^  Yl  ^  -  y^    ary  -  y^ 

■  y?  -  x^    ]f^  -  yf''                            '  xy       xy-x^' 

.  x^  +  y^  ,     X          y  -  x^  +  2x  +  ^    x^-2x  +  4: 

^^'  x^-y^'^x  +  y'^y-x  ^^'  x  +  2             2-x     ' 

-_          1               3a               1  -«  26 -g    3x(g-6)    6 -2a 

^'  2a  +  56'^2562-4a2'^2a-5?>'  ■^°'  a;-6        &2_a^   '^  b  +  x' 

-_  aa:2+6    2(6a;  +  aar2)    ax^-b  ,o  a  +  ^         ,         6  +  c 
19. 


2a;-l  '      1-4x2        2x  +  \'    ^°'     {a-b){x-a)     {Jb-a){x-h)' 
a-c  b-c 


(a-b){x-a)     {b-a)(b-x)' 

on  ^-?-y  a  +  6  +  y     _     x  +  y-a 

^'     {x-a){a-b)'^(x-b){b-a)    {x-a){x-b)' 

91  1  ,  1 1_ 

^^'     (a2-62)(a;2  4.^2)-f(52_a2)(a:2^(j2)     (a;2  4-a2){x2r^y 

90         1  4a  1  2a 

x  +  a    ar-a^    a-x    ar  +  a- 

23.    ^-    1    +^+    1 


ar  +  a    x  +  3a    a-x    x~Ba 

g.  1 1  1  g^ 

4a^(g  +  a:)     4a^{x-g)     2a2(a2  +  a;2^     a^-x^ 


x2-y2     a;2  +  y2     yi-a;^  '  (a:4-?/)(a^2  +  y2j* 

fv?  6         .         g  a^  +  6^  gS 

26.     ^T-9^^t9-x+^ 


a  (a2  -  &2)  ^  5  (^2  +  j2)  ^  a5  (64  _  ^,4-,     ^  _  ^s* 

^''       2(a2-x2)""(a-a:)(g2  +  2ga:  +  a^)"2(x-a)5? 
28.     :— -T-— -T-To -0  + 


a  +  b     a-b     l'^-a?^a?  +  W 

OQ  -1—4-       1  1-^  3 

^''-  8(l^a;)"^8(l+x)    4(i  +  x2)    4(a:2_i)' 

on  l.JL.J_._^. L_ 

^'  x^x-\'^x+V\-^^x{x'-Y) 

„-  g2  +  ac  g2_c2  2c  3 

"■«••  „2-        ^q~  _2.    ,   n_.9   .     _Q  +  - 


a2c-c^    a2c  +  2ac2  +  c^    c2-a2    g  +  c* 

„„      4a  +  66     6a-46    4a2^662    4^2  -  6«2      205^ 
^^'       a  +  b   ^   a-b   "^   62_(j2   +   ^2  +  ^^       543^ 
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*171.     Consider  the  expression 

1      +.,    '     .+^     1 


(a-b)(a  —  c)     {b  —  c)(b  —  a)     {c  —  a)(c  —  b)' 
Here  in  finding  the  L.C.M.  of  the  denominators  it  miTst  be 
observed  that  there  are  not  six  diiferent  compound  factors  to  be 
considered  ;  for  three  of  them  difi'er  from  the  other  three  only 
in  sign. 

Thus  (a-c)=  —{c  —  a), 

(6  —  «)  =  -  (a  -  6), 
{c-b)=-(b-c). 

Hence,  replacing  the  second  factor  in  each  denominator  by  its 
equivalent,  we  may  write  the  expression  in  the  form 

I I ^^ m 

(a-b){c-a)    (b-cXa-b)    {c-a){b-c) ^^' 

Now  the  L.C.M.  is  {b  -  c){c  -  a){a  -  b)  ; 

,  , ,  .  -(b-c)-{c- a)-{a-b) 

and  the  expression    = — Vi — ^w-^^ xy — Vx — 

^  {b-c){c-a){a-b) 

_—b  +  c-c  +  a  —  a  +  b 

(b  -  c){c  —  a){a  —  b) 

=  0. 

*1 72.  There  is  a  peculiarity  in  the  arrangement  of  this  ex- 
ample which  it  is  desirable  to  notice.  In  the  expression  (1)  the 
letters  occur  in  what  is  known  as  Cyclic  Order ;  that  is,  b 
follows  a,  a  follows  c,  c  follows  b.  Thus  if  a,  b,  c  are  arranged 
round  the  circumference  of  a  circle,  as  in  the 
annexed  diagram,  if  we  start  from  any  letter 
and  move  round  in  the  direction  of  the  arrows, 
the  other  letters  follow  in  cyclic  order,  namely, 
abc,  bca,  cab. 

The  observance  of  this  principle  is  espe- 
cially important  in  a  large  class  of  examples 
in  which  the  differences  of  three  letters  are 
involved.  Thus  we  are  observing  cyclic  order 
when  we  write  b  —  c,  c  —  a^  a—b  ;  whereas  we  are  violating  cyclic 
order  by  the  use  of  arrangements  such  as  b  — c,  a- c,  a  —  b,  or 
a  —  c,  b—a,  b-c.  It  will  always  be  found  that  the  work  is 
rendered  shorter  and  easier  by  following  cyclic  order  from  the 
beginning,  and  adhering  to  it  throughout  the  question. 

In  the  present  chapter  we  shall  confine  our  attention  to  a 
few  of  the  simpler  cases,  resuming  the  subject  in  Chapter  xxix. 
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♦EXAMPLES  XXI.  e. 

Find  the  value  of 


2. 


(a-b){a-c)    {b-c){b-a)    {c-a){c-h) 

h  c  a  _ 

{a-h){a-c)^{h-c){h-ay(c-a){c-b) 


3.     7-— rri — -x  +  ,T7-377— 1^  +  , 


{x-y){x-z)    {y-z){y-x)    {z-x){z-y) 

*•     (a;-y)(a;-z)    {y-z){y-x)    {z-x){z-y)' 
_  6-c  c-a  a-b 

5.      "7 TTT ^v  +  /T wT \  "^  : 


(a~6)(a-c)     (&-c)(6-a)     (c-a)(c-t) 

x^z         _^         yhx         _^        z'^ary 
(a;-y)(a:-2)     (y-2)(y-a:)     (z-a;)(2-y)' 

_  l+g  1  +  6 1+c 

'•     [a-  b){a-cy  {b  -c){b  -ay  {c-a){c-b) 

o  P-^        ^ Ir^ +.       ^~® 


(i>-9)(2'-»')   ^9-^)(g-p)   (^-/>)(»'-^) 


10. 


(jj-5)(p-r)     (g-r)(g-;))     (r-;p)(r-g) 
62  c« 


(a2  -  62)  (a2  -  c2)  ^  (62  -  c^)  (6^  -  a2)  "^  (gS  _  ^2)  (c2  -  6«) 


11  a?  +  y  a;  +  y  ^+y 


(p-e){;?-r)     \q-r\{q-p)     {r-'f){r-q) 
(a;-2^)(a;-2)    (y-z)(y-a;;    (2-a:)'(z-y>' 


CHAPTER  XXII. 

Miscellaneous  Fractions. 

[Examples  marked  with  an  asterisk  may  he  taken  a^t  a  later  stage."] 

1 73.  We  now  propose  to  consider  some  miscellaneous  ques- 
tions involving  fractions  of  a  more  complicated  kind  than  those 
already  discussed. 

In  the  previous  chapters  on  Fractions,  the  numerator  and 
denominator  have  been  regarded  as  integers  ;  but  cases  fre- 
quently occur  in  which  the  numerator  or  denominator  of  a 
fe^ction  is  itself  fractional. 

174.  Definition.  A  fraction  of  which  the  numerator  or 
denominator  is  itself  a  fraction  is  called  a  Complex  Fraction. 

a     a 

Thus  ft     "^    "  ^^®  Complex  Fractions. 

c  d 

In  the  last  of  these  types,  the  outside  quantities,  a  and  c?,  are 
sometimes  referred  to  as  the  extremes^  while  the  two  middle 
quantities,  6  and  c,  are  called  the  means. 

175.  Instead  of  using  the  horizontal  line  to  separate 
numerator  and  denominator,  it  is  sometimes  convenient  to 
write  complex  fractions  in  the  forms 

h     a  I      ale 


^' c'  hr'  hi  d 


a 


176.     By  definition  (Art.   169)  -  is   the  quotient  resulting 

from  the  division  of  t  by  -> ;  and  this  by  Art.  158  is  v-  ; 

a 

h  _ad 

"    c     he' 
d 
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Simplification  of  Complex  Fractions. 

177.     From  the  preceding  article  we  deduce  an  easy  method 
of  writing  down  the  simplified  form  of  a  complex  fraction. 

Multiply  the  extremes  for  a  new  numerator^  and  the  meaiu  for  a 
new  denominator. 


Example. 


a  +  x 

b        ah{a  +  x)        a 
a^-x^~h  (a'  -x^)~a-x* 


ah 
by  cancelling  common  factors  in  numerator  and  denominator. 

178.     The    student    should   especially   notice   the    following 
cases,  and  should  be  able  to  write  down  the  results  readily. 

1  ,  a  ,  h  h 
-=l-=-T=-lx-  =  -, 
a  0  a     a 


«  .  1  I,         r 

l 
1 

\     a'  h    a     \     a 


1 79.     The  following  examples  illustrate  the  simplification  of 
complex  fractions. 

a     c 

_  ,    ,      h    d     [a     c\     fa    c\     ad  +  bc    ad -be 

Examplel.    ^=(^^  +  ^j^  (^^-- j  =^^^_^^ 

b    d 

_ad  +  bc  bd     _ad  +  bc 

bd  ad-bc~  ad-  be 

Or  more  simply  thus  :  * 

Multiply  the  fractions  above  and  below  by  bd  which  is  the  L.C.M« 
of  their  denominators. 

Then  the  fraction  becomes  — — ?,  as  before. 

ad -be 
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a'' 

x  =  — 

X 


Example.  2.     Simplify     -j* 

Here  by  multiplying  above  and  below  by  v?^  we  have 

,,      ,      ^.         x!^  +  a^x^    x^(x'^  +  a^) 
the  fraction  =  — -7 t-= — -7 j-' 

~x^-a^' 

a     3 

Example  3.     Simplify  ,     o* 

6'^2"a 

„       ^,  .         18  +  2a2-i2a 

Here  the  erpression  =  — 5 — jr :r-p- 

^  a^  +  Sa-lS 

_2(a'-6«  +  9)_2(a-3) 
~(a  +  6)(a-3)~    a+6  ' 

a2  +  fe2    a2-62 


Example  4.     Simplify 


The  numerator 


a  +  fc     a  -  6 
a- 6    a+6 

_{a^  +  l^f-{a^-Iy^)^ 
(a2  +  fc2)(a2-62) 

4a2?^ 


(a2  +  fc2)(a2-62)* 

Similarly  the  denominator  =  7 rr, r;* 

•'  {a  +  b){a-  0) 


Hence  the  fraction 


40,252  4ab 


4a262  (a +  6)  (a -6) 


(a2  +  62)(a2-fe2)  4ab 

_    a6 
~a2+62* 

Note.  To  ensure  accuracy  and  neatness,  when  the  numerator 
and  denominator  are  somewhat  complicated,  the  beginner  is  advised 
to  simplify  each  separately  as  in  the  above  example. 
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180.  In  the  case  of  fractions  like  the  following,  called 
Continued  Fractions,  we  begin  from  the  lowest  fraction  and 
gimplifj  step  by  step. 

Example,     Simplify       ^ — - . 


x-l- 


1-    ^ 


4  +  a; 


-^                                9a:2_64              9:^2-64 
The  expression = ■■ ^ =- j-;— 

x-\--, x-1 7— 

4-rX 

9x2  -  &4  9:c2  -  64 


'4a;-4-(4  +  x)      32:-8 


__4(9x2-64)_ 

-     3x-8     -4(3^  +  8)- 


EXAMPLES  xxn.  a. 
Find  the  value  of 


5. 


9. 


13. 


7n     I    * 

1    1 

.  6 

1  ,  ^ 

-+- 

^  +  d 

1  +  - 

n     m 

2. 

X    y 

3. 

1 

x^ 

a     h 

1     1 

y 

^     1 

X-^j 

--1 

771    n 

X    y 

d 

X 

0    3a 

0      76 

1   y' 

2  +  Tr 

Sa  +  5- 

1  -^ 

46 

6. 

8c 

7 

i-* 

8. 

1 

86 

-41 

a    c 

1 

a 

10. 

a; 

11. 

h^d 

12, 

X 

X 

&  +  5 

m 
X 

m    h 

1  +  i 

rf 

n 

n    p 

X 

-     6 

1 

2 

3 

x  +  b  +  ~ 

X 

11     ^ 

a:2 

a:3 

15. 

2x2- 

X-Q 

,     6     8 

9 

4 

^  +  i  +  ^ 

X 

X 

ar*' 

-1 
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Find  the  value  of 

2/1  1    \  17      [<l-^    a^  +  ¥\  ,    4ah 

-o      fa'^-ax  +  x'^    a'^  +  ax  +  x'^\  .      3f__ 

19-  {y^^){y-^yy^^- 


20.      (r^  +  ^     "" 


l+X        X     J  '  \l+x 


'-^y 


a  +  6     a-b  ^.^ 

■->  "i       2 

n^       a-h     a  +  h  an  ^''     °^ 

1     (a +  6)2  a2     aa;     x"^ 


-^ 


- 

1 

a- 

a^-l 

1 

a  + 

a- 

1 

a 

m 

S'  +  i 

x-2 

ir- 

-2 

X 

X- 


23_    3.-2    3x+2_  24.     1+ ^^ 

1  l  +  a;  + 


1-x 


25.       •    '         .  26. 


27.    —2—=  28. 


4x' 

4x4- 


^_^2(a:  +  y) 


6-a; 


_i+x 


1 

a:  — 

X 


*29.    ^^^^ *30. 


1  i 

X z       X-{- 


^^  1  1 

t 1  x  +  -  X-- 

x-2  X  X 


a-h      h-c  ^,"'-^     i     a--h^ 

l  +  a6     l  +  6c  ^^32^  a  +  6.        a-  +  ?>- 

^     (l+a&)(l  +  6c)  a  +  &  a^  +  &'^ 
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* 


a-x  *Q.         2a:2  +  2a;  3(a:-l) 


„             {a-xf  a;           3  X           3 

a^-ax ^ \-- 

,     a  tc    _.     2  rr             4 

x  a;-2  a;-4 


4a;-2 —. 1 ^^     1- 


cr-z. 

'    X          3 

X             2 

*36. 

a;-2 

a:2 

1            1 

^                1 

33. 


^35.    L±l *36.    ^1 +  — ^-^ 


1 


1  11 

\+-. :;  X-\ —  X-- 

4a;- 1  X  X 

181.  Sometimes  it  is  convenient  to  express  a  single  fraction 
as  a  group  of  fractions. 

5.rV-10ay+15y3_  5x'y       l^xy"^       15y^ 
j^xampte.  ^^^.^^  "lOx^y^     lOa^V     lOxy 

=  JL_1  +  ^. 

2y    X    2x^' 

182.  Since  a  fraction  represents  the  quotient  of  the  numeratoi 
by  the  denominator,  we  may  often  express  a  fraction  in  an  equi- 
valent form,  partly  integral  and  partly  fractional. 

„  ,    -       x  +  l     (a;  +  2)  +  5     ,  ,      5 

Examphl.     ^2=-^^^  =  ^-'^T2' 

Example2.     3^2^3(.  +  5)- 15-2^3(..5)  -  17^3_    H 

x  +  b  x  +  b  x  +  5  x  +  b 

In  some  cases  actual  division  may  be  advisable. 

Example  3.     Shew  that  ^^^"'^^"^  =  2a; -  1 ^. 

x-Z  x-Z 

By  division,  a;  -  3  )  2a;2  -  7a;  -  1  (  2a;  -  1 

2a;^  -  6a; 

-  a;-l 

-  a;  +  3  » 

-4 
Thus  the  quotient  is  2x-- 1,  and  the  remainder  -4. 

Therefore  2x^-lx-l ^2^ _  ^  _    4 

x-3  a;-3 
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183.  If  the  numerator  be  of  lower  dimensions  than  the 
denominator,  we  may  still  perform  the  division,  and  express  the 
result  in  a  form  which  is  partly  integral  and  partly  fractional. 

Example.     Prove  that  .,     »  „  =  2x-  6o(^  +  ISa^  -  ,  .  »  «)• 
1  +  3ar  1  +  oxr 

By  division  1  +  Sa:^ j 2a;  {2x-Qx^+  IS-r* 

-6x^ 
-6x^-l8x^ 


I8^jh54xl_ 

-54x'' 
whence  the  result  follows. 

Here  the  division  may  be  carried  on  to  any  number  of  terms  in 
the  quotient,  and  we  can  stop  at  any  term  we  please  by  taking  for 
our  remainder  the  fraction  whose  numeratoi  is  the  remainder  last 
found,  and  vv^hose  denominator  is  the  divisor. 

Thus,  if  we  carried  on  the  quotient  to  four  terms,  we  should  have 


The  terms   in    the  quotient  may  be  fractional  ;   thus  if  a^ 

is  divided  by  a^  —  a^,  the  first  four  terms  of  the  quotient  are 

1     a^     aP     a?  .    «^^ 

-4-^  +  -^+-77„  and  the  remainder  is  -t7>. 

184.     Miscellaneous  examples  in  multiplication  and  division 

occur  which  can  be  dealt  with  by  the  preceding  rules  for  the 

reduction  of  fractions. 

a^                          2a^ 
Example.     Multiply  a; + 2a  -^      »    by  2a;  -  a . 

diX  "T  oa  X -i"  a 

The  product=(a:  +  2a-2^)  x  (2x-a-^l) 

_2x^  +  7aa;  +  6a^-a^    2x'^  +  ax  -  a^  -  2a^ 

~  2x  +  3a  x  +  a 

2x^  +  lax  +  5a^    27?  -i-ax-  Za"^ 

— X 

2a;  +  3a  x  +  a 

_(2a;  +  5a)(a;  +  a)     (2a;  +  3a)  (a; -a) 
~"        2x  +  Sa  x-\  a 

=  (2a;  +  5a)  {x  -  a). 
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EXAMPLES  XXII.  b. 

Express  each  of  the  following  fractions  as  a  group  of  simple 
fractions  in  lowest  terms  : 

„      a3-3a26  +  3a6-  +  63 


5. 


2af> 

bc  +  ca  +  ah 

abc  "'  Qabc 


12ax 

4. 

a-f-6-fc 

abc 

6. 

a%r  -  3abh  +  2abc 

Perform  the  followina:  divisions,  givino:  the  remainder  after 
four  terms  m  the  quotient  : 

7.     x^{l  +  x).  8.     a^(a-b).  9.     (l  +  .r)^(l-x). 

10,     1^(1- a; +  x2).      11.     x^^{x  +  3).  12.     1^(1 -o:)'^. 

13.     Shew  that     7 7-75  =  a- 26 -i r- 

(a  -  6)^  a-b 

U.     Shew  that    x^  -  xy  +  y"^  -  ^^  =  ^^. 

^     ^      x^y      x^y 

ir      ou       ^u  ^     60x3-17x2-47-4-1     ,^       o-       49 

15.  Shew  that     ,^^  ,  r>„ — s =  12x  -  2o 

16.  Shew  that     1  + 


oa:2  +  9x-2  "'  a;4-2 

a2  +  62_^2     (a-6  +  c)(a  +  6-c) 


2ao  2a 6 

,_      T^.   .J                   16x-27  ,  1       13 

17.      Divide  X -! 5 — Ya^  by  x  -  1 


0-2-16      -^^  a:  +  4 

18.     Multiply      "^-g^^-te-^^rg^  by  3-„H2ax  +  4x'- 
19      Divide  6=  +  36 -2  -  r^  bv  34  +  6  -  ,-^- 

20.  DiWde  a..96=^^,bya  +  36  +  i^. 

21.  Multiply      4x-  +  14x  +  ^^_^    by  ^ -  ^.^yio-igx-f  27* 

E.A.  H 
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185.     The  following  exercise  contaiiLS  miscellaneous  examples 
which  illustrate  most  of  the  processes  connected  with  fractions. 


^EXAMPLES  XXn,  a 

Simplify  the  following  fractions  : 

4a{a'^-x^)  ,  ra^-ax    a^  +  '2ax  +  z'n 
^'     36 (c2  - x"')  '\_hc+bx^c^-2cx  +si^J 

x{x  +  a){x  +  2a)     x{x  +  a){2x  +  a) 


2. 


3a  6a 


^-     b\a-b    a+2bj     a^  +  ab-W^ 

V^^y      \x+y)  ^'  x-Vx  +  \    x'-x  +  l  ^ 

a      (   ^     ,^^\     /^iY       7  1 1 2_+_^__ 

^'     Vr^a:*     1-W     \    «    /  a;    (x+l)^    x+l^l  +  rc-ra:^ 

1+^ Q       2a^-9x^+27 

a    {a'^-h^)x    a{a^-l^x^ 
r^^-o* .  a^+ax^     7? - a^y?     fx    a\ 

x^-2x2+l ...  a3  +  a(l+a)y  +  y' 

4 

15.    -  +  — -T  + 


16. 


a    a+1    a+2    .1 
a 

ar+3  1        1  1 

2x2  +  9a;  +  9"^2*2a;-3  9' 

4a; 
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2  2 

18 1=^! A(J-^J^) 

2a^-3c^-2x+l  ^  x^-Gx  +  S 


21 


x3-3x  +  2      *  '^^     4x3-21a^2  +  15x+20' 

2a  x-a  2 


{x-2a)'    3i^-5ax  +  6a^  '  x-S-x 
2\a^-7p-l     2    a-x     \a  +  x/ 
2\p:-2/    x  +  yj     x^y  +  xy^  '  x4-y' 

25.  (3.-5-?)(3.  +  5-?)^(x-|). 

26.  /?-J_+-i_Uf?±^-^. 

(^o;    a+x    a-x)      \a,-x    a  +  x/ 


^-  -^-^'       28.  (a.^)(.-^)G^) 


2a:  -  1     4a:2  _  1 


i^-r. 


-b  a-h 

a- 


1       (a-b)6  a{a-t)  j      U    «/' 

I.        1  +  a^  l-a6J 

^'         1     1         aj3  +  y3-  oi.        2a;  +  l     ^2' 


y     a: 


6-a         x  +  y  a  +  h    a-h 

09  1+qfc       1  -xy    ^  no      «-6    a-hh    ah^-a^b 

l  +  <x6  l-an/  a+h    a-h 
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Simplify  the  following  fractions  : 
34. 


38. 


„    1 


x^ 

QA            ^         wi      .         m              ^^       y    a;                a;  ,         ar 
—       m2  +  —    W-1  +  —  -^f-  +  l  ^ "^ 


771  wi  Tw  y    y  y    X 


yi  +  sW 


x^    3ar^+l 

3^-J.  •  3     2(a;2  +  3)' 

a:^  -  3a;  a:^     (x^  -  a;)^ 


^ ^,__2 1_ 


^-     4(l-a;)2^8(l-a;)^8(l  +  a:)^4(l+a;2) 

49       __^      ,5  1  1 

^     9(a:-2)'^9(a:  +  l)     3(a;+l)2    ^^3+^* 

X 


xy    xy-y"^' 


3c^-{y-zf    y'^-{z-xf    z^-{x-yf 
**•     [x^zf-y"^    {x^yf-z^    (y^zf-x^' 

x'-{y-2zf    y-'-{2z-xf    iz'-jx-yf 
*°*     {2z  +  xf-y^'^{x  +  yf-Az'^^{y-^2zf-x^' 


46. 


{x-y){y-z)-\-{y-z){z-x)  +  {z-x){x-y) 
x{z  -  x)  +  y{x  -  y)  +  z{y  -  z) 


XXII.]  MISCELLANEOUS   FRACTIONS.  171 

47. 

c  +  a         .         a  +  b  h  +  c 


48. 


52. 
53. 


a-b-c  b-c-a  c-a-b 

{a  -b){a-c)'^  (b  -  c){b  -a)^  {c  -  a){c  -b) 


{a-b){a-c)  '  {b-c){b-a)  '  {c-a){c-b)' 


.p      a:^  -  (2y  -  3z)^  ,  4y^  -  (3z  -  xf-  ,  9^^  -  (x  -  2y)'^ 
50. 


(3t  +  xf  -  42/2  •  {x  +  2y)2  -  9^^  ^  (2?/  +  3:)2  -  a:^" 

9?/-  -  (42  -  2.r)2      162-  -  (2r  -  Sy)^  ,  4:^^  _  (3^  _  4^^ 


(2.r  +  3yf  -  I62-  '    (3y  +  4zf  -  Ax"^      (42  +  2xf  -  9y2 

1      x  +  a      1      a:-a 
ci       a'     x^  +  a^     X     x~  +  a- 
1      a  +  x      1      a-a: 


a     a?  +  x^     a     a'^  +  xP' 

{x  +  a){x  +  b)-{y  +  a){y  +  b)  {x -a){y -b)  -  [x -b){y -a) 
x-y  a -b 

a  +  x  a-x      \  /a-  +  X'     a--x-\ 


-ax  +  x-     a'  +  ax  +  x'^J  '  \a^-x-^     a^-\-x^J' 

x-l     x-1     x+3    x+3                       ^        6       x+3    x+3 
nA         3        a;-2  .      7        x  +  4:         cr      a:  +  3        4       x+l 

^     x  +  2    a;  +  2"^x-2     a; -2'  '       r2"^x-3     a:- 3" 

I 1 X  — 4-1 f 

4.r-3        3        x-l  'a:  +  3        7        x-4 

56     (x^2)h^^^^^±^\fl--^^^±^\ 

00.     ^-r  ■  -)  (^i  ■  ^2_^_6J-i^i     a-2  +  3a;  +  2j' 


57.     (l^a)2-/l+ 1-- 1 

i         -1  ot.         ^■ 

I  l  +  a  +  a^J 


58. 


fax'^  +  {b-c)x-f}'^-{ax^  +  {b  +  c)x-f}^ 
{ aa:2  +  (^  +  e)x  -/P  -  { aa^  +  (6  -  e)a;  -/F' 
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MISCELLANEOUS  EXAMPLES  IV. 

[The  following  Examples  for  revision  are  arranged  in  groups 
Wilder  different  headings  ;  each  group  illustrates  one  or  more  of  the 
'principal  rules  and  processes  already  discussed^  and  for  the  most 
part  the  Examples  present  raore  variety  and  difficulty  than  those 
of  the  same  type  which  have  appeared  in  previous  exercises.] 

Substitutions  and  Brackets. 

1.  Find  the  value  of  -^ — „, ,  , — tot  when  a  =  -  4,  6  =  -  3. 

a"*  -  26  (a^  -  o^) 

2.  When  a  =  l,  b=  -1,  c  =  2  evaluate  the  expression 

V3a3(6  -c)  +  353(c  -  a)  +  ^{a  -  6). 

3.  Simplify 

a(6-c)3-a(&-c)(262-6c  +  2c2)  +  (a&  +  ac)(62-ca); 
and  find  its  value  when  a=l,  6  =  2,  c  =  3. 

4.  Find  the  value  of 

4/{5(62-c2)-a2]  +  ^3{a(a2-c2)-l} 
when  a  =  4,  6  =  5,  c  =  3. 

5.  Find  the  value  of 

s/{3p  +  y^  +  z){x  -  y  -  3z)  -f  s'xyh^ 
when  x=  -  1,  t/=  —  3,  2  =  1. 

6.  When  a=0,  6  =  2,  a;  =  l,  y=  -3,  2  =  5,  find  the  numerical  value 

of 

(1)  (x-y)3-3a(a;-y)2+36(a:3_y3). 

(2)  (x-af-h\x-y  +  z)  +  ^!{hx^-aTy  +  y'^  +  z^). 

7.  If  a:  =  6,  y  =  7,  2  =  8,  find  the  value  of 
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8.  Evaluate        2a --6{c-a(5-c)}  ^      I  a  +  bc 

a^{h  +  c)  +  iy\c  +  a)       ^V^  +  ^ac 

when  a  =  2,  6=-l,  c  =  l. 

9.  Find  the  value  of 

a-[6-{a-(6-c)}-\^2a^^  +  6^  +  c^ 

when  a=-l,  6  =  5,  c  =  3. 

10.  When  a  =  4,  6= -2,  c=|,  c?=  -  1,  find  the  value  of 

(1)  a^-b^-{a-b)^-ll{Sb  +  2c)f2c^-^)  ; 

(2)  K'4tc^-a{a-2b-d)  -  I'h^c  +  lWd^. 

11.  Find  the  value  of 

Z-«..-3[{;-m  +  ;m(|  +  l)}*--4r-] 
when  l  =  ^i  rn.=  -~. 

12.  When  a  =  l,  6=-i,  c  =  0,  evaluate 

a-{h-c-{2a-2h-U^c-h)}] 

"  1 

c  — 

a 

13.  Simplify 

-r-^^-f(^-|v)}-a6{i(3.-2„-?(-.-,)}, 
and  find  its  value  when  x  =  i,  v=  -4. 

14.  If  x  =  Q,  y  =  7,  2  =  8  find  the  value  of 
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Kesolution  into  Factors. 
(On  Arts.  128-132.) 
Resolve  into  two  or  more  factors  : 

15.     x2  +  21a:  +  108.       16.     a2  +  6a-91.  17.  x^~20xy  +  96y^. 

18.     a262-14a6-51.     19.     c^  +  c^- 156c.  20.  mhi-OmTi^-rdT^. 

21.    p^-p^q^-56q^.      22.     d*- icPc'-45c^.     23.  x^j/ -  xh/"^  -  42xy^. 

24.     m2-i-28m  +  195.      25.     210- a -a^.  26.  57  +  I6pq  - p^q^. 

27.     2r»  +  27a:2+i76,      28.     a4  +  7a2-98.  29.  c2  +  54c  +  729. 

30.     :2  +  xy-xY-        31.     a4  +  9a2a:2+14ar*.    32.  p^-3pq-l08q\ 

33.     2a*'  +  2a3-264.       34.     a:^  ~  2a:3  _  63^^:,       35^  l^c^  +  5bc-8i. 

36.     2^+342  +  289.         37.     a^ -'22ac  + 57  c^.     38.  2/%+6y22-91yz. 

39.    2  +  a:3_3a^  4q     2a2&2+a5-lo.      41.  9j92-24p  +  16. 

42.     35  +  127«n  +  mV.  43.     119-10c-c=^.        44.  6x^-5x^  +  x^. 

45.     6m^  +  7m-Z.         46.     4a2  -  Sa6  -  5^/^^       47.  6i)— 13j^5  +  2<^> 

48.     20a^-9a:s-20z2.    49.     8x^  +  2x2-15.        50.  l2y^-30y  +  \Z 
51.     12(a262-l)  +  7a5.                      52.     2(a462  +  5)_9a26. 
53.     21x2  +  2y{5x-8y).                   54.     3(6m2-5n2)  +  i7,nn. 

(On  Arts.  133-137.) 
Eesolve  into  two  or  more  factors  : 
55.     c2-a2-fc2  4.2a5.  56.     a2^.26c-&2-c2. 

57.     125x3 +  27y^  58.     a^b^n-S4.3.  59.     51263 -a*. 

60.     a2-4(x-y)a.  61.     2mn  +  m^-l+n-. 

62.     8c4-2c2(^  +  c)2.  63.     (a2fc2_i)2_a;2  +  2xi/-3r'. 

64.     l-647n«.  65.     p^  +  lOOOp^qK         66.     6561 -a^ 

67.     x4-2x2-y2_22  +  2ys+l.         68.     a2-16(6-c)2. 
69.     c-d-4:{c-df.  70.     p^-16q'^+p-^, 

71      2+128(a  +  i)3.  72.     x  +  3y  +  a:3 +271/3. 
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(^Miscellaneous  Factors.) 
Resolve  into  two  or  more  factors  ; 
73.     o(?  +  xh/  +  xy^  +  y^.  74.     acx^  +  hcx-adx-hd, 

75.     14-5a-a2.  76.     Q^a^-lxh/^-y^.  77.     h\-\Aa-a\ 

78.     \-{m^+p^)-2mp.  79.     aHx^+\)-x{a'^  +  l^). 

80.     962-6^-16  +  0-2.  81.     x^<^-<?  +  x^-\. 

82.     2x^-2ah-x{h-&a).  83.     m^  -  w^  _  (a:2  _  ^^^j  (^  _  ^j^ 

84.     a(&2  +  c2-a2)  +  6(a2  +  c2-&2).   35^     x^-arS  +  g^.g. 

86.  Express  in  factors  the  square  root  of 

(a~2  +  Sx  +  7)  (2a;2  _  a;  _  3)  (2a;2  + 1  la;  -  21 ). 

87.  Find  the  expression  whose  square  is 

{2x^-xy-  152/2)  (4x2  -  2o?/2)  (2a;2  -\\xy  +  Ihy"^), 

Highest  Common  Factor  and  Lowest  Common  Multiple. 

88.  Find  the  lowest  common  multiple  of 

13a62(x3_3oj2^^2a3),    %6a^h{x'^  +  ax-2a?),    2f>h\j(?  -  a'^f. 

89.  Find  the  highest  common  factor  of 

2(x*  +  9)-5x2(a;-H),    2a:3(2a;-9)  +  81(a;- 1). 

90.  Fiad  the  expression  of  lowest  dimensions  which  is  divisible  by 

each  of  the  following  expressions  : 

(2x4-l-4a;3){x2  +  2a;-8),    (2:x^ -^x'^){x'^-2x-^)y 
(a;2-4x)(a:2  +  2a;-8). 

91.  Find  the  H.C.F.  and  the  L.C.M.  of  the  three  expressions 

a(a  +  c)-6(6  +  c),    h{h  +  a)-c{c  +  a),    c{,c  +  h)-a{a  +  h). 

92.  Find  the  divisor  of  highest  dimensions  of  the  expressions 

(a  +  &)  (a  -  6)  +  c  (c  -  2a),    (a  +  c)  (a  -  c)  +  6  (6  +  2a). 

93.  Find  the  expression  of  lowest  dimensions  such  that  the  L.C.M. 

of  itand2a2-3a6  +  fe2is 

2a4  -  3a3&  -  a2fe2  +  Safc^  -  b\ 
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94.  Shew  that  a^^-4y*^  is  the  H.C.F,  of  the  expressions 

and         7f  f  32y«  -  ac^yS + gar^  +  IGary^  -  16xV- 

95.  Find  the  lowest  common  multiple  of 

(a-c)2-(&-c)2,    a2  +  62-2ac-26c  +  2a6,    a^-ft*. 

96.  Shew  that  the  lowest  common  multiple  of 

a{a  -  hf  -  oaP',    d?-h  -b{h-  cf,    (a  +  c)^  -V^c 
is  a6c(a4  +  64  +  c*-262c2-2c%2_2a262). 

97.  Prove  that  a^  -  1^7?  +  75x2  _  145^  +  84 

and  a:4  _  i7a;3  + 101^2 -247x  + 210 

have  the  same  H.C.F  and  L.C.M.  as 

x^-Ut^-^  53.r2  -  83a;  +  42 
and  a:*- 19x3 +  131x2 -389a; +  420. 


Simplification  of  Fractions. 

Simplify 

l+x  +  x2      x-x2  2x-7     2(x  +  2) 

»<5-  i_a:3    +(i_x)3'  ^-       (x-3)2      x2-9* 

"^*    00    1     (2x  +  l)2  ^"^-  3x3  +  x 

2x2  _  _     ^ 


102. 


1,21  (x3-2x)2-(xg-2)^ 

(1-X)2"^1-X2'^(1+X)2'  ■^"^-       {x-l)(x+l)(x2-2)2" 


^"*-     6x-2    2(x--\     ^~^^  9    3'x-6    3    ^6 


3/  X 


106.    -^— i-  +  4-  +  l-l+-^^. 
x2-y2    x-y    x  +  y    x    y      xy(x-y) 


XXII.] 

108. 
109. 
110. 
111. 

112. 

114. 

115. 

116. 
117. 


MISCELLANEOUS  EXAMPLES.      IV, 

{a  +  bf  [a-bf        "^{a  +  hf-ioT^ 

[ac-^bdf-{ad  +  bcf    (ac~-bdf  +  {ad  +  bcf 
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{a-b){c-d) 


{a  +  b){c  +  d) 


3d^-{x-\)'^     x^-{a^-\f  .  a^(^^l)l:il 


1 


1 


1  a;  a;  +  l 


^+2 


1  +  — 


\+x  +  a? 


!-«  + 


l+x 


3C+-    - 


62 


ad 

a  +  b\^  '  a  J     (M  +  bf 

{a  +  bf  +  {a-bf 


ia^^^-2a[J-^ 


h-a 


(a  +  ft) 


1 


118.         [r-A 


b-a    a+b 

c-b  c- 


'  ia+bf-(a-bf 


a  b-a       1 

b^^ylc^a){c-hU 


{(a-b){a~c)     {b-c){b 

^2(a^ +  b^  +  c^- be -ca-ab) 
•        {a-b){b-c){c~-a\ 


CHAPTER  XXin. 
Harder  Equations, 

186.  In  this  chapter  we  propose  to  give  a  miscellaneous  col- 
lection of  equations.  Some  of  these  will  serve  as  a  useful  exercise 
for  revision  of  the  methods  already  explained  in  previous  chap- 
ters ;  but  we  also  add  others  presenting  more  difficulty,  the 
solution  of  which  will  often  be  facilitated  by  some  special  artifice. 

The  following  examples  worked  in  full  will  sufficiently  illus- 
trate the  most  useful  methods, 

Examplel.     Solve  g^=^. 

Multiplying  up,  we  have 

(6x  -  3)  (x  +  5)  =  (3a;  -  2)  (2a;  +  7), 
6a;2  +  27a;  -  15 = 6a;2  +  17a;  _  14  o 

.-.   10a;=l; 
_J_ 

Note.  By  a  simple  reduction  many  equations  can  be  brought  to 
the  fonn  in  which  the  above  equation  is  given.  When  this  is  the 
case,  the  necessary  simplification  is  readily  completed  by  multiplying 
up,  or  *'  multiplying  across,"  as  it  is  sometimes  called. 

BT  7   o      o  1       8a;  +  23     5a;  +  2    2a;  +  3     , 

Example  2.     Solve  — ^^x -^ -.  =  — = 1. 

20        3ar  +  4         5 

Multiply  by  20,  and  we  have 

8a;+23-^^|^^^  =  8a;+12-20. 
3a;  +  4 

i>    .             V                         oi     20(5a;+2) 
By  transposition,  31= — ^ j— • 

oX  t4 

Multiplying  across,     93a;  + 124 = 20  (5a; + 2), 

84= 7a;: 
/.     «=12. 
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When  two  or  more   fractions   have   the   same   denominator  f 

thej  should  be  taken  together  and  simplified-  p 

Examples.     Solve  l^Ilgg    23a;  +  8|    4^ 

^^  x  +  3  ^  4x  +  5         z-r3 

By  transposition,  we  have 

2ar  +  8i  16-^:^-13  +  20: 
4 — ■ 


[3 

'kc  +  b      "  a;  +  3 

42; +  5       a;  +  3' 
Multiplying  across j  we  have 

7x2-^+212:- 3o  =  12a;  +  7ar2+15+^. 
o  4 

12  -^' 

__600 

••     ^~     137' 

E.  7    ^       c  1       a;-8     a;-4    a;-5    a;-7 

J!»«np«4.     Solve  j-^  +  ^::g  =  —j  +  ^--g. 

This  equation  might  be  solved  by  clearing  of  fractions,  but  the 
work  would  be  very  laborious.  The  solution  will  be  much  simplified 
by  proceeding  as  follows  : 

Simplifying  each  side  separately,  we  have 

(g- 8) (a; -7) -(a; -5) (a; -10) ^ (a;- 7)(g-6) -(a;-4)(a;  -9) . 
(a;-10)(a:-7)  ~  {x-9)(a;-6)  ' 

a;^-lox  +  56-(a:^-15a;  +  50)_ar^-13a;  +  42-(a;2-13a;  +  36). 

(a;-10)(a;-7)  ~  (a;-9)(a;-6)  ' 

6  ^  6 

•■    (j^-10)(a;-7)     (a;-9)(a;-6)' 

Hence,  since  the  numerators  are  equal,  the  denominators  must  be 
equal ; 

that  is,  (x-10)(a;-7)  =  (x-9)(a;-6}, 

i!p-17x  +  70=x^-l5x  +  54', 

.:    16= 2a;; 

/.    as=8. 
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The  above  equation  may  also  be  solved  very  neatly  by  the  follow- 
mg  artifice. 

The  equation  may  be  written  in  the  form 

(a;-10)  +  2    (a;-6)  +  2^(a;-7)  +  2    (X-9H2. 
a;-10  x-6  x-l     "^      x-%     ' 

whence  we  have 

l  +  -^  +  l  +  -~=l  +  -A.  +  l  +  :  ^    ■ 


x-lO         x-Q         x-7  x-9 

I,-  V,    •  1,1  1.1 

which  gives  -— ^  -  +  — -g = ~-y,  + 


Transi)osing, 


»-10    a;-6    x-7    x-9 
1 


jc-lO    x-7    x-9    x-6' 

3 3 

••     (a;-10)(a;-7j~(a?-9)(a;-6ii* 

and  the  solution  may  be  completed  as  before. 

5a;- 64    2a7-ll     4a;-55    tr-G 


Example  5.     Solve 


a;- 13       x-Q       a;- 14     x-7 


Wehave  5  +  ^3-(2+^g)=4+^^-(l  +  ^); 


1 


"     07-13    x~Q    x-14:    x-7 

The  solution  may  now  be  completed  as  before,  and  we  obtain 
ar=:10. 

EXAMPLES  XXm  a. 

^-     3a;-8~3a;-7'  ^ 

-      7-5a;_ll-15a: 

'^*    T+x'  l  +  3a;  '  *• 

_      6a;  +  13     Sx+5_2x 

^'        15        5a:-25~5*  °* 

7      3a;-l     Ax-2_l 

9.     r?o+r^  =  l'  10. 


3a;+l 

a;-2 

3{a;-2) 

~x-\' 

3(7  +  6x)_35+4a? 

2  +  9a: 

9-[-2a;' 

6a;  +  8 
2a;+l 

2a:4-38     , 
a:+12"^* 

a;-i-25 

2a; +  75 

a;-6  ~ 

2a; -15' 

6a;  +  7 

1      5a; -5 

»+2    a;  +  6      '  *"*     9a:  +  6     12    12a;  +  8 
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12. 


15. 


22. 


4(a;  +  3)_8a;  +  37    7x-29 
9      ~     18 


4  2 


-„      (2a;-l)(3x  +  8)       ^^  ,,     2x  +  d    2x+l 

^"^  6x{x  +  ^)  ^""'  ^    5a;  +  3     5a:  +  2-^'- 


a;+3    x  +  l    2a;+6    2a;+2 


7  60  10|-  8 

x^~5ir-30~3:c-12~^^ 

30  3.5 


^"^^     4-2x"^8(l-a;)    2-a?'2-2a;' 

18.  3^^_^=5+ -?i,.    39.    ?0±65+62+^=i4+  *« 


«+!        3a;  +  2  x+l      "•       a: 4-1         a;  +  3  '  x+l 

^     x~^    a7-l~a;-6    a;-7'       ^*     a;+4    x~7~x^~^^^' 
x-l     x-9     {c-13    a;-15 


x-9    aj-ll     07-15    s;-17 


OQ  a7+3_a;  +  6_a;  +  2    a;  +  5        „.      ^  +  2    a;-7    a:  +  3    .r-6 

^'  a;+6    a;+9~^+5    x  +  8*       ^       a;    "^a;-5    xTl~x^' 

„_  4a; -17     iag-13_8a;-30    5^-4 

^*  a;-4  "^  2a^-3"~2a;-7  "*"  x-l' 

Oft  5a;-8    6a;-44     10a;-8_a;-8 

^'  ic-2'*'  a:-7        x-l  ~x-Q' 

97  2a: - 3  _   °4r -  -6  n^      a;-2     a;-4_ 

^'*  •3a;-'4~-06x--07'  ^'      -05      -0625" 

29.  -OSd  {X  -  -625)  =  -09  {x  -  -59375). 

30.  (2a;  + 1 -5)  (3a;  -  2-25)  =  (2x-l -125)  (3x+l -25). 

Ql  •3a;-l_'5-fl-2a;  1  -  l-4a;_-7(x- 1) 

■^^  •5a;-'4~  2a;-'l  •  '^^'       -2+3;  ~  -1- -Sa;' 

Sa  (:3£r|t^-l,.3x-2)=-4.-2. 
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Literal  Equations. 

187.  In  the  equations  we  have  discussed  hitherto  the  co- 
efficients have  been  numerical  quantities,  but  equations  often 
involve  literal  coefficients.  [Art.  6.]  These  are  supposed  to  be 
known,  and  will  appear  in  the  solution. 

Example  I.     Solve  {x  +  a){x  +  b)-c{a  +  c)  =  {x~c){x  +  c)+db. 
Multiplying  ou*},  we  have 

Qi^+ax+bx+ab-ac~c^=rx^-c'^  +  aJb; 
whence  ax+bx=ac, 

{a-\-h)x=ac ; 

_  ^^ 

~a  +  b' 

Example  2.     Solve  ^-^ ^  =  ^^. 

x-a    x-b    x~c 

Simplifying  the  left  side,  we  have 

a{x-b)-b{x-a)_a-b 
{x-a){x-b)     ~x-c 
{a-b)x     _«-& , 
{x  -  a){x  -b)~  X  -  c^ 

'     __£___  =  _J_ 

{x-a){x-b)~x-c 

Multiplying  across,  x'^-cx=^x^-ax-bx  +  aif 

ax  +  bx-cx=ab, 
{a  +  b-c)x=ab ; 
_      ah 
~a+b-c 

EXAMPLES  XXm.  b. 

Solve  the  equations  : 

1.     ax-2b  =  5bx-3a.  2.  a'^{x-a)  +  b^x-b)  =  abx. 

3.     x'^  +  a^={b-x)'^.  1  {x-a){x  +  b)-^{x-a  +  b)^. 

5.     a{x-2)  +  2x=6  +  a.  6.  m^{7n-x)-mnx=n%n  +  xh 

7.     {a  +  x){b  +  x)  =  x{x-c).  8.  {a-b){x-a)-{a-c){x-'6). 

jj     2x  +  Sa_2{Sx  +  2a)  -^     2{x-b)^  2x  +  b 

*      x  +  a  ~    dx  +  a    '  3x-c  ~Z{x-c)' 


XXIII.] 

11. 

13. 


17. 
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a     X     X     b 

12. 

«           ,           7  ,        ^ 

~  =  cia-h)-]-~ 

X                             X 

11 

x-a    x-b 

16. 

6-a;~a-a;' 

1    ,         ,     /a:  +  a' 

2    2ay 
~  3  ^ 

f       a\ 

>H{i-^> 


2/5 
s['c 

9a_3x_^_2x 
b       b~  a      a 

x-a_{x-h)^ 
2    ~  2a;  -  a ' 


18.  {a  +  6)ar^-a(6a;  +  a2)=6a;(a;-a)  +  aa;(a;-b). 

19.  6(a  +  a;)-(a  +  a;)(6-a;)  =  x2  + 

20.  h{a-x)-^{h  +  xf  +  ah{^+l\  =  Q. 

21.  7?  +  a{2a-x)--^={x-^\  +a^ 

22.  (2a:-a)/'2;  +  y)=4rc(^|-a;)-|(a-4a;){2a+3a?>. 

x-a+b     x-b        X  x-a 

23. —  +  - — 7^  =  - — r  +  T— 


x-a       x-2b    x-b    x-a-b 


24-  (^3)(l-04^(--2«)(2-«)=(^ly-l• 

OK      fe(a;  +  a)  ,  2a:  +  35-a_2(a:^  +  &a:-6'^) 


Example  3.     Solve 


ax-{-by  =  c  , 


(1), 
.(2), 


The  notation  here  first  used  is  one  that  the  student  will  frequently 
meet  with  in  the  course  of  his  reading.  In  the  first  equation  we 
choose  certain  letters  as  the  coefficients  of  x  and  y,  and  we  choose 
corresponding  letters  with  accents  to  denote  corresponding  quantities 
in  the  second  equation.  There  is  no  necessary  connection  between 
the  values  of  a  and  a',  and  they  are  as  difi"erent  as  a  and  h ;  but  it  la 
often  convenient  to  use  the  same  letter  thus  slightly  varied  to  mark 
some  common  meaning  of  such  letters,  and  thereby  assist  the 
memory.  Thus  a,  a'  have  a  conmion  property  as  being  coefficients 
of  a; ;  6,  6'  as  being  coefficients  of  y. 

Sometimes  instead  of  accents  letters  are  used  with  a  sujfix,  such  as 
^i>  ^2,  ag ;  &!,  62J  ^3>  etc. 
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To  return  to  the  equations  ax  +  hy^c (1), 

a'x+h'y=d , ,..(2). 

Multiply  (1)  by  6'  and  (2)  by  6.     Thus 

ab'x  +  hh'y  =  6'c, 
a'hx  +  hh'y  =  be' ; 
by  subtraction,  {ah'  -a'b)x= b'c  -  be' ; 

b'e  -  be'  ,n^ 

ah  -  ah 

As  previously  explained  in  Art.  104,  we  might  obtain  y  by  substi- 
tuting this  value  of  a;  in  either  of  the  equations  (1)  or  (2) ;  but  y  is 
more  conveniently  found  by  eliminating  a?,  as  follows  : 

Multiplying  (1)  by  a'  and  (2)  by  a,  we  have 
aa'  X  ■{-  a'hy =a*  c^ 
aa'x  +  ah'y =ac* ; 
by  subtraction,  {a'b  -  ah')  y=a'c-  ac' ; 

_  a'c  -  ac' 
•'•    ^~a'b-ab" 

or,  changing  signs  in  the  terms  of  the  denominator  so  as  to  have  the 
same  denominator  as  in  (3), 

ac'  -  a'c         ,  b'c  -  he 

y=ab^^V   *^^   ^^W^a:h' 


Example^.    Solve        ^ — ^  ^V. — _=:i 


(1), 

c-a     c-i)  ^ 

x  +  a    y-a_a ^^^^2). 

From  (1)  by  clearing  of  fractions,  we  have 

x{c-b)  -  a{c  -b}  +  y{c  -  a)  -  b{c  -  a)  =  {c  -  a){c  -b), 
x(c-b)  +  y{c-a)  =  ac-ah  +  be-ab  +  c^-ac-be  +  a6^ 

x{e-b)  +  y{c-a)=e^-ab (3). 

Again,  from  (2),  we  have 

x{a-b)  +  a{a-b)  +  cy-ca=ia{a-b) 

xia-b)  +  cy=ac (4). 

Multiply  (3)  by  c  and  (4)  by  c  -  a  and  subtract, 

x{e{c-b)-{e-a){a-h)}=<^-abc-a^{c-a)f 
a;(c2-ac  +  a2-a6)  =  c(c2-a6-ac+a2) . 
.*.    x=c; 
and  therefore  from  (4)  y  =  6. 
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EXAMPLES  XXIII  c. 

Solve  the  equations  : 

1.     ax  +  hy=ly  2.     lx  +  my=n,  3.     ax=hy, 

hx  +  ai/  =  m.  px  +  qy  —  r.  bx  +  ay=c 

4.     ax  +  by  =  a\  5.       x  +  ay  =  a\         6.    px-qy  =  rj 

bx  +  ay  =  lf^,  ax  +  a'y=l.  rx~py  =  q. 

7.    ?+f=l,  8.    ?-|=0,  9.    ??+|^=3, 

a    0     ao  ah  ah* 

X     y_  I  hx  +  ay=idb.  9x    Qy_n 

'a'~F~a/h''  "a"T~ 

10.     qx-rb=p{a-y)t         --      ^.l._l  12.    px-^qy=0, 

a  ^\       hj  ^_y=l, 

m'    m 

13.     (a-6)a;=(a  +  &)y,  14.     (a-&)x  +  (a  +  6)^:=2a2-26«. 

x+y=:c,  {a  +  h)x-{a-h)y=4:db, 

15.      ^+^=1.  IR    f+f=2,  17.    ^f=l, 

a    0  a    0  ah 

x^,y^_2  x_y  *.?^_« 

3a"^66~3*  a'~h''  h^a~h' 

(a;  + 1/)  (m2 + Z2)  =  2  {w3  +  ^3) + wiZ  (a; + 2/). 

19.  hx  +  cy=a  +  h, 

**V^^    ^+&y'^^^U-a     h  +  aj~a  +  b' 

20.  (a-6)a;+(a  +  6)y=2(a2-&2)^      aa;-&2/=a3  +  ?)2^ 

21-     ^(«-^+^)=2^(«  +  ^-^}      a:»-2/=2a3. 


CHAPTER    XXIV. 

Harder  Problems. 

188.  In  previous  chapters  we  have  given  collections  of 
problems  which  lead  to  simple  equations.  We  add  here  a  few 
examples  of  somewhat  greater  difficulty. 

Example  1.  A  grocer  buys  15  lbs.  of  figs  and  28  lbs.  of  currants 
for  £1.  Is.  8ti.  ;  by  selling  the  figs  at  a  loss  of  10  per  cent.,  and  the 
curr?.nts  at  a  gain  of  30  per  cent. ,  he  clears  2s.  6c?.  on  his  outlay  ; 
how  much  pei-  pound  did  he  pay  for  each  ? 

Let  X,  y  denote  the  number  of  pence  in  the  price  of  a  pound  of 
figs  and  currants  respectively ;  then  the  outlay  is 

15a;  +  28t/  pence. 

Therefore  \5x  +  2^y=2QQ (1), 

The  loss  upon  the  figs  is  r^r  x  15a;  pence,  and  the  gain  upon  the 
currants  is  17^  x  28y  pence  ;  therefore  the  total  gain  is 

42y    3a; 
-g^--^- pence; 

.-.    f-'|=30 (2), 

From  (1)  and  (2)  we  find  that  a; =8,  and  ?/  =  5  ;  that  is  the  figs 
cost  8(i.  a  pound,  and  the  currants  cost  5d.  a  pound. 

Example  2.  At  what  time  between  4  and  5  o'clock  will  the 
minute-hand  of  a  watch  be  13  minutes  in  advance  of  the  hour-hand? 

Let  x  denote  the  required  number  of  minutes  after  4  o'clock  % 
then,  as  the  minute-hand  travels  twelve  times  as  fast  as  the  hour- 

X 

hand,  the  hour-hand  will  move  over  ^o  minute  divisions  in  x  minutes. 

At  4  o'clock  the  minute-hand  is  20  divisions  behind  the  hour-hand, 
and  finally  the  minute-hand  is  13  divisions  in  advance ;  therefore 
the  minute-hand  moves  over  20-i-13,  or  33  divisions  more  than  the 
hour-hajid. 
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Hence  x  =  ~  +  33, 

.-.     ar  =  36. 

Thus  the  time  is  36  minutes  past  4. 

If  the  question  be  asked  as  follows  :  "At  what  tirnes  between  4 
and  5  o'clock  ^vill  there  be  13  minutes  between  the  two  hands  ? "  we 
must  also  take  into  consideration  the  case  when  the  minute-hand  is 
13  di\^sions  hehhul  the  hour-hand.  In  this  case  the  minute-ho.ad 
gains  20  -  13,  or  7  divisions. 

Hence  x  =  ^  +  7, 

7 
which  gives  x  =  7^- 

Therefore  the  times  are  7  y-r  past  4,  and  36'  past  4. 

Example  3.  Two  persons  A  and  B  start  simultaneously  from 
two  places,  c  miles  apart,  and  walk  in  the  same  direction.  A  travels 
at  the  rate  of  p  miles  an  hour,  and  B  at  the  rate  of  q  miles  ;  how  far 
will  A  have  walked  before  he  overtakes  B  ? 

Suppose  A  has  walked  x  miles,  then  B  has  walked  x-  c  miles. 

A  walking  at  the  rate  of  p  miles  an  hour  will  travel  x  miles  in  - 

hours  ;  and  B  will  travel  x- c  miles  in hours  ;  these  two  times 

being  equal,  we  have  ^ 

X  _x-c 

P~    q 

qx=px-pc  ; 

whence  x  =         . 

p-q 

Therefore  A  has  travelled  -  ^      miles. 

p-q 

Example  4.  A  train  travelled  a  certain  distance  at  a  uniform  rate. 
Had  the  speed  been  6  miles  an  hour  more,  the  journey  would  have 
occupied  4  hours  less  ;  and  had  the  speed  been  6  miles  an  hour  lesSj 
the  joTxmey  would  have  occupied  6  hours  more.     Find  the  distance. 

Let  the  speed  of  the  train  be  x  miles  per  hour,  and  let  the  time 
occupied  be  y  hours  ;  then  the  distance  traversed  A,vill  be  represented 
by  xy  miles. 
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On  the  first  supposition  the  speed  per  hour  is  x  +  6  miles,  and  the 
time  taken  is  y  -  4  hours.  In  this  case  the  distance  traversed  will 
be  represented  by  (a;  +  6)(y-4)  miles. 

On  the  second  supposition  the  distance  traversed  will  be  repre- 
sented b)'  {x-6){y  +  6)  miles. 

All  these  expressions  for  the  distance  must  be  equal ; 

.-.    xy  =  {x-i-6){y-4:)  =  {x-6){y  +  6). 
From  these  equations  we  have 

xy=ocy  +  6y-'kc-24:f 

or  %-4a;  =  24  (1) ; 

and  xy  =  xy  -6y  +  6x-3Q, 

or  6a;-6y=36    , : (2). 

From  (1)  and  (2)  we  obtain  a;  =  30,  y=24, 
Hence  the  distance  is  720  miles. 

Example  5  A  person  invests  £3770,  partly  in  3  per  cent.  Stock 
at  £102,  and  partly  in  Railway  Stock  at  £84  which  pays  a  dividend 
of  4^  per  cent.  :  if  his  income  from  these  investments  is  £136.  5s. 
per  annum,  what  sum  does  he  invest  in  each  ? 

Let  X  denote  the  number  of  pounds  invested  in  3  per  cent.^  y  the 
aumber  of  pounds  invested  in  Railway  Stock  ;  then 

a;  +  y=3770  ....(1). 

The  income  from  3  per  cent.  Stock  is  £t7vo)  or  £^ ;  and 

that  from  Railway  Stock  is  £-^>  or  £^. 

Therefore  .^4-^=13ei    (2.. 


34    56 
From  (2)  a:-f  ||y=4632|; 


therefore  by  subtracting  (1) 
23 
28 


iy=862j; 


whence  y=28  x  37j  =  1050  ; 

and  from  (1)  a;  =  2720. 

Therefore  he  invests  £2720  in  3  per  cent  Stock,  and  £1050  in 
Railway  Stock. 

EXAMPLES  XXIV. 

1,  A  sum  of  £10  is  divided  among  a  number  of  persons  ;  if  ^  the 
number  had  been  increased  by  one-fourth  each  would  have  received 
&  shilling  less  ;  find  the  number  of  persons. 


XXIV.]  HARDER   PROBT.TTMS.  189 

2.  I  bought  a  certain  number  of  eggs  at  four  a  penny  •  I  kept 
one-fifth  of  them,  and  sold  the  rest  at  three  a  penny,  and  gained  a 
penny  :  how  many  did  I  buy  ? 

3=  I  bought  a  certain  number  of  articles  at  five  for  sixpence  ;  if 
they  had  been  eleven  for  one  shilling,  I  should  have  spent  sixpence 
less  :  how  many  did  I  buy  7 

4.  A  man  at  whist  wins  twice  as  much  as  he  had  to  begin  with, 
and  then  loses  165.  ;  he  then  loses  four-fifths  of  what  remained,  and 
afterwards  wins  as  much  as  he  had  at  first :  how  much  had  he 
originally,  if  he  leaves  off  with  £4  ? 

5.  I  spend  £14.  o-s.  in  buying  20  yards  of  calico  and  30  yards  ol 
silk ;  the  silk  costs  as  many  shillings  per  yard  as  the  calico  costs 
pence  per  yard  :  find  the  price  of  each. 

6.  A  num.ber  of  two  digits  exceeds  five  times  the  sum  of  its 
digits  by  9,  and  its  t-en-digit  exceeds  its  unit-digit  by  1  :  find  the 
number. 

7.  The  sum  of  the  digits  of  a  number  less  than  100  is  6  ;  if  the 
digits  be  reversed  the  residting  nimaber  will  be  less  by  18  than  the 
original  number  :  find  it. 

8.  A  man  being  asked  his  age  replied,  *'  K  you  take  2  years  from 
my  present  age  the  result  will  be  double  my  life's  age,  and  3  years 
ago  her  age  weis  one-third  of  what  mine  will  be  in  12  years.''  What 
were  their  ages  ? 

9.  At  what  time  between  one  and  two  o'clock  are  the  hands  of  a 
watch  first  at  right  angles  ? 

10.  At  what  time  between  3  and  4  o'clock  is  the  minute-hand 
one  minute  ahead  of  the  hour  hand  ? 

11.  When  are  the  hands  of  a  clock  together  between  the  hours 
of  6  and  7  ? 

12.  It  is  between  2  and  3  o'clock,  and  in  10  minutes  the  minute- 
hand  will  be  as  much  before  the  hour-hand  as  it  is  now  behind  it : 
what  is  the  time  ? 

13.  At  an  election  the  majority  was  162,  which  was  three- 
elevenths  of  the  whole  numbers  of  vot-ers  :  what  was  the  number  of 
the  votes  on  each  side  ? 

14.  A  certain  number  of  persons  paid  a  bill ;  if  there  had  been 
ten  more  each  would  have  paid  2-?=  less  ;  il  there  had  been  5  less 
each  would  have  paid  2-s.  Gd.  more  :  find  the  number  of  persons,  and 
what  each  had  to  pay. 

15.  A  man  spends  £5  in  buying  two  kinds  of  silk  at  4«,  6d.  and 
4s.  a  yard  ;  by  selling  it  all  at  48.  Sd.  per  yard  he  gains  2  per  cent.  : 
how  much  of  each  did  he  buy  ? 
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16.  Ten  years  ago  the  sum  of  the  ages  of  two  sons  was  one-third 
of  their  father's  age  :  one  is  two  years  older  than  the  other,  and  the 
present  sum  of  their  ages  is  fourteen  years  less  than  their  father's 
age  :  how  old  are  they  ? 

17.  A  and  B  start  from  the  same  place  walking  at  different 
rates  ;  when  A  has  walked  15  miles  B  doubles  his  pace,  and  6  hours 
later  passes  ^  :  if  ^  walks  at  the  rate  of  5  miles  an  hour,  what  is 
B's  rate  at  first  ? 

18.  A  basket  of  oranges  is  emptied  by  one  pereon  taking  half  of 
them  and  one  more,  a  second  person  taking  half  of  the  remainder 
and  one  more,  and  a  third  person  taking  half  of  the  remainder  and 
six  Jiore.     How  many  did  the  basket  contain  at  first  ? 

19.  A  person  swimming  in  a  stream  which  runs  1-|-  miles  per 
hour,  finds  that  it  takes  him  four  times  as  long  to  swim  a  mile  up 
the  stream  as  it  does  to  swim  the  same  distance  down :  at  what  rate 
does  he  swim  ? 

20.  At  what  times  between  7  and  8  o'clock  will  the  hands  of  a 
watch  be  at  right  angles  to  each  other  ?  When  will  they  be  in  the 
same  straight  line  ? 

21.  The  denominator  of  a  fraction  exceeds  the  numerator  by  4  ; 
And  if  0  is  taken  from  each,  the  sum  of  the  reciprocal  of  the  new 
fraction  and  four  times  the  original  fraction  is  5 :  find  the  originaJ 
fraction. 

22.  Two  persons  start  at  noon  from  towns  60  miles  apart.  One 
walks  at  the  rate  of  four  miles  an  hour,  but  stops  ^  hours  on  the 
way  ;  the  other  walks  at  the  rate  of  3  miles  an  hour  without  stop- 
ping :  when  and  where  will  they  meet  ? 

23.  A,  B,  and  C  travel  from  the  same  place  at  the  rates  of  4,  5, 
and  6  miles  an  hour  respectively  ;  and  B  starts  2  hours  after  A 
How  long  after  B  must  G  start  in  order  that  they  may  overtake  A 
at  the  same  instant  ? 

24.  A  dealer  bought  a  horse,  expecting  to  sell  it  again  at  a  price 
that  would  have  given  him  10  per  cent,  profit  on  his  purchase  ;  but 
he  had  to  sell  it  for  £50  less  than  he  expected,  and  he  then  foxind 
that  he  had  lost  15  per  cent,  on  what  it  cost  him  :  what  did  he  pay 
for  the  horse  ? 

25.  A  man  walking  from  a  town,  A,  to  another,  B,  at  the  rate  of 
4  miles  an  hour,  starts  one  hour  before  a  coach  travelling  12  miles  an 
hour,  and  is  picked  up  by  the  coach.  On  arriving  at  B,  he  finds 
that  his  coach  journey  has  lasted  2  hours  :  find  the  distance  between 
A  and  B. 

26.  What  is  the  property  of  a  person  whose  income  is  £1140, 
when  one-twelfth  of  it  is  invested  at  2  per  cent. ,  one-half  at  3  per 
cent.,  one-third  at  4^  per  cent.,  and  the  remainder  pays  Mm  no 
dividsnd  ? 
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27.  A  person  spends  one-third  of  his  income,  saves  one-fourth, 
and  pays  away  5  per  cent,  on  the  whole  as  interest  at  T-^-  per  cent, 
on  debts  previously  incurred,  and  then  has  £110  remaining  :  what 
was  the  amount  of  his  debts  ? 

28.  Two  vessels  contain  mixtures  of  wine  and  water  ;  in  one 
there  is  three  times  as  much  wine  as  water,  in  the  other,  five  times 
as  much  water  as  wine.  Find  how  much  must  be  drawn  off  from 
each  to  fill  a  third  vessel  which  holds  seven  gallons,  in  order  that  ita 
contents  may  be  half  wine  and  half  water. 

29.  There  are  two  mixtures  of  wine  and  water,  one  of  which  con- 
tains twice  as  much  water  as  wine,  and  the  other  three  times  as 
much  wine  as  water.  How  much  must  there  be  taken  from  each 
to  fill  a  pint  cup,  in  which  the  water  and  the  wine  shall  be  equally 
mixed  ? 

30.  Two  men  set  out  at  the  same  time  to  walk,  one  from  A  to 
B,  and  the  other  from  B  to  A,  a  distance  of  a  miles.  The  former 
walks  at  the  rate  of  7J  miles,  and  the  latter  at  the  rate  of  q  miles  an 
hour  :  at  what  distance  from  A  will  they  meet  ? 

31.  A  train  on  the  Xorth  Western  line  passes  from  London  to 
Birmingham  in  3  hours  ;  a  train  on  the  Great  Western  line  which  is 
15  miles  longer,  travelling  at  a  speed  which  is  less  by  1  mile  per 
hour,  passes  from  one  place  to  the  other  in  3|-  hours  :  find  the  length 
of  each  line. 

32.  Coffee  is  bought  at  Is.  and  chicory  at  3c?.  per  lb. ;  in  what 
proportion  must  they  be  mixed  that  10  per  cent,  may  be  gained  by 
selling  the  mixture  at  llcZ.  per  lb.  ? 

33.  A  man  has  one  kind  of  coflFee  at  a  pence  per  pound,  and 
another  at  b  pence  per  pound.  How  much  of  each  must  he  take  to 
form  a  mixture  of  a  -  6  lbs. ,  which  he  can  sell  at  c  pence  a  pound 
without  loss  ? 

34.  A  man  spends  c  half-crowns  in  buying  two  kinds  of  silk  at  a 
shillings  and  h  shillings  a  yard  respectively  ;  he  could  have  bought 
3  times  as  much  of  the  first  and  half  as  much  of  the  second  for  the 
same  money  :  how  many  yards  of  each  did  he  buy  ? 

35.  A  man  rides  one-third  of  the  distance  from  A  to  5  at  the  rate 

of  a  miles  an  hour,  and  the  remainder  at  the  rate  of  25  miles  an  hour. 

If  he  had  travelled  at  a  uniform-  rate  of  3c  miles  an  hour,  he  could 

have  ridden  from  A  to  B  and  back  again  in  the  same  time.     Prove 

^1,  4.  2     11 

tnat  _=;_-!-_, 

cab 

36.  A,  Bf  G  are  three  towns  forming  a  triangle,  A  man  has  to 
walk  from  one  to  the  next,  ride  thence  to  the  next,  and  drive  thence 
to  his  starting  point.  He  can  walk,  ride,  and  drive  a  mile  in  a,  b,  c 
minutes  respectively.  If  he  starts  from  B  he  takes  a  +  c  ~h  hours,  if 
he  starts  from  G  he  takes  b  +  a-c  hours,  and  if  he  starts  from  A  he 
takes  c  +  b-a  hours.     Find  the  length  of  the  circuit. 
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Quadratic  Equations. 

189.  Suppose  the  following  problem  were  proposed  for  solu- 
tion : 

A  dealer  bought  a  number  of  horses  for  £280.  If  he  had 
bought  four  less  each  would  have  cost  £8  more  :  how  many  did 
he  buy  ? 

We  should  proceed  thus  : 

Let  ^=the  number  of  horses  :   then  =  the  number  oi 

pounds  each  cost. 

If  he  had  bought  4  less  he  would  have  had  x  —  A.  horses,  and 

each  would  have  cost r  pounds. 

_  ,  280      280  . 

X      x-4 

whence  x{x-4)-{-35(x  —  4)=36x; 

:.    a^-4:X+Z5x-140=S5x; 

..    x^~4x==U0. 

Here  we  have  an  equation  which  involves  the  square  of  the 
unknown  quantity ;  and  in  order  to  complete  the  solution 
of  the  problem  we  must  discover  a  method  of  solving  such 
equations. 

190.  Definition,  An  equation  which  contains  the  square 
of  the  unknown  quantity,  but  no  higher  power,  is  called  a  quad- 
ratic equation,  or  an  equation  of  the  second  degree. 

If  the  equation  contains  both  the  square  and  the  first  power 
of  the  unknown  it  is  called  an  adfected  quadratic  ;  if  it  contains 
only  the  square  of  the  unknown  it  is  said  to  be  a  pure  quadratic. 

Thus  2^^2  —  5^=3    is  an  adfected  quadratic, 
and  5^=20  is  a  pure  quadratic 
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191.     A  pure  quadratic  may  be  considered  as  a  simple  equa- 
tion in  which  ths  square  of  the  unknown  quantity  is  to  be  found, 

Ezamplt,     Solve 


Multiplying  up,  9x^  -  99  =  250-2  _  §75  . 

.-.    16.r2  =  576; 

and  taking  the  square  root  of  these  equals,  we  have 

x=±6. 

Note.  We  prefix  the  double  sign  to  the  number  on  the  right-hand 
Hide  for  the  reason  given  in  Art.  117. 

192.  In  extracting  the  square  root  of  the  two  sides  of  the 
equation  x^=3Q,  it  might  seem  that  we  ought  to  prefix  the 
double  sign  to  the  quantities  on  both  sides,  and  write  ±^=  ±6, 
But  an  examination  of  the  various  cases  shews  this  to  be  un- 
necessary.    For  ±cr=  ±6  gives  the  four  cases  : 

+^=+6,   +.r=-6,    -^=+6,    -^=-6, 
and  these  are  all  included  in  the  two  already  given,  namely, 
x=+6,  x=~6.     Hence,  when  we  extract  the  square  root  of 
the  two  sides  of  an  equation,  it  is  suflScient  to  put  the  double 
sign  before  the  square  root  of  07ie  side, 

193,  The  equation  :r2  =  36  is  an  instance  of  the  simplest 
form  of  quadratic  equations.  The  equation  (jr  — 3)^=25  may  be 
solved  in  a  similar  way  ;  for  taking  the  square  root  of  both 
sides,  we  have  two  simple  equations, 

^-3=±5, 

Taking  the  upper  sign,  x-3=  +5,  whence  ^=8  ; 

taking  the  lower  sign,  ;r  —  3  =  —  5,  whence  x=  -2. 

:.    the  solution  is  ^  =  8,   or   —  2. 

Now  the  given  equation,  (:r-3)^=25 
may  be  written  x^  -  6.r + (3)^  =  25, 

or  x^  —  6x=l6. 

Hence,  by  retracing  our  steps,  we  learn  that  the  equation 

can  be  solved  by  first  adding  (3)-  or  9  to  each  side,  and  then 
extracting  the  square  root ;  and  the  reason  why  we  add  9  to 
each  side  is  that  this  quantity  added  to  the  left  side  makes  it  a 
perfect  square. 
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Xow  -whatever  the  quantity  a  may  be, 

and  x^  -  2ax +a^=(x-  of  ; 

so  that  if  a  trinomial  is  a  perfect  square,  and  its  highest  power^ 
x^,  has  XLiiity  for  its  coefficient^  we  must  always  have  the  term 
without  X  equal  to  the  square  of  half  the  coefficient  of  x.  If, 
therefore,  the  terms  in  x^  and  x  are  given,  the  square  may  be 
completed  by  adding  the  square  of  half  the  coefficient  of  x. 

Note.  When  an  expression  is  a  perfect  square,  the  sqiiare  terms 
are  always  positive.  [Art.  114,  Note.]  Hence,  if  necessary,  the  coeffi- 
cient of  x^  must  be  made  equal  to  + 1  before  completing  the  square 

Example  1 .     Solve        x^-\-\^x= 32. 
The  square  of  half  14  is  (If. 

:.    x2+14a;  + (7)2=32  +  49; 
that  is,  (x  +  7)2  =  81; 

.-.    x  +  7=±9; 

a:=  -7  +  9,    or   -7-9; 
x=2,  or   -16. 

Example  2.     Sol ve  lx  =  x^-%. 

Transpose  so  as  to  have  the  terms  involving  x  on  one  side,  and 
the  square  term  positive. 

Thus  x^-lx  =  ^. 

nv      49 

Completing  the  square,  ^-^-Ix+l^j  =  8  +  —  ; 


that  is, 


4 

(x   1Y-^A. 

r     27  "4  ' 

7_^9. 

..    x-^-±^, 

_7,9. 
^~2  2' 
x  =  8,    or   -1. 

Note.     We  do  not  work  out  (^)"on  the  left-hand  side. 

EXAMPLES  XXV.  a. 

1.     5(x2  +  5)  =  6a:2.         2.     3x-  =  4(a:2- 4).  3.  a:2  +  22a:  =  75. 

4.     a,-2  +  24x=25.  5.     ^2=  10a: -21.  6.  {9  +  x){9-x)  =  n. 

7.     x^  +  Zx  =  l8.  8.     x^^  +  5x  =  U.  9  a:2_5^_3g^o. 
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11.     a;2-341=20x.       12.  9x-a:2+220=0.    . 

14.     ar+156  =  a;2.  15.  lS7  =  a;2  +  6x. 

17.     42  +  x'2=13jr.         18.  22x^23 -x2  =  0. 


10. 

a;2=a;  +  72. 

13. 

68 -2:2=  13a;. 

16. 

23a:  =  120 -r^-, 

19. 

.2-|.  =  32. 

22. 

19       4       2 
o        o 

20.    a'-  +  Ttx  =  l  21.    x'-lx-\=0. 

10       o  b       2 

23.     |(x-f6)(x-2)  =  |(62^+^-|^'j. 

194.  VTe  have  shevni  that  the  square  mav  readily  be  com- 
pleted when  the  coefficient  of  x^  is  unitv.  All  cases  mav  be 
reduced  to  this  bv  dividing  the  equation  throughout  bv  the 
coefficient  of  :v^. 

Example  1 .     Solve  32  -  3x^  =  lOx. 

Transposing,  Sx^  +l{)x  =  32. 

Divide  throughout  by  3,  so  as  to  make  the  coefficient  of  a^  unity^ 

1  hus  x^+-rrx  =  -^  ; 

6  o 

w      *u  •  ^.  10     ,  /5\2     32    25. 

completmg  the  square,  x^  +  -^x  +  (  5  I  ~  "o"  "^  'o"  * 

^u  4.  /       5\2     121 

that  IS,  (^  +  3;  =-9-' 

^5     ^11. 


5 .  n 
3^3 


a;=-5i-o-  =  2,  or  -5^. 


/10\^  /o\^ 

Note.     We  do  not  add  f  -^  J   but  f  =  j    to  the  left-hand  side. 

Example  2.     Solve  5ar  +  11a;  =  12. 

Dividing  by  5.  ofi-^-:s-x  =  ^  ; 

5         0 


12     12^ 
5  ■'"100 


11        /11\''^ 
completing  the  square,  a;2+     3;+  /       J  == 

(    iiV-§^- 
r'^ioy  ~ioo' 


that  is 


11      ,  19 
10==^ 
11  .  19    4 


^■^io~*io' 


^=  '10^10  =  5'  ''^   "^' 
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195.  We  see  then  that  the  following  are  the  steps  required 
for  solving  an  adfected  quadratic  equation  : 

(1)  If  necessar^^,  simplify  the  equation  so  that  the  terms  in 
x^  and  X  are  on  one  side  of  the  equation,  and  the  term  without 
X  on  the  other. 

(2)  Make  the  coefficient  of  jtP-  unity  and  positive  by  dividing 
throughout  by  the  coefficient  of  iP-, 

(3)  Add  to  each  side  of  the  equation  the  square  of  half  the 
coefficient  of  x. 

(4)  Take  the  square  root  of  each  side. 

(5)  Solve  the  resulting  simple  equations. 

196.  In  the  examples  which  follow  some  preliminary  reduc- 
tion and  simplification  may  be  necessary. 

ExampU\.     Solve  ||^  =  ^-2. 

Q.      ,.,  .  3a;-2    3a;-8 

Simpnfymg,  ^__  =  __  ; 

multiplying  across,    3^2  +  10a;  -  8  =  Gx^  -  25x  +  24  ; 
that  is,  -3x2  +  35x=32. 

Dividing  by  -  3,  x^  -  ^x=  -  y  ; 

completing  the  square,  a;2-^a:  ^^^'     ^^^    ^'^ 


3        V  6  /        36       3 

that  is,  UJ4\J^; 

V        6/       36  ' 

35_     29 

/.     a;  =  10|,  or  1. 

Example  2.     Solve    7(a;+2a)2-f3a2=5a(72^  +  23a). 

Simplif ymg,    Tx^  +  28aa;  +  28a2  +  Za^  =  Soox  + 1  \ba\ 

that  is,  7x2-7aa:  =  84a2. 

Whence  x'^-ax  =  \  2a} ; 

/a\2  a^ 

completmg  the  square,  x^  -  ax  -J- 1  ^  1  =  12a2  +  —  ; 

a._     7a. 
•     *"2-^T* 

.'.     a;  =  4a,  or  -3a, 
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197.     Sometimes  there  is  only  one  solution.     Thus  if 
.r^-2.r  +  l=0,    then  (j:-1)-  =  0, 
whence  J!:=l  is  the  only  solution.     Nevertheless,  in  this   and 
similar  cases  we  find  it  convenient  to  sav  that  the  quadratic  has 
tv:o  equal  roots, 

EXAMPLES  XXV.  b. 

L  5x^  +  14x  =  55.  2.     3x2+i21=44x.        3.     =2^x=^7p--^1\. 

4.  %Jp-  +  x  =  %^.  5.     3x2+35=22a;.  6.     a:  +  22- 6x^  =  0= 

7.  15=17a;  +  4x='.  8,     '2\^x  =  1x^,  9.     9^2- 143-6x  =  0, 

10.  12x2=29x-14.      11.     20^2=  12 -a:.  12.     19x  =  15-8x2. 

13.  21i;2  +  22a:  +  5  =  0.  14.     h^7p--\hx  =  Ti. 

15.  1 8x2 -27a^- 26  =  0.  jg^     5x2=8x  +  21. 

17.  15x2-2ax  =  a2.  18.     2ix2=2ax-t-3a^ 

19.  6x2=lU-x  +  7/l"=  20.     12x2  +  23/;x+10/.-=^  =  0. 

21,  12x2-cx-20c2  =  a  22.     2(x-3)  =  3(x  +  2){x-3). 

23.  (x+l)(2x  +  3)  =  4x2-22.  24.     (3x-5){2a;-5)=x2  +  2x-3.- 

25.    ^7  =  3x-^2.      26.    '-^=t.  <n-.    ^=^. 

x-l  x  +  1       2  x-2      x  +  5 

28.    '^  =  1--^.  29.    ^"■"'      "^"^ 


4x-r7  x  +  7  7x-5    2a; -13 

30     ^2:3_2x-l  J^ \__^ 

^'     2x-7     x-3  '^■^'     1  +  x    3-x"35 

2=4-4     x-1       -.  14         1 

32.    ^+^=6^  33. 


x-4    x-S       ^  •3-xo9-2a;' 

34     ^ £_  =  3  5        4_    3 

^**-     x-1     x  +  2    X  "^^     x-2    X    x-f-6' 

x-2  ,  3x-11^4x-fl3  1  5 2 

"^^    x-3'    x-4        x+1  '  ^'-    2x-5a^2x-a~a 

OO  ^  .  3  7  art        a2J        /  J\  0^2 

38-    3^^^2^-2^330  =  23-  39.     ^+(^l+-ja  =  2Z>  +  -. 

198.  From  the  preceding  examples  it  appears  that  after 
suitable  reduction  and  transposition  every  quadratic  equation 
can  be  written  in  the  form 

where  a,  b,  c  may  have  any  numerical  values  whatever.     If 
therefore  we  can  solve  this  quadratic  we  can  solve  any. 


198  ALGEBRA.  [CHAP. 

Transposing,  ax^-\-bx=^-c ; 

5  c 

dividing  by  a,  ^"^7,^=' 7,- 

Completing  the  square  by  adding  to  each  side  (  — ) ' 

that  IS.  l^  +  ^=-4^2-; 

extracting  the  square  root, 

_-6±V(62-4ac) 
'^~  2a 

199.  Instead  of  going  through  the  process  of  completing  the 
square  in  each  particular  example,  we  may  now  make  use  of  this 
general  formula,  adapting  it  to  the  case  in  question  by  sub- 
stituting the  values  of  a,  b,  c. 

Example.     Solve  Sa;^  + 1  ]  a;  -  1 2  =  0. 

Here  a  =  5,   6  =  11,   c=-12. 

_-ll±\/ril)^-4.  5(-12) 
••    ""'  To 

_-ll±v/361_-ll±19_4  „ 

which  agrees  with  the  solution  of  Example  2,  Art,  194. 

-6±V(62-4ac) 


200.     In  the  result         .r: 


2a 


it  must  be  remembered  that  the  expression  >/(62  — 4ac)  is  the 
square  root  of  the  compound  quantity  6^  —  4ac,  talcen  as  a  whole. 
We  cannot  simplify  the  solution  unless  we  know  the  numerical 
values  of  a,  b,  c.  It  may  sometimes  happen  that  these  values 
do  not  make  6^  —  4ac  a  perfect  square.  In  such  a  case  the  exact 
numerical  solution  of  the  equation  cannot  be  determined. 
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Example  i ,     Solve      ox?  -  lox  + 1 1  =  0. 

15 ± vV  15)2 -4.  5.  11 


We  have  x  = 


2.5 


15  ±  v' o 


.(1) 


10 

Now  ^'5  =  2  "236  approximately. 

15 ±2-236      ,   -.^„c  ^.r,^a^ 

.-.     x  = ^ =  l-/236,  or  l'2/64. 

These  solutions  are  correct  only  to  four  places  of  decimals,  and 
neither  of  them  will  be  found  to  exactly  satisfy  the  equation. 

Unless  the  numerical  values  of  the  unknown  quantity  are  required 
it  is  usual  to  leave  the  roots  in  the  form  (1). 

Example  2.     Solve  x^-'^x-]-o  =  (i. 

We  have 


3±vr 

-3)2- 

-4 

1 

.5 

2 

3±\^ 

-20 

2 

3±v^ 

TI 

2 

Now  there  is  no  quantity,  positive  or  negative,  whose  square  is 
negative  (Art.  110),  Therefore  it  is  impossible  to  find  any  quantity 
exactly  or  approximately  to  represent  the  square  root  of  -  11.  Thus 
there  is  no  real  value  of  x  which  satisfies  the  equation.  In  such  a 
case  the  roots  are  said  to  be  imaginary  or  impossible.  A  reference  to 
the  general  formula  of  Art.  198  will  shew  that  the  roots  of  a 
quadratic  ax^  +  hx  +  c  =  0  are  alwaj^s  imaginary  when  6^  _  4^0  is 
negative. 

Note.  If  the  equation  a;2-3a;  +  5  =  0  is  treated  graphically,  as 
explained  in  Art.  427,  it  will  be  found  that  the  graph  never  meets 
the  axis  of  x.  In  other  words  there  is  no  numerical  value  of  x 
which  makes  the  expression  a;^  -  3a;  +  5  equal  to  zero. 

[Chap.  XLiv.,  Arts.  425-427  may  he  read  here.] 

201.  Solution  by  Factors.  The  following  method  of 
solution  will  sometimes  be  found  shorter  than  either  of  the 
methods  given. 

Consider  the  equation  x^  +  -^x  =  2. 

o 

Clearing  of  fractions,    3x^  +  'iX-6  =  0 (1) ; 

by  resolving  the  left-hand  side  into  factors  we  have 

(3x-2)(j?  +  3)  =  0. 

8.  A.  0 
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Now  if  either  of  the  factors  Zx-%  x  +  Z  is  zero  their  product  is 
zero.  Hence  the  quadratic  equation  is  satisfied  by  either  of  the 
suppositions 

3.y-2  =  0,  or  x^-Z=0. 

2 
Thus  the  roots  are  -,   -  3. 

It  appears  from  this  that  whe^i  a  quadratic  equation  has  been 
simplified  and  brought  to  the  form  of  equation  (1),  its  solution 
can  always  be  readily  obtained  if  the  expression  on  the  left-hand 
side  can  be  resolved  into  factors.  Each  of  these  factors  equated 
to  zero  gives  a  simple  equation,  and  a  corresponding  root  of  the 
quadratic. 

Example  1.     Solve       2x^-ax  +  2bx=ab. 

Transposing,  so  as  to  have  all  the  terms  on  one  side  of  the  equation, 
we  have 

2ar^  -ax  +  2bx  -ah  =  0. 

Now  2a;2  -ax  +  2bx  ~ab  =  x  {2x  -a)  +  b  {2x  -  a) 

=  {2x-a){x  +  b). 

Therefore  {2x-a){x  +  b)=0 ; 

whence  2x-a  =  0y  or  x  +  b  =  0. 

.-.     x  =  ^,  or  -b. 

Example  2.     Solve      2  (x^  -  6)  =  3  (x  -  4). 
We  have  2a:2  _  12  =  3a;  -  12 ; 

that  is,  2ar  =  3a;  ^...(1). 

Transposing,  2x^  -  Sx  =  0, 

x(2a;-3)  =  0. 

.-.     x  =  0,  or  2a: -3  =  0. 

3 

Thus  the  roots  are  0,  -. 
2 

Note.     In  equation  (1)  above  we  might  have  divided  both  sides 

3 

by  X  and  obtained  the  simple  equation  2a;  =  3,  whence  x  =  ^,  which  is 

one  of  the  solutions  of  the  given  equation.  But  the  student  must  be 
particularly  careful  to  notice  that  whenever  an  x,  or  a  factor  contain- 
ing X,  is  removed  by  division  from  every  term  of  an  equation  it  must 
not  be  neglected,  since  the  equation  is  satisfied  by  x  =  0,  which  is 
therefore  one  of  the  roots. 
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202.  There  are  some  equations  which  are  not  really  quad- 
ratics, but  which  may  be  solved  by  the  methods  explained  in 
this  chapter. 

Example  1.     Solve  ar*  -  Ux^  +  36  =  0. 

By  resolution  into  factors,   [x^  -  9)  (x'^  -  4)  =  0 ; 
/.     x2-9  =  0,  or  a:2-4  =  0; 
that  is,  X-  —  9,  or  4. 

and  x=  ±3,  or   ±2. 

Example  2.     Solve  x'^  +  Zx-    .^'^     =  8. 

Write  y  for  x"^  +  ^x,  then  we  have 

20     „ 

or  2/2 -8y- 20  =  0. 

From  this  quadratic  2/=  10,    or  -2; 

.-.    a;2  +  3x  =  10,    or  -2. 

Thus  we  have  two  quadratics  to  solve,  and  finally  we  obtain 
x=  -5,  2;  or  -1,   -2. 

EXAMPLES  XXV.    c. 

Solve  by  Art.  200,  and  verify  graphically  by  Art.  427  : 


1. 

3a;2=15-4a;. 

2. 

2a;2  +  7a;  = 

15.           3.     2x2  +  7 -9a:=0. 

4. 

x2  =  3a;  +  5. 

5. 

5x2  +  4  +  2 

lx=0.     6.     x2  +  ll  =  7x. 

7. 

8r2=a;  +  7. 

8. 

ox2=17x- 

-10.         9.     35 +  9x -2x2=0. 

10. 

3x2  =  a:  +  l. 

11. 

3x2  + 5a:  = 

2.           12.     2x2  +  5x-33=0. 

Solve  by  resolution  into  factors  : 

13. 

%x^  =  l  +  x. 

14. 

21  +  8x2  =  26x. 

15. 

26x-21  +  ll.c2: 

=  0. 

16. 

5x2 +  26x  + 24  =  0. 

17. 

4x2  =  i-a;  +  3. 
lo 

18. 

2;2_2-_u:. 

19. 

7x2  =  28 -96a:. 

20. 

96x2  =  4x  +  15. 

21. 

25ar5  =  5a;4-6. 

22. 

35  -  4x  =  4x2, 

23. 

12x2-llax  =  36a2. 

24. 

12a:2  +  36a2=43aa;. 

25. 

35&2  =  9x2  +  66a; 

26. 

36x2- 3562=  126x. 

27. 

x^-2ax  +  'kib  = 

26a;. 

28. 

x2-2ax  +  8x  =  16a. 

29. 

3x^-2ax-hx  = 

0. 

30. 

ax2  +  2x  =  6a;. 

201a  algebra.  [chap. 

Solve  as  explained  in  Art.  202  : 
31.     4:  =  5x^-x*.  32.     0:4  +  36  =  13x2. 

33.     x6  +  7x3=8.  34.     2:6-19x3^216. 

35.     16(x2  +  lU257.  36.     x''  +  "^  =  a^  +  h'-. 

37.    x3(19  +  x3)  =  216.  38.     (.t2  +  2)2  +  198  =  29(x^  +  2). 

39.     x^-x  +  -l^    =18.  40.     x{x-2a)  =  -2^^  +  7a2. 

202;^.  The  method  of  solution  bj   factors   is   applicable   to 
equations  of  higher  degree  than  the  second. 
For  example,  if 

(.r-2)(.r+l)(;r  +  2)  =  0, 

the  equation  must  be  satisfied  by  each  of  the  values  which 
satisfy  the  equations 

07-2  =  0,     .27+1=0,     .r  +  2=0. 

Thus  the  roots  are  x=%  —1,  -2. 

ExaTnple.     Solve  the  equation  Zx^  +  ^x^  =  3a;  +  5. 

Putting  the  equation  in  the  form 

3x3  +  5x2-3x-5  =  0, 
we  have  x'^i'^x  +  5)  -  (3x  +  5)  =  0,* 

or  (x2-l)(3x  +  5)  =  0; 

that  is,  (x+1)(a:-1)(3x  +  5)=0; 

whence  x+l=0,   or  x-l  =  0,   or  3x  +  5  =  0. 

Thus  the  roots  are   -1,   1,  -~. 

Note.  At  the  stage  marked  with  an  asterisk  we  might  have 
divided  throughout  by  3x  +  5,  but  in  so  doing  the  factor  must  be 
equated  to  zero  to  furnish  one  root  of  the  equation. 

202b.  If  one  root  of  an  equation  is  known,  or  can  be  obtained 
by  trial,  a  corresponding  factor  of  the  first  degree  can  be  re- 
moved. When  this  is  done  we  have  left  an  equation  of  lower 
degree  than  the  original  equation. 

Example.     Solve  the  equation 

x3- 3x2 -6a;+ 16  =  0. 

By  trial  it  will  be  found  that  the  left-hand  side  vanishes  when 
x=2. 
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Hence  a:  =  2  is  one  root  of  the  equation  and  corresponding  to  this 
root  we  have  a  factor  z-2;  the  equation  may  now  be  written 

aP{x-2)-x{x-2)-8{x-2)  =  0; 

or  {x^-x-8){x-2)  =  0. 

Removing  the  factor  x-2,  we  have 

x~-x-S  =  0; 

whence  x=    '^'^ — 

Thus  the  three  roots  are    2,    l±|_^     l-\33. 
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Solve  the  following  equations  by  the  method  of  factors, 
1.     :i^  +  x^-x-l  =  0.  2.     x^-2x^--x  +  2  =  0. 

3.     a^-'kc=x'^-i.  4.     x^  +  lx'^  +  7x-lo  =  0. 

5.     a:3_3^_2  =  o.  6.     x^  +  2x  =  3x^.  7.     x^  +  SQ  =  l9x. 

Solve  the  following  equations  having  given  one  root  in  each 
case. 

8.     x3-39a;  +  70  =  0.     [x  =  5.]    9.     x^-Slx-Si  =  0.     [x= -3.] 

10.     x^-l2a'^x  =  iea^  [a:  =  4a.]  11.     x^  +  4S2a^x=10Sa'^x^.  [x  =  6a.] 

Solve  the  following  equations. by  the  method  of  Art.  200, 
giving  the  roots  to  two  places  of  decimals. 

12.     a;2  +  2aj  =  3-2.  13.     ar-3a:-3ol  =  0. 

14.     x2  +  x  =  1-0956.  15.     a:2- 36a: +  323 -7  =  0. 

16.     a;2-7a;  +  6-03o  =  0.  17.     a;2- 5 -5.^  +  7 '3776  =  0. 

18.  Find  two  values  of  x  which  will  make  x{3x  -  1)  equal  to  '362, 
giving  each  value  to  the  nearest  hundredth. 

19.  Find  to  the  nearest  tenth  the  values  of  x  which  will  make 
2a;{2-a;)  equal  to  1'73. 

20.  Solve    the    equation    x^-{-ax-a-  =  0.      If    a  =12,    give    the 
numerical  values  of  the  roots  to  three  decimal  places. 

21.  Solve  the  equation  x[a-x)  =  c'^.     Give  the  numerical  values 
of  the  roots  to  three  decimal  places,  when  a  =  16,  c  =  6. 


CHAPTER  XXVI, 

Simultaneous  Quadratic  Equations. 

203,  We  shall  now  consider  some  of  the  most  useful  methods 
of  solving  simultaneous  equations,  one  or  more  of  which  may  be 
of  a  degree  higher  than  the  first ;  but  no  fixed  rules  can  be  laid 
down  which  are  applicable  to  ail  cases. 

Example  1.     Solve  x  +  y=\5  .(1), 

xy=ZQ  , ^,.. (2). 

From  (1)  by  squaring,  x^-\-'hn/+y^='^26'y 
from  (2)  4a;y  =  144; 

by  subtraction,  x^  -  2xy  +  y^ = 8 1 ; 

by  taking  the  square  rootj  a; - y  =  ±9. 

Combining  this  with  (1)  we  have  to  consider  the  two  cases, 

a;  +  y=15,\        x  ty=    15,1 
x-y=  9./        x-y=  -  9./ 

f  u-  I.       ^  A  ^=12,1  x=  3,\ 

from  which  we  find  „  /-  ,^  ?■ 

y=  3.j  y=l2.) 

Example2.     Solve  x-y  =  l2 (1), 

xy=S5 (2). 

From(l)  3^-2xy  +  y'  =  \^'y 

from  (2)  4a'y  =  340; 

by  addition,  a^ + 2xy  +  y^  =  484 ; 

by  taking  the  square  root,  x  +  y=±22. 

Combining  this  with  (1)  we  have  the  two  cases, 
a:  +  y  =  22,)         x  +  y=-22A 
x-y=\2.}        x-y=     12J 

Whence  ^=^^;}  yl  In.'}       [See  Art.  441.] 


I 
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204.  These  are  the  simplest  cases  that  arise,  but  thev  are 
specially  important  sicce  the  solution  in  a  large  number  of 
other  cases  is  dependent  upon  them. 

As  a  rule  our  object  is  to  solve  the  proposed  equations  sym- 
metrically^ by  finding  the  values  of  x-\-y  and  x—y.  From  the 
foregoing  examples  it  will  be  seen  that  we  can  always  do  this  as 
soon  as  we  have  obtained  the  product  of  the  unknowns,  and 
either  their  sum  or  their  difference. 

Examplel.     Solve  x'^  +  y-  =  14^  (1), 

xv  =  35  = (2). 

Multiply  (2)  by  2  ;  then  by  addition  and  subtreiction  we  have 
cc2  +  2xy  +  y2=i44, 

x^-2xy  +  y'^=     4; 
Whence  x  +  y=  ±\% 

X  -y=±  2. 

We  have  now  four  cases  to  consider  ;  namely, 

x  +  y  =  \2,\      x  +  y=    12,  j       x  +  y=-12,}       a;  +  y=-12,\ 

x-y=  2. J       x-y=  -  2.  j       x-y=       2.)       x-y=-   2.) 

From  which  the  values  of  x  are  7,  5,  -  5,  -  7  ;    [Compare 

and  the  corresponding  values  of  y  are  5,  7,  -7,  -5.         Art.  441.] 

Example2.     Solve  x^  +  y^  =  lSo. (1), 

x  +  y=  17 (2). 

By  subtracting  (1)  from  the  square  of  (2)  we  have 

2x2/=  104; 

.-.    xy=  52.......... (3). 

Equations  (1)  and  (3)  can  now  be  solved  by  the  method  of 
Example  1  ;  and  the  solution  is 

x  =  13,  or    4,) 

y=  4,  or  13.  J 

EXA]yCPLES  XXVI.  a. 

Solve  the  following  equations  : 


1. 

x  +  y=2S, 
xy  =  l87. 

2. 

x  +  y  =  51, 
xy  =  51S. 

3. 

a;  +  y  =  74, 
cry  =  1113. 

4. 

x-y  =  5, 
xy  =  126. 

5. 

x-y  =  S, 
xy  =  513. 

6. 

a;y  =  1075, 
a;-y  =  18. 

7. 

a;y  =  923, 
x  +  y  =  84. 

8. 

x-y=-S, 
xy=lS53. 

9. 

x-y=  -22, 
a:y  =  3848. 

204  ALGEBRA.  [CHAP 

Solve  the  following  equations  : 

10.  xy  =- 2193,     11.      X  -y  =-  18,         12.         xy  =  -  1914, 

x+y=-%.  ipy  =1363.  a;+y=-65. 

13.       a:2  +  y2  =  89,  14.      0:2  +  ^2^170,  15.    a-^  +  yS^eS, 
xy  =40.                           xy  =13.  xy  =28. 

16.      a:2  +  y2^i78,  17.      x  +y  =15,  18.    a:  -y  =4, 
a:  +y  =16.                       x2  +  y2=:i25.  0^2  +  ^2^106. 

19.       x2  +  y2=i80,  20.      a;2  +  y2=i86,  21.    x  +y  =13, 

2;  -y  =6.  X  -y  =3.  0^2  +  2/2  =  97 

22.      X  +y  =9,  23.      X  -y  =3,  24.   x^-a;^  +y2  =  76, 

x^  +  xy  +  y^=Ql.  x^   3xy+y^=  -19.  a;  +y  =14. 

25.   i^(»:-3,)=l.  26.       Ui=2.  27.      ^+i=^, 

a;2_4a;3/  +  y2=52.  a;  +  y  =  2.  a:y=12, 

28.     ax  +  by  =  2,  29.     a:2  +  ^-^j^  +  y2  ^^  +  2, 

a6a;y  =  l.  qx^  +  xy  +  qy-  =  2q  +  l. 

205.     Any  pair  of  equations  of  the  form 

a:^±pxi/+y^=a^ (1), 

x±y  =  h  ,.(2), 

where  p  is  any  numerical  quantity,  can  be  reduced  to  one  of 
the  cases  already  considered ;  for  by  squaring  (2)  and  combining 
with  (1),  an  equation  to  find  xy  is  obtained  ;  the  solution  can 
then  be  completed  by  the  aid  of  equation  (2). 

ExampUl.     Solve  ar^.yS^ggg (Ij, 

X  -y  =^     3 (2), 

By  division,  x^  +  xy  +  y'^^'^Z^ (3): 

from  (2)  x'^-2xy  +  y'^=     9; 

by  subtraction,  3a;y  =  324, 

a;y  =  108 (4). 


From  (2)  and  (4)  '*'~^^'   '''"      ,H 

'  ^  '  y=  9,  or  -12. J 


Example2.     Solve         0:^  +  2,2^2  +  2/4 =26 13 (1), 

x^  +  xy  +2/2=     67 ..(2). 

Dividing  (1)  by  (2)  x^-xy+y^=     39 (3). 

From  (2)  and  (3)  by  addition,  x-+y^=  53  ; 

by  subtraction,                                    xy=  14; 

whence                                  ^=  ^^'  ^H  [Art.  204,  Ex.  1.] 

y=±2,  ±7. J  -* 
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Example  3.     Solve 


205 


111 
X    y~3 


.(1). 
.(2). 


From  (I)  by  squaring, 
by  subtraction, 
adding  to  (2), 

Combining  with  (1), 


1_A     1-1 

X-    xy    y"~9 

2^4 

xy~^ 

X-    xy    y^ 

X  y 

1     2  1 

i=3'  ^'~3' 

1     1  2 

r3'  °"3' 


a;=g,  or  -3,  and  y  =  3,  or  -^^ 


EXAMPLES  XXVI.  b. 


Solve  the  equations  : 


1. 

X  +y  =11. 

2. 

0:3  +  ^  =  637, 
X  +y  =13. 

3.       X  +y  =23, 

a^  +  y3=3473, 

4. 

x^-y^=218, 
X  -y  =2. 

5. 

a;  -y  =4, 
a:^- 2/3^988. 

6.       2r3-y3=2197. 
a;  -y  =13. 

7. 

x^  +  xy  +  y^= 

=  2128 
^76. 

> 

8. 

a:4  +  a:2y2  +  y4=2923, 
x^-xy  +  y^=37. 

9. 

x*  +  x^y^  +  y*  = 
x^-xy  +  y~  = 

=9211 
=  61. 

» 

10. 

x*  +  x'y^  +  y*=7371, 
x^-xy  +  y^=63. 

11. 

11     481 

x^    y^    576' 

1     1     29 

a:'^y~24' 

12. 

1      1      61 

a:2  +  y2-9oo' 
a;y  =  bO. 

a;  +  y=6. 

14. 

a;-y  =  4. 

15. 

34        15 

x^  +  y^~xy 
x  +  y=S. 

16.      a:3-y3=56, 
a^=  +  a:y  +  y2=28. 

17. 

4(r2  +  y2)  =  i7a;y, 
x-y=6. 

18.       x'  +  y'=V26, 
x--xy  +  y^  =  21. 
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Solve  the  equations  : 

19.    14='^-  ^-   ^"^=''' 

l  +  l=lf  1-1=1. 

a:    y       5  X    y 

206.     The  following  method  of  solution  may  always  be  used 
when  the  equations  are  of  the  same  degree  and  homoqeneous. 

[See  Art.  24] 

Example.     Solve  3^-\-xy  +  2y^=14i (1), 

2;c2  +  2ary  +  y2  =  73 (2). 

Put  y  =  m^,  and  substitute  in  both  equations.     Thus 

a:2(l+w  +  2m2)  =  74 (3). 

and  a;2(2  +  2m+m2)  =  73 (4)„ 

By  division,  l+m  +  2m^^74 

^  '  2  +  2w  +  m2    73' 

.-.     73  +  73772  +  146m2  =  148  +  148r7i  +  74m2 ; 
/.     72m2- 75771 -75  =  0, 
or  24m2-25wi-25=0; 

.'.     (8m  +  5)(3m-5)=0; 

5         5 

•■•     ^=-8'  ^"3* 
5 
(i)    Take  wi  =  -  q,  and  substitute  in  either  (3)  or  (4). 


From  (3)  x^(l -|  +  |^)=74  ; 


„    64x74     „. 
a:2=-^^=64; 

a;=±8; 

y=mx—  --Q^—  To. 


(ii)    Take  m=^ ;  then  from  (3) 
o 


K>-i-f)=^*- 


o_74x^-Q 


74 
a;=±3; 

y=7/iar  =  Ha;=  ±5. 


I 
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207.  When  one  of  the  equations  is  of  the  first  degree  and 
the  other  of  a  higher  degree,  we  may  from  the  simple  equation 
find  the  value  of  one  of  the  unknowns  in  terms  of  the  other,  and 
substitute  in  the  second  aquation. 

Example.     Solve  Zx-^y  =  o (1), 

3a;2-a;y-3i/2=21. (2). 

From  (1)  we  have  x=    ^  ^ ; 

and  substituting  in  (2),  ^i£±M  _  V^^  +  ^V)  _  3^2=21 ; 

/.    75  +  120y  +  48y2 -  15t/ -  \2y'^ - Tiy"^  =  189 ; 
92/2+105?/ -114  =  0, 
3>/  +  35y-SS  =  0; 

.:    (2/-l)(32/  +  38)  =  0; 

38. 
.-.    y=l,   or   -y; 

137 

and  by  substituting  in  (1),  x  =  Z,  or   — ^; 

208.  The  examples  we  have  given  will  be  sufiScient  as  a 
general  explanation  of  the  methods  to  be  employed ;  but  in  some 
cases  special  artifices  are  necessary. 

Examplel.     Solve  x*  +  4a;y  +  3x  =  40 - 63/ - 4^^  (1), 

2xy-x'^=3 (2). 

From  (1)  we  have  x^  +  Axy  +  4:y^+3x  +  6y=40; 
that  is,  {x  +  lyf  +  3  (x  +  2y)  -  40  =  0, 

or  (a;  +  2y  +  8)(x  +  2y-5)  =  0; 

whence  x  +  2y  =  -  8,    or  5. 

(i)     Combining  a; +  2y  =  5  with  (2)  we  obtain 

2a;2-5x  +  3  =  0; 

3 
whence  ic  =  l,    or  s* 

7 
and  by  substituting  in  a; +  2y= 5,      y  =  2,   or  j- 

(ii)     Combining  a;  +  2y=  -  8  with  (2)  we  obtain 

2a:2  +  8x  +  3  =  0; 

whence  x=^i|^;    and  y=^i?f^«. 


=  1,   or  -2»| 
f=5,  or  -2.  J 
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Example2.     Solve  x'^y''-^x=^Z^-Zy (1), 

3a;y  +  y  =  2(9  +  ») (2). 

From  (1)  a:V  -  6^  +  3y = 34 ; 

from  (2)  9.Ty  -  6x  +  3y = 54 ; 

by  subtraction,  ar^y^  -  ^xy  +  20 = 0, 

{xy-b){xy-4)=0i 

:.    xy  =  5,   or  4, 

(i)    Substituting  xy=5m{2)  gives  y  -  2a: = 3 
From  these  equations  we  obtain  x  =  '. 

y- 

(ii)    Substituting  ajy = 4  in  (2)  gives  y  -  2a; = 6. 

From  these  equations  we  obtain  x  — ~- —  >  I 

and  y=3±Vl7.     J 

EXAMPLES  XXVI.  c. 

Solve  the  equations : 

1.        5a;-y=17,  2.      oi?--^xy=\h,  3.  a;-y=10, 

a:y=12.  y2  +  a^  =  10.  a^^-2a:y- 3^^=84. 

4.      3a;  +  2y  =  16,  5.        3a;-y=ll,  6.  ar-3t/  =  l, 

xy  =  10.  3ar2-y2=47o  x2-2a;y  + V=17. 

7.        x  +  2y=9,  8.       a;2  +  y2=5,  9.  5a;+2/  =  3, 

3y2-5ar2=43.  2xy-y2  =  3,  2a:2-3a;y- 2/2  =  1. 

10.    3a:2-5y2^28,        11.     3a;2-y2=23,        12.        :j^-¥xy^y'^=^^\. 
3a;y-4y2=8.  2x2-a:y=12.  22~5-3an/  +  23/2=2|. 

13.     ar2-3an/  +  y2  +  l=0,  14.  7a:y  -  8a;2  =  10, 

3x2-a;y  +  32/2=l3.  8y2-9xy  =  18. 

15.     «2-2x2/  =  21,        16.    a:2  +  3a.y=54^        17^  x8  +  y3=152, 

a:y  +  y2=i8.  a:y  +  4y2=ll5.  ar^ +  xy2=  120, 

18.       a^-y3  =  i27,       19.       a:3_y3^208,       20.  aV  +  5a;2/  =  84, 

xHf-xy'^=4SL.  scy{x-y)  =  4S.  x  +  y  =  S, 

2L    a:2  +  4y2  +  80=15«  +  30y,        22.     9a:2+y2_63a;_21y  + 128=0, 
xy  =  6.  3:3/=4. 


CHAPTER  XXVII. 
Problems  leading  to  Quadratic  Equations. 

209.  We  shall  now  discuss  some  problems  which  give  rise 
to  quadratic  equations. 

Example  1.  A  train  travels  300  miles  at  a  uniform  rate ;  if  the 
rate  had  been  5  miles  an  hour  more,  the  journey  would  have  taken 
two  hours  less  :  find  the  rate  of  the  train. 

Suppose  the  train  travels  at  the  rate  of  x  miles  per  hour,  then  the 

time  occupied  is  —  hours. 

SCO 
On  the  other  supposition  the  time  is  =  hours  ; 

CCt  o 

.       300     300    ^  ... 

•     ;^T5  =  -F-2    , (1); 

whence  x^+Qx-  750 = 0, 

or  (a;+30)(a;-25)=0, 

.-.     a? =25,  or   -30. 

Hence  the  train  travels  25  miles  per  hour,  the  negative  value 
being  inadmissible. 

It  will  frequently  happen  that  the  algebraical  statement  of  the 
question  leads  to  a  result  which  does  not  apply  to  the  actual  problem 
we  are  discussing.  But  such  results  can  sometimes  be  explained  by 
a  suitable  modification  of  the  conditions  of  the  question.  In  the 
present  case  we  may  explain  the  negative  solution  as  follows. 

Since  the  values  x  =  25  and  -30  satisfy  the  equation  (1),  if  we 
write  -  a;  for  X  the  resulting  equation, 

^=?52..2 (2). 

-x+5     ~x  ^  " 

will  be  satisfied  by  the  values  a;=  -25  and  30.     Now,  by  changing 
signs  throughout,  equation  (2)  becomes =  = h  2 ; 

and  this  is  the  algebraical  statement  of  the  following  question : 

A  train  travels  300  miles  at  a  uniform  rate  •,  if  the  rate  had  been 
5  miles  an  hour  less,  the  journey  would  have  taken  two  hours  more : 
find  the  rate  of  the  train.     The  rate  is  30  miles  an  hour. 
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Example  2.  A  person  selling  a  horse  for  £72  finds  that  his  loss 
per  cent,  is  one-eighth  of  the  number  of  pounds  that  he  paid  for  the 
horse  :  what  was  the  cost  price  ? 

Suppose  that  the  cost  price  of  the  horse  is  x  pounds  j  then  the 

loss  on  £100  is  £-. 

o 


Hence  the  loss  on 

^^^^^  ^800'°' 800 

pounds ; 

.-.     the  selling 

price 

a;2 
is  a:  -  g^  pounds. 

Hence 

a-2 
--800  =  72, 

or 

x2 

-800:^  +  57600  =  0; 

that  is, 

(a 

;-80)(x-720)  =  0; 

.-.     a;  =  80,  or  720; 

,-100 


and  each  of  these  values  will  be  found  to  satisfy  the  conditions  of 
the  problem.     Thus  the  cost  is  either  £80,  or  £720. 

Example  3.  A  cistern  can  be  filled  by  two  pipes  in  33^  minutes  ; 
if  the  larger  pipe  takes  15  minutes  less  than  the  smaller  to  fill  the 
cistern,  find  in  what  time  it  will  be  filled  by  each  pipe  singly. 

Suppose  that  the  two  pipes  running  singly  would  fill  the  cistern 
in  X  and  a; -15  minutes.      When   running  together  they  will  fill 

[  -A I  of  the  cistern  in  one  minute.     But  they  fill  — -    ~~ 

Wx-\5j  ^       m\ 

of  the  cistern  in  one  minute. 

Hence  -  a —  =  -1—, 

a;     a; -15     100 

100(2a:-15)  =  3a:(x-15), 
3x2 -245a; +  1500  =  0, 
(a;-75)(3a;-20)  =  0; 

.•.    x=75,  or6|. 
Thus  the  smaller  pipe  takes  75  minutes,  the  larger  60  minutes. 
The  other  solution  6f  is  inadmissible. 

Example  4.  By  rowing  half  the  distance  and  walking  the  other 
half,  a  man  can  travel  24  miles  on  a  river  in  5  hours  with  the  stream, 
and  in  7  hours  against  the  stream.  If  there  were  no  current,  the 
journey  would  take  5|^  hours :  find  the  rate  of  his  walking,  and 
rowing,  and  the  rate  of  the  stream. 
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Suppose  that  the  man  walks  x  miles  per  hour,  rows  y  miles  per 
hour,  and  that  the  stream  flows  at  the  rate  of  z  miles  per  hour. 

With  the  current  the  man  rows  y  +  z  miles,  and  against  the 
current  y -z  miles  per  hour. 

Hence  we  have  the  following  equations  : 

-  +  -^-5 (1), 

X     y  +  z 

TO  lO 

^%-^=^ <^'' 

^^^=5| (3). 

From  (1)  and  (3)  by  subtraction, =  ^5 W* 

^    '  ^    '      J  '  y      y  +  z      18 

Similarly,  from  (2)  and  (3)  J__l  =  i  (5). 

y-z     y    9 

From  (4)  \^z  =  y(y  +  z) .....(6); 

and  from  (5)  9z  =  y{y-z) (7). 

From  (6)  and  (7)  by  division,  -  =  ^^T~  ' 

whence  y  =  3z ; 

:.    from  (4)  2  =  li  ;  and  hence  y  =  4^,  a;  =  4. 

Thus  the  rates  of  walking  and  rowing  are  4  miles  and  4|-  miles 
per  hour  respectively  ;  and  the  stream  flows  at  the  rate  of  1^  miles 
per  hour. 

EXAMPLES    XXVII. 

1.  Find  a  number  whose  square  diminished  by  119  is  equal  to 
ten  times  the  excess  of  the  number  over  8. 

2.  A  man  is  five  times  as  old  as  his  son,  and  the  sum  of  the 
squares  of  their  ages  is  equal  to  2106  :  find  their  ages. 

3.  The  sum  of  the  reciprocals  of  two  consecutive  numbers  is 

— - :  find  them. 
56 

4.  Find  a  number  which  when  increased  by  17  is  equal  to  60 
times  the  reciprocal  of  the  number. 

5.  Find  two  numbers  whose  sum  is  9  times  their  difierence,  and 
the  diflference  of  whose  squares  is  81. 
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6.  The  sum  of  a  number  and  its  square  is  nine  times  the  next 
highest  number  :  find  it. 

7.  If  a  train  travelled  5  miles  an  hour  faster  it  would  take  one 
hour  less  to  travel  210  miles  :  what  time  does  it  take? 

8.  Find  two  numbers  the  sum  of  whose  squares  is  74,  and  whose 
sum  is  12. 

9.  The  perimeter  of  a  rectangular  field  is  500  yards,  and  its 
area  is  14400  square  yards  :  find  the  length  of  the  sides. 

10.  The  perimeter  of  one  square  exceeds  that  of  another  by  100 
feet  ;  and  the  area  of  the  larger  square  exceeds  three  times  the  area 
of  the  smaller  by  325  square  feet :  find  the  length  of  their  sides. 

11.  A  cistern  can  be  filled  by  two  pipes  running  together  in 
22i-  minutes  ;  the  larger  pipe  would  fill  the  cistern  in  24  minutes 
less  than  the  smaller  one  :  find  the  time  taken  by  each. 

12.  A  man  travels  108  miles,  and  finds  that  he  could  have  made 
the  journey  in  4^  hours  less  had  he  travelled  2  miles  an  hour  faster  : 
at  what  rate  did  he  travel  ? 

13.  •  I  buy  a  number  of  cricket  balls  for  £5  ;  had  they  cost  a 
shilling  apiece  less,  I  should  have  had  five  more  for  the  money  :  find 
the  cost  of  each. 

14.  A  boy  was  sent  out  for  a  shilling's  worth  of  eggs.     He  broke 

3  on  his  way  home,  and  his  master  therefore  had  to  pay  at  the  rate 
of  a  penny  more  than  the  market  price  for  5.  How  many  did  the 
master  get  for  a  shilling? 

15.  What  are  eggs  a  dozen  when  two  more  in  a  shilling's  worth 
lowers  the  price  a  penny  per  dozen  ? 

16.  A  lawn  50  feet  long  and  34  feet  broad  has  a  path  of  uniform 
width  round  it ;  if  the  area  of  the  path  is  540  square  feet,  find  its 
width. 

17.  A  hall  can  be  paved  with  200  square  tiles  of  a  certain  size ; 
if  each  tile  were  one  inch  longer  each  way  it  would  take  128  tiles : 
find  the  length  of  each  tile. 

18.  In  the  centre  of  a  square  garden  is  a  square  lawn  ;  outside 
this  is  a  gravel  walk  4  feet  wide,  and  then  a  flower  border  6  feet 
wide.  If  the  flower  border  and  lawn  together  contain  721  square 
feet,  find  the  area  of  the  lawn. 

19.  By  lowering  the  price  of  apples  and  selling  them  one  penny 
a  dozen  cheaper,  an  applewoman  finds  that  she  can  sell  60  more 
than  she  used  to  do  for  os.  At  what  price  per  dozen  did  she  sell 
them  at  first  ? 

20.  Two  rectangles  contain  the  same  area,  480  square  yards. 
The  difi"erence  of  their  lengths  is  10  yards,  and  of  their  breadths 

4  yards  :  find  their  sides. 
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21.  There  is  a  number  between  10  and  100  ;  when  multiplied  by 
the  digit  on  the  left  the  product  is  280  ;  if  the  sum  of  the  digits 
be  multiplied  by  the  same  digit  the  product  is  bb  :  required  the 
number. 

22.  A  farmer  having  sold  at  lbs.  a  head,  a  flock  of  sheep  which 
cost  him  X  shillings  a  head,  finds  that  he  has  realised  x  per  cent, 
profit  on  his  outlay  :  find  x. 

23.  A  tradesman  bought  a  number  of  yards  of  cloth  for  £5  ;  he 
kept  5  yards  and  sold  the  rest  at  2-5.  per  yard  more  than  he  gave, 
and  got  £1  more  than  he  originally  spent :  how  manv  yards  did  he 
buy? 

24.  If  a  carriage  wheel  14|^  ft.  in  circumference  takes  one  second 
more  to  revolve,  the  rate  of  the  carriage  per  hour  will  be  2^  miles 
less  :  how  fast  is  the  carriage  travelling  ? 

25.  A  broker  bought  as  many  railway  shares  as  cost  him  £1875  ; 
he  reserved  15,  and  sold  the  remainder  for  £1740,  gaining  £4  a  share 
on  their  cost  price.     How  many  shares  did  he  buy  ? 

26.  ^  and  B  are  two  stations  300  miles  apart.  Two  trains  start 
simultaneously  from  A  and  B,  each  to  the  opposite  station.  The 
train  from  A  reaches  B  nine  hours,  the  train  from  B  reaches  A  four 
hours  after  they  meet ;  find  the  rate  at  which  each  train  travels. 

27.  A  train  A  starts  to  go  from  P  to  Q,  two  stations  240  miles 
apart,  and  travels  uniformly.  An  hour  later  another  train  B  starts 
from  P,  and  after  travelling  for  2  hours,  comes  to  a  point  that  A 
had  passed  45  minutes  previously.  The  pace  of  B  is  now  increased 
by  5  miles  an  hour,  and  it  overtakes  A  just  on  entering  Q.  Find 
the  rates  at  which  they  started. 

28.  A  cask  P  is  filled  with  50  gallons  of  water,  and  a  cask  Q  with 
40  gallons  of  brandy  ;  x  gallons  are  drawn  from  each  cask,  mixed 
and  replaced  ;  and  the  same  operation  is  repeated.  Find  x  when 
there  are  8-g-  gallons  of  brandy  in  P  after  the  second  replacement. 

29.  Two  farmers  A  and  B  have  30  cows  between  them  ;  they  sell 
at  different  prices,  but  each  receives  the  same  sum.  If  A  had  sold 
his  at  5's  price,  he  would  have  received  £320  :  and  if  B  had  sold  his 
at  ^'s  price,  he  would  have  received  £245.     How  many  had  each? 

30.  A  man  arrives  at  the  railway  station  nearest  to  his  house 
l|-  hours  before  the  time  at  which  he  had  ordered  his  carriage  to 
meet  him.  He  sets  out  at  once  to  walk  at  the  rate  of  4  miles  an 
hour,  and,  meeting  his  carriage  when  it  had  travelled  8  miles, 
reaches  home  exactly  1  hour  earlier  than  he  had  originally  expected. 
How  far  is  his  house  from  the  station,  and  at  what  rate  was  his 
carriage  driven? 

K.A.  P 


214  ALGEBRA.  [chap,  xxvii, 

31.  /*  is  a  point  in  a  line  ^JS  of  length  a.  Find  AP  when 
AB  .  BP  =  AP^.     Explain  both  solutions. 

32.  If  a  straight  line  6  cm.  in  length  is  divided  internally  so  that 
the  rectangle  contained  by  the  whole  and  one  part  is  equal  to  the 
■quare  on  the  other  part,  find  the  segments  of  the  line  to  the  nearest 
millimetre. 

33.  A  line  AB  is,  produced  to  P  so  that  AB .  AP  =  BP^  If 
AB  =  8  cm.,  find  the  lengths  oi  AP  and  BP  to  the  nearest  milli- 
metre. 

34.  If  a  line  AB  oi  any  length  is  divided  externally  as  in  the 
last  Example,  shew  that 

(i)     AB^  +  AP^=3BP^-',  (ii)     UB  +  APf  =  5BP^. 

35.  A  line  AB  is  produced  to  P  so  that  BP^=2AB^.  If 
AB  =  3'5  cm.,  find  ^P  to  the  nearest  millimetre. 

36.  Find  a  point  P  in  a  straight  line  AB  so  that 

AP{AP-BP)  =  BP^. 

If  AB  =  4l'2  era.,  find  AP  and  BP  to  the  nearest  millimetre.     By 
substituting  these  values  verify  the  truth  of  the  given  relation. 

37.  Divide  a  straight  line  13  centimetres  long  into  two  parts  so 
that  the  rectangle  contained  by  them  may  be  equal  to  36  square 
centimetres. 

38.  Justify  the  following  graphical  solution  of  the  previous 
Example  : 

On  AB,  a,  line  13  cm.  in  length,  describe  a  semicircle.  At  A 
draw  AP  perpendicular  to  ^^  and  6  cm.  in  length;  through  P 
draw  a  line  PQR  to  cut  the  semicircle  in  Q  and  R ;  draw  QX,  RY 
perpendicular  to  AB.  Then  AB  is  divided  as  required  either  at  X 
or  Y.  Verify  the  algebraical  solution  of  Example  37  by  actual 
measurement. 

39.  Solve  the  following  equations  graphically,  taking  a  centimetre 
as  unit  and  giving  the  roots  to  the  nearest  millimetre. 

(i)     xO-x)  =  \2',  (ii)     :c2_iia;  +  30=0; 

(iii)    re— 6a; +  4=0;  (iv)    a;2+13=8a;. 


CHAPTER    XXVIII. 

Harder  Factors. 

210.  In  Chapter  xvii,  we  have  explained  several  rules  for 
resolving  algebraical  expressions  into  factors  ;  in  the  present 
chapter  we  shall  continue  the  subject  by  discussing  cases  of 
greater  diSculty. 

211.  By  a  slight  modification  some  expressions  admit  of 
being  written  in  the  form  of  the  difi'erence  of  two  squares,  and 
may  then  be  resolved  into  factors  by  the  method  of  Art.  133. 

Example  1.     Resolve  into  factors  x^  +  xhj^  +  y^. 
ic^  +  X  V  +  y^  =  (a^  +  2a;  V  +  2/^)  -  ^^'^ 

=  {x^ + y^  +  xy)  {x"^  +  2/^  -  xy) 
=  {x^  +  xy  +  y^)  {x^  -xy  +  y^). 

Example  2.     Resolve  into  factors  x^-lox^y-  +  9y^. 

x^  -  \5xh/'^  +  9y^  =  (a:^  -  Ga:^^  +  Gy^)  -  9a;V 
=  (a;2-3y2)2_(3a:y)2 
=  (a:2  _  3^2  +  3^)  (^2  _  3^2  _  ^^^y 

212.  Expressions  which  can  be  put  mto  the  form  ^±-3  may 

be  separated  into  factors  by  the  rules  for  resolving  the  sum  or 
the  difference  of  two  cubes.     [Art.  136.] 

Example  1.         1  -  276«=  f-Y  -  (3&2)3 

Example  2.     Resolve  oi^ ^-x?  +  -,  into  four  factors. 
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Exampie  3.     Resolve  a^  -  64a^  -  a^  +  64  into  six  factors. 

The  expression  =  a^{a^  -  64)  -  (a*^  -  64) 
=  (a«-64){aS-i) 

=  (a3  +  8)(a3-8)(a'-l) 

=  (a  +  2){a2-2a  +  4)(a-2)(a2  +  2a  +  4)(a-l)(a2  +  a  +  l). 

Example  4. 

a{a~\)x^-{a-h-\)xy-h{h  +  \)y'^={ax-{h  +  \)y]{[a-\)x  +  hy}. 

Note.  In  examples  of  this  kind  the  coefficients  of  x  and  y  in  the 
binomial  factors  can  usually  be  guessed  at  once,  and  it  only  remains 
to  verify  the  coefficient  of  the  middle  term, 

213.     From  Example  2,  Art.  52,  we  see  that  the  quotient  of 

a^  +  6^  +  c^  -  3a&c  by  a  +  h  +  c  is  a-  +  l>^-{-c^  —  hc  —  ca  —  ah. 

Thus    a3  +  63  +  ^3_3a5c  =  (a  +  6  +  c)(a2  +  62  +  c2-6c-ca-a^>)...(l). 

This  result  is  important  and  should  be  carefully  remembered. 
We  may  note  that  the  expression  on  the  left  consists  of  the  sum 
of  the  cubes  of  three  quantities  a,  6,  c,  diminished  by  3  times 
the  product  ahc.  \\T2enever  an  expression  admits  of  a  similar 
ari-angement,  the  above  formula  will  enable  us  to  resolve  it 
into  factors. 

Example  1.     Resolve  into  factors  a^-b^  +  c^  +  3ahc. 

a^-}^+(^  +  Sahc=a^  +  {-b)^+^-Sa{-b)c 

=  {a  -h  +  c){a^  +  h^  +  c^ +bc  -  ca  +  ab)f 
-  b  taking  the  place  of  b  in  formula  (1). 

Example  2. 

ar3-82/3-27-18ar^=:r3  +  (-2y)S  +  (-3)3-3x(-2y)(-3) 

=  (a;  -  2y  -  3)  (x2  +  4y2  +  9  -  6y  +  32; + 2a:y). 
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Resolve  into  factors : 


1. 

ar*+ 16x2 +  256. 

2. 

S\a^  +  %a^lfi  +  b\ 

3, 

x'  +  y^-lx^y'^. 

4. 

m*  +  n^-\^mH\ 

5. 

3i^~^xhf'^  +  y^. 

6. 

4ar^  +  V-93.T2ir2. 

7. 

47n^  +  9n*-24wV^. 

8. 

9ar4  +  4y4+llar^''^. 

9. 

ar»-19xV-  +  2V. 

vlO. 

16a^  +  M-28a262. 

XXVTII.]  HARDER  FACTORS.  217 

11.    ^-1.  12.    216.^4.  13.    ^^y^. 

Eeaolye  into  two  or  more  factors  : 

17.  x^  +  Sx}/-3:t^-y^.  18.     -tmw^  -  ^On^ -f  45«m2  -  Qm^. 

19.  a5(a:2  + 1)4.3.(32  + 52),  2O.     yh^x*-l)  +  ^y*-7*). 

21.  a'  +  (a  +  6)oa;  +  6a:2,  22.    pn{m^+l)-m{jj^+i^ 

25.  66a:(a2+l)- a  (4^:24.9^),       ^^     (2aa  +  3y2)z  +  (2a:24.3aa)y. 
w25.  ( 2:c2  -  3<22)  y  +  (2a2  _  3y2)  ^.^ 

26.  a(a-l)a^  +  (2a2-l)x  +  a(a-l). 

27.  3a:2_^4a  +  25)a:  +  a2  +  2a6. 

28.  2a2a:2_2(35-4<:)(6-c)y2  4.a5^, 

29.  (a2-3a  +  2)ar2  +  (2a«-4a  +  l)a:  +  a(a-l). 

30.  a(a  +  l)x2-^(a  +  6)a:y-6(&-l)y2. 

31.  t>^  +  (^-l  +  Sbc.  32.     a3^8<:3T-l-6<w. 
33.  a3  +  6^+8<:3_6a6<;.  34.     a^  -  276^  +  c^  +  9^  j^, 
35.  a3-63-c3-3a6<:.                      36.     Sa^  +  2n¥  +  c^-lSahc, 

o"  37.  Resolve  x^  -i-  81ar*  -i-  6561  into  three  factors, 

38.  Resolve  (a^  -  2^262  _  ^4)2  _  4^2>4  y^^^^  i^^  factors, 

39.  Resolve  4  (a6  +  c<f )2  -  (a^  +  52  _  ^.2  _  ^)2  i^^o  f o^j.  factors. 

40.  Resolve  ^  -  ^^z^x  into  four  factors, 

''41.     Resolve  ^^  -  y^^  into  five  factors. 
42.     Resolve  x^^  -  y^  into  six  factor*. 

Resolve  into  four  factors  : 
^43.     ^-8a:-fl3^8x».  44-     j^  +  Ji^y^  -  %:<^^  -  ^, 

45.     2:»  +  ^-r64;c^  +  64.  46.     4<z-96^^-^. 

72      32      9x2     4-  v*o-     -^    -oar-rDj    ^x". 

Resolve  into  five  factors  : 
»^49.     x'  +  J^-iax^-ie.  ^50.     16x7-81x^-16x*-i-8L 
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214.  The  actual  processes  of  multiplication  and  division  can 
often  be  partially  or  wholly  avoided  by  a  skilful  use  of  factors. 

It  should  be  observed  that  the  formulae  which  the  student 
has  seen  exemplified  in  the  preceding  pages  are  just  as  useful  in 
their  converse  as  in  their  direct  application.  Thus  the  formula 
for  resolving  into  factors  the  difference  of  two  squares  is  equally 
useful  as  enabling  us  to  write  down  at  once  the  product  of  the 
dum  and  the  difference  of  two  quantities. 

Example  1.     Multiply  2a  +  36-c  by  2a-36  +  c. 
These  expressions  may  be  arranged  thus  : 

2a  +  (3&-c)   and  2a-(36-c). 
Hence  the  product ={ 2a  +  (3&  -  c) }{ 2a  -  (3&  -  c) } 

=  (2a)2-(36-c)2  [Art.  133.] 

=  4a2-(962-66c  +  c2) 

=  4a2-96-2  +  66c-c2. 

Example  1,     Multiply  (a^  +  a  +  l)a:-a- 1  by  {a-\)x-a'^  +  a-\, 
Theproduct  =  {(a2  +  a  +  l)a;-(a  +  l)}{(a-l)a;-(a2_a  +  l)} 

=  (a3-l)a;2-{(a4  +  a2+l)  +  (a2-l)}a;  +  (a3  +  l) 
=  (a3-l)a;2-(a4  +  2a2)a;  +  a3+i 

=  {a^-\)x^-a\a'^  +  2)x  +  a^+l. 

Note  The  product  of  a'^  +  a  +  l  and  a^-a  +  l  is  a^  +  a^+i  and 
should  be  written  down  without  actual  multiplication. 

Example^.     Multiply  {'^  +  x-2x^f-{Z-x  +  2x'^f (1), 

by  {Z  +  x  +  2x^f-{Z-x-2x^f (2), 

The  expression  (1) 

=  (3  +  a;-2x2  +  3-cc  +  2ic2)(3  +  x-2.r2-3  +  a;-2a;2) 

=  6(2x-4a-2) 

=  12x(l-2x). 
The  expression  (2) 

=  (3  +  a;  +  2x2  +  3-a:-2x2)(3  +  a;-r2x2-3  +  x  +  2a^) 

=  6(2x  +  4.c2) 

=  12x(l+2a;). 
Therefore  the  product  =  12a; (1  -  2a,')  x  12x(l  +  2a;) 
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Example  4.     Divide  the  product  of  2xP^  +  a;  -  6,   and  6x'^  -  5a:  + 1 
by  3x^  +  oz-2. 

Denoting  the  division  by  means  of  a  fraction,  the  required  quotient 

_{2x'^-hx-6){6x^-ox-rl) 
~  3a:2^.5a._2 

_(2a;-3)(a;  +  2)(3cr-l)(2a;-l) 
(3a;-l)(x  +  2) 

=  (2a:-3)(2a;-l). 

Example  5.     Shew  that  {2x  +  Sy-zf  +  {3x  +  7y  +  z)^  is   divisible 
by  o(a;  +  2y). 

The  given  expression  is  of  the  form  A^  +  B^,  and  therefore  has  a 
divisor  of  the  form  A+B. 

Therefore  {2x  +  Sy-z)^-riSx  +  7y  +  zf 

is  divisible  by  (2x  +  3y  -  z)  +  (3a:  +  7y  +  z), 

that  is,  by  5x  +  10y, 

or  by  5(a:  +  2y). 

Example  6.     Find  the  quotient  when  a^-{-8-ob  (256^  -  6a) 
is  divided  by  a  -  56  +  2. 

The  expression  =  a^  +  8-  1256^  +  30a& 

=  a3  +  (-56)3  +  (2)3-3.a(-5?))(2) 

=  {a-56  +  2)(a2  +  25&2  +  4+106-2a  +  5a6). 

[Art.  213.] 

.'.  the  quotient  is     a-  +  256-  +  4  + 106  -  2a  +  5a6. 

Example  7.     If  a:  +  y  =  a,  and  x -y  =  h  shew  that 
4  (ar*  -  6xV  -f  y^)  =  Qa^U^  -a^-  h\ 
Qt^ -  6a^^2  +  y4^  (^  _  2a;2y2  +  ^4)  _  ^^^s^a 

=  (a:2_y2)0_  1(4^)2 

={(a:  +  y)(a:-y)}2-i{(a:^y)2-(x-y)=}« 

=  (aZ>)2-l(a2-62)2; 

.-.     4  (a:*  -  6a:V  +  y^)  =  4a262  -  (a^  -  62)2 
=  6a262_a4_64. 
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EXAMPLES  XXVni.  b. 

Find  the  product  of 

1.  2x-'Jy  +  Zz  and  2x  +  ly-Zz. 

2.  3x2-4x?/  +  7y2  and  ^x^  +  ^xy  +  ^ly^. 

3.  5a;2  +  5a;y-9y2  and  bx'^-bxy -9if. 

4.  7x2-8x2/  +  3y2  and  lo^  +  ^xy-^if. 

5.  3?  +  2xhj-T2xy'^'+y^  and  7? -Ix^y^'lxy^-y^. 

6.  (a;  +  y)2  +  2(x  +  y)  +  4  and  (a;  +  y)2-2(a;  +  2/)  +  4. 

7^     (l  +  a;  +  2a;2)2_(i_x-2a;2)2  and  (1 +x- 2x2)2 -  (1 -a;  +  2a~^)2. 

8.  (a2  +  3a-l)2-(a2-3a-l)2  and  {(x^^a^\f-{a?--a+\f. 

9.  a;3-4x2  +  8a;-8  and  x3  +  4ar2  +  8a;  +  8. 

10.  y?  -  6aa;2  +  l^a^x  -  Tla?  and  x^  +  Gax^  +  ISa^x  +  27a3, 

11.  x-a and  x  +  aH . 

ax  ax 

12.  (2x2  +  3a:  + 1)2- (2x2 -Sx- 1)2  and  {x^-^^x-2f-{7?-^x^-'lf. 

Find  the  continued  product  of 

13.  x2  +  ax  +  a2,  x2-ax  +  a2,  x4-a2x2  +  a*. 

14.  1-X  +  X2,    1+X  +  X2,    1-X2  +  X^,    l-X^  +  X^. 

15.  (a-x)3,  (a  +  x)3,  (a2  +  x2)3. 

16.  (l-x)2,  (l  +  x)2,  (l+x2)2,  (l+a:4)2. 

17.  x2  +  4x  +  3,  x2  +  x-2,  x2-5x  +  6. 

18.  x2  +  2x-3,  x2-5x  +  6,  x2  +  3x  +  2. 

19.  x  +  2,  x2  +  2x  +  4,  x-2,  x2-2x  +  4. 

20.  Multiply  the  square  of  a  +  36  by  a2  -  6a6  +  962. 

21.  Multiply  ^  (a  -  6)2  + 1  (6  -  c)2  + 1  (c  -  a)2  by  a  +  6  +  c. 

22.  Divide  (4x  +  3y  -  2z)2  -  (3x  -  2y  +  3z)2  by  x  +  5t/-5z. 

23.  Divide  x^  + 1  Ga^x^  +  256a8  by  x2  +  2ax  +  4a2. 

24.  Divide  (3x  +  4y  -  2z)2  -  (2x  +  3y  -  42)2  ^y  x  +  y  +  2z. 

25.  Divide  the  product  of  x2  +  7x  +  10  and  x  +  3  by  x2  +  5x  +  6. 

26.  Divide  2x  (x2  -  1)  (x  +  2)  by  x2  +  x  -  2. 

27.  Divide  5x(x-ll)(x2-x-156)  by  x^  +  x^-lSSx. 
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28.  Divide  a:«  +  19a;*-216  by  {x'^-3x  +  9){x-2). 

29.  Divide  {5x^-3x-6)'^-{2x^-7x  +  9T-  by  the  product  of  3x-5 

and  x-t3. 

30.  Divide  a^  -  h^  by  the  product  of  a-^ab^  IT-  and  a«  +  a^  +  6«. 

31.  Divide  {x^-3x'^yf-{3xy'^-y^f  by  {x-yf, 

32.  Divide  {x^-yzf  +  ^yH^  by  x^  +  yz. 

33.  Divide  ISxy  + 1  +  2l7^  -%y^  hy  \  +  3x-  2y. 

34.  Divide  {27^  +  3x-lf-{x^  +  ^x  +  bf  by  the   product  of   3a: +  4 

and  x  +  2. 

35.  Divide   the   product   of   6a2-23a-^20   and   22<i2-81a  +  U   by 

33a2-50a  +  8. 

36.  Divide   the   product   of   x^  +  {a-h)x-(xb  and  x'^-{a-h)x-a.h 

by  a;2  +  (a  +  &)  a;  +  a6. 

37.  Divide  a?-^y^-  9x  (Sa;^  ^.  2ay )  by  a  -  3a;  -  2y. 

38.  Divide  21 -^u^ -Uy^-'12xy  by  3-2(a;  +  22/). 

39.  Shew  that  {2x-3y  +  \f-{l-3x^ 2yf  is  divisible  by  5 (a: - y). 

40.  Shew  that  the  square  of  a;  + 1  exactly  divides 

{a^  +  x''~  +  4)3  -  (x3  _  2x  +  3)3. 

41.  Shew  that  26  +  2c?  is  a  factor  of  the  expression 

{a  +  h  +  c  +  df-{a-h-vc-df. 

42.  Shew  that  {Zx'*--lx  +  2f -{3^-%x  +  ^f  is  divisible  by  2a- -3 

and  by  x  +  2. 

43.  Shew  that  (7a,-2  +  3a;-3)3  +  (5ar^-4r-3)3  is  divisible  by  4a- -3 

and  by  3a; +  2. 

44.  Shew  that  the  sum  of  the  cubes  of  2a:-  -  oar  -  9  and  a:^  +  6a:  -  5 

is  divisible  by  the  product  of  3a;  +  7  and  a:  -  2. 

45.  If  x  +  y  =  m  and  x-y  =  n,  express  cc^  +  y^  iji  terms  of  m  and  n. 

46.  If  a;  +  y  =  772  and  x-y  =  n,  shew  that 

16  {X*  -  lu^y"^  +  y^)  =  (5m2  -  n^)  (57i2  -  m"^). 

47.  Find  the  value  of  x^  +  x^y'^  +  y^  when  x  +  y  =  2a,  x-y  =  2b. 

48.  If  a;  +  y  =  2a  and  a;- z/  =  26  prove  that 

a^  -  23xY  +  3/^  =  (7a2  -  3?>2)  {Ib"^  -  Za% 

49.  Find  the  value  of  x*-47x^^  +  y*  in  terms  of  p  and  q  when 

x  +  y=p  and  x-y  =  q. 

50.  Find    the    value    of    x^-2x^y  +  2xy^-y*    when    x  =  a  +  h    and 

y  =  a-b. 


CHAPTER  XXIX. 

Miscellaneous  Theorems  and  Examples. 

215.  Examples  upon  the  simple  rules,  e.g.  Division,  Highest 
Common  Factor,  Evolution,  etc.,  frequently  occur  which  cannot 
be  neatly  and  concisely  worked  without  a  ready  use  of  factors 
and  compound  expressions.  These  we  have  hitherto  excluded 
as  unsuitable  for  the  student  until  he  has  gained  confidence  and 
power  by  practice.  We  propose  in  the  present  chapter  to  bring 
together  a  miscellaneous  collection  of  examples,  for  the  most 
part  not  new  in  principle,  but  requiring  some  skill  for  their 
solution.  The  chapter  will  be  found  useful  as  a  revision  of  the 
earlier  chapters. 

Example.     Divide 
ax^-{ap-h)3^  +  {aq-hp-c)x^-\-(bq-Vcp)x-cq  by  aoc^  +  lx-c. 

aai^+hx-  c\a3d^  -  {ap  -h)3^  +  {<iq  -hp  -c)3i?-'r{hq  +  cp)x-cq\x^-px+q 
I  aa^  +  hx^  -  cx^       1 

-ap3^  +  {aq-hp)x'^  +  {hq  +  cp)x 
-  ap7?  -  hpx^  +  cpx 

aqoiP'  +  hqx  -  cq 

aqx^  +  hqx  -  cq 

Note.  When  the  coefficients  Lu  divisor  or  dividend  are  compound 
quantities  it  is  best  to  retain  them  in  brackets  throughout  the  work. 

216.  In  the  process  of  finding  the  highest  common  factor, 
by  the  rules  explained  in  Cliap.  xviii.,  every  remainder  that 
occurs  in  the  course  of  the  work  contains  the  factor  we  are 
seeking.  Hence  when  any  one  of  the  remainders  admits  of 
being  resolved  into  factors,  we  may  often  shorten  the  work. 

Example  1.  Find  the  H.C.F.  of  2^? -{^-Zc)x?  +  Q{h-ac)x  +  %c 
and  2x^  +  {2a  +  Zc)x^  +  {^ac-Ab)x-Qhc. 

2a:3  -  (4a -3c):r2  +  6(6  -  a<:)x  +  96c|22:3  +  (2a  +  3c)x2  +  (3ac -46)a;  -  66cjl 

6aa:2-^(9ac-10&)a:-156c 

Now  the  remainder  =  6a.r2  +  Qacx  -  IQbx  -  lobe 
=  Sax{2x  +  3c)  -  56  {2x  +  Be) 
-{2x+Zc){3ax-5b). 
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Of  these  factors,  Sax -oh  may  clearly  be  rejected;  therefore  if 
there  is  a  common  factor  it  must  be  2^:  -}-  Sc.  And  by  division,  or  by 
the  method  explained  in  Art.  152,  \re  find  that  2a;  +  3c  is  a  factor  of 
each  expression. 

Hence  the  H.G.F.  is  2a;  +  3o. 

Example  2.  Find  the  H.C.F.  of  (a- -2a)x^  +  2{2a-l)x - a-  +  l 
ind  {a^-a-2)a^  +  {'ia  +  l)x-a" -a. 

Each  of  these  expressions  can  be  resolved  into  factors  as  explained 
in  Art.  212,  Ex.  4.     Thus 

(a^-2a)x^  +  2{2a-l)x-a^  +  l  =  a{a-2)a^  +  2{2a-l)x-(a  +  l)(a-l) 

=  {{a-2)x^ia+l)}{ax-{a-l)}. 

ia^-a-2)x^  +  {^a  +  l)x-a--a  =  {a-2){a  +  l)x^  +  {4a  +  l)x-a{a  +  l) 

=  {{a-2)x  +  {a  +  l)}{{a  +  l)x-a}. 
Hence  the  H.C.F.  is         (a-2)a:  +  a  +  L 

EXAMPLES  XXIX.  a. 
Divide 

1.  x^  +  {a  +  h  +  c)x^  +  {be  +  ca  +  ah)x  +  abc  by  x^  +  {a-rh)x-rah. 

2.  x^-{5  +  a)x^  +  {'i:  +  5a  +  b)x^-(4^  +  ob)x-i-4h  by  x^-ox-i-A. 
a     s^-{a-b)a^-{a:b  +  2U^)x  +  2ab^  hj  x-h. 

4.  3^-{i^  +  Sq^)x  +  2p^q-2^  by  x+p  +  q. 

5.  x^-  [Smn  +n^)x  +  m  {rr?  -n^)  by  x  +  m-k-n, 

6.  a(a  -  l)a:2  +  (2a2 -1)  a:  +  a  (a +1)  by  (a-l)a:  +  a. 

7.  ar*  +  (a  +  6)a:3  +  (ot2  +  a^^.^)a:2^.(a3  +  63)a;  +  a2&2  by  x^-^ax-\-}^. 

8.  2J}7?-2{Sm-^n)[m-n)y-  +  lmxy  by  lx  +  2{m-n>(y. 

9.  (a2  +  a-2)a:2-(2a  +  l)a:i/-(a2  +  a)y2  by  (a-l)a:-ay. 

10.  ^-{a-h-2)o?-[ah  +  2a-2b)x-2ab  by  (a;-a)(a:  +  2). 

11.  (a:  +  l)8  +  4(a:  +  l)6  +  6(ar-f-l)*  +  4(a;  +  l)2  +  l  by  a:2  +  2a;  +  2. 

12.  (OT  +  l)(6a:  +  a7i)?>2x2-(n+l)(m6a;  +  o)a2  by  bx-a. 

Find  the  H.C.F.  of 

13.  (m2-3m  +  2)2r^  +  (2m2-4m+l)a:  +  7n(7n-l)  and 

m{m-  l)x^-{-{27nr-  l)x  +  m{r/i  +  l). 

14.  mpx^  +  {mq  -  np)  x^  -  (mr  +  nq)  X -h  nr  SLud 

may?  -  {mc  +  na)  or  -  {mb  -  nc)  x  +  nb. 

15.  2ap^  +  {Za-2b)r^q  +  (a-Sb)pq--b(f  and 

Zap^  -{a  +  mp'^q  +  (2a  +  b)pq'^  -  2bq^. 

16.  acx^  +  {bc  +  ad)x^  +  {bd  +  ac)x  +  bc  and 

2aca:3  +  (26c  -ad)x^-  (3ac  +  6rf)  x  -  36c-. 
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Find  the  H.C.F.  of 

17.  2a'^a^-{4tb  +  3)ax-  +  2(Sh-ac)x  +  Zc  and 

2a2a;3  +  (26  -  3) ax^  -  (4ac  +  3b)x  +  6c. 

18.  2ax3  +  (4a2-l)6a:2-(2a?>2  +  3c)a;-6a6c  and 

ax^-{3-  2a2)  ftx^  +  (2c  -  6ab^)  x  +  4abc. 

Find  the  L.C.M.  of 

19.  x*-px^  +  {q-l)x'^+px-q  and  x* -qxi^  +  {p-l)x^  +  qx-p. 

20.  i9(i9  +  l)x2  +  a:-p(/)-l)  and  p(jo  +  2)x2  +  2a:-_»2  +  i. 

21.  {a^-5a  +  6)x^  +  2ia-l)x-a{a  +  l)  and 

a(a-3)a:2+12x-(a  +  l)(a  +  4). 

217.  We  add  some  miscellaneous  questions  in  Evolution. 
The  fourth  root  of  an  expression  is  obtained  by  extracting  the 

square  root  of  the  square  root  of  the  expression. 

Similarly  by  successive  applications  of  the  rule  for  finding 
the  square  root,  we  may  find  the  eighth,  sixteenth  ...root.  The 
sijcth  root  of  an  expression  is  found  by  taking  the  cube  root  of 
the  square  root,  or  the  square  root  of  the  cube  root. 

Similarly  by  combining  the  two  processes  for  extraction  of 
cube  and  square  roots,  certain  other  higher  roots  may  be 
obtained. 

Example  L     Find  the  fourth  root  of 

Sla:^  -  216a:3y  +  216.rV  -  96a:y3  +  I6y4. 

Extracting  the  square  root  by  the  rule  we  obtain  9x^  -  12xy  +  4y^; 
and  6y  inspection,  the  square  root  of  this  is  3a;  -  2y, 

which  is  the  required  fourth  root. 
Example  2.     Find  the  sixth  root  of 

(.4y-a(.-i)(.4).9(.-iy. 

By  inspection,  the  square  root  of  this  is 
which  may  be  written         x^  -  3x  H 5  ; 

X      XT 

and  the  cube  root  of  this  is       x--, 

X 

which  is  the  required  sixth  root. 

218.  In  Chap.  vi.  we  have  given  examples  of  inexact  division. 
In  a  similar  manner  when  an  expression  is  not  an  exact  square 
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or  cube,  we  may  perform  the  process  of  evolution,  and  obtain  aa 
many  terms  of  the  root  as  we  please. 

Example.     To  find  four  terms  of  the  square  root  of  1  +  2a;  -  2a?. 


1  +  2a;  -  2x2  ^1  +  a;  -  |a^2 + |a;3 


2+x 


2+2x-'^sc^ 


2x-2a? 
2a;  +  ar^ 

-3^ 


-Sx-'~Sa^+~x* 
4 


2+2x-3a?+^a? 


Sjc^-ja;* 
4 

3x^  +  3x*-%x^  +  ^afi 
2         4 

"T^+2*^-4^- 

3        3 

Thus  the  required  result  is  l  +  x~~ot^  +  -xl^. 

*219.  In  Art.  124  we  pointed  out  the  similarity  between  the 
arithmetical  and  algebraical  methods  of  extracting  square  ajid 
cube  roots.  We  shall  now  shew  that  in  extracting  either  the 
square  or  the  cube  root  of  any  number,  when  a  certain  number 
of  figures  have  been  obtained  by  the  common  rule,  that  number 
may  be  nearly  doubled  by  ordinary  division. 

*"220.  If  the  square  root  of  a  number  consists  of  2n  + 1  jlgures, 
when  the  first  n+1  of  these  have  been  ohtained  hy  the  ordinary 
method^  the  remaining  n  may  be  obtained  by  division. 

Let  iV  denote  the  given  number  ;  a  the  part  of  the  square 
root  already  found,  that  is  the  first  n-\-\  figures  found  by  the 
common  rule,  with  n  ciphers  annexed  ;  x  the  remaining  part  of 
the  root. 

Then  ^N=a-irx\ 

:.     #=a2  +  2a^+zc2; 


N'-a^_       3? 
~^^~^'^2a 


.(1). 


Now  N—d^  is  the  remainder  after  w+l  figures  of  the  root, 
represented  by  a,  have  been  found  ;  and  2a  is  the  divisor  at  the 
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same  stage  of  the  work.    We  see  from  (1)  that  ^V-  a^  divided  by 

2a  gives  a:,  the  rest  of  the  quotient  required,  increased  by  — » 

We  shall  shew  that  .5-  is  a  proper  fraction,  so  that  by  neglecting 

the  remainder  arising  from  the  division,  we  obtain  x,  the  rest  of 
the  root. 

For  a;  contains  n  figures,  and  therefore  x^  contains  2n  figures 
at  most ;  also  a  is  a  number  of  2?i  + 1  figures  (the  last  n  of  which 
are  ciphers)  and  thus  2a  contains  2n+l  figures  at  least;  and 

therefore  5—  is  a  proper  fraction. 

From  the  above  investigation,  by  putting  n=l,  we  see  that 
tvjo  at  least  of  the  figures  of  a  square  root  must  have  been  ob- 
tained in  order  that  the  method  of  division,  which  is  employed  to 
obtain  the  next  figure  of  the  square  root,  may  give  that  figure 
correctly. 

Example.     Find  the  square  root  of  290  to  five  places  of  decimals. 

296(17-02 
1 

27  1 190 
!189 


3402      i 10000 
'   6804 

3196 
Here  we  have  obtained  four  figures  in  the  square  root  by  the 
ordinary  method.     Three  more  may  be  obtained  by  division  only, 
using  2  X  1702,  that  is  3404,  for  divisor,  and  3196  as  remainder.    Thus 

3404)31960(938 
30636 

13240 
10212 

30280 
27232 

3048 

And  therefore  to  five  places  of  decimals  \/290=  17 '02938. 

When  the  divisor  consists  of  several  digits,  the  method  of  con- 
tracted division  may  be  employed  with  advantage. 

Again,  it  may  be  noticed  that  in  obtaining  the  second  figure  of 
the  root,  the  division  of  190  by  20  gives  9  for  the  next  figure ;  this  is 
too  great,  and  the  figure  7  has  to  be  obtained  tentatively.  This  is 
one  of  the  modifications  of  the  algebraical  rule  to  which  we  referred 
in  Art.  124. 
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*221.  If  the  cube  root  of  a  number  consists  of  2n  + 2  figures, 
when  the  first  n  +  2  of  these  have  been  obtained  by  the  ordinary 
method,  the  remaining  n  may  be  obtained  by  division. 

Let  N  denote  the  given  number  ;  a  the  part  of  the  cube  root 
already  found,  that  is  the  first  n  +  2  figures  found  by  the  common 
rule,  with  n  ciphers  annexed  ;  x  the  remaining  part  of  the  root. 

Then  4/J^=a+^  ; 

.-.     N=  a^  +  ^a-x + Zax"^  +  ^  ; 

.-.     -^r^^:c-\-  —  -^—, (1) 

3a-  a      3«-  ^  ^ 

Now  X—a^  is  the  remainder  after  7? +  2  figures  of  the  root, 
represented  bv  a,  have  been  found  ;  and  3a-  is  the  divisor  at  the 
same  stage  of  the  work.  "We  see  from  (1)  that  N—a}  divided 
by  Za^  gives  x,  the  rest  of  the  quotient  required,  increased  by 

— h  ^-o-     "^e  shall  shew  that  this  expression  is  a  proper  fraction, 

so  that  by  neglecting  the  remainder  arising  from  the  division, 
we  obtain  x,  the  rest  of  the  root. 

By  supposition,  x  is  <  10",  and  «  is  >  10-""^^ ; 

.1-2  .  10-"        ,       .  1 

•••     -^is<^Q^:  thatis,<-; 

,  .r2      x'i   .         1  1 

^^"^^  ^-3ir^^^<  10-3^10^^' 

and  is  therefore  a  proper  fraction. 


EXAMPLES  XXIX.  b. 

Find  the  fourth  roots  of  the  following  expressions 

1.  x^-  282:3  +  294r2  -  1 372:c  +  2401 . 

3-^    -^4      8       1 

2.  16--  +  4--3-f— 4. 

m     m^    mf    m^ 

3.  a^  -!-  Sa-^x  +  \%x^  +  Z^ay?  4-  24a-.c2 

4.  l+4.T  +  2.T2-8x3_5a;4^8i-5  +  2x6-4x"4-xS. 

5.  1  +  8x  +  20.r"  +  8x-  -  26a;-»  -  Sx^  -f  20.r'5  -  Sx^  +  y^. 
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Find  the  sixth  roots  of  the  following  expressions  : 

6.  l+6x  +  15x^  +  2Qx^+l5xf^  +  6x^  +  xf^. 

7.  yfi-  12ax^  +  2iOa'hc^  -  1 92a^x  +  GOa^ar*  -  leOa^x^  +  64a«. 

8.  a«  -  ISa^x  +  135a^  -  SiOaJ'a^  +  I2l5ah^  -  1458aar'  +  729a;6. 

Find  the  eighth  roots  of  the  following  expressions  : 

9.  x^-  Sx'^y  +  2Sx^y^  -  56x^y^  +  lOxY  -  SBa^y^  +  28a;V  "  Sa^y''  +  V^- 

10.  {3ii^+2(p-l)x3+{p^-2p-l)x^-2{p-l)x+l}^. 

Find  to  four  terms  the  square  root  of 

11.  l+x.  12.     i-2x.  13.     ^  +  2x.  14.     l-x-x:^. 
15.     a^-x.           16.     x'+a',          17.     a'^-Zs^-       18.     9a2  +  12tw. 

Find  to  three  terms  the  cube  root  of 

19.    x^-a^.  20.     S+x.  21,     -3  +  9a;. 

22.     l-6a;  +  21a:2^  23.     27a;«  -  27x^  -  18ar*^     24.     64  -  48a;  +  9ic2, 

Identities  and  Transfonnationa 

*222.  Definition.  An  identity  is  an  algebraical  statement 
which  is  true  for  all  values  of  the  lett/ers  involved  in  it. 

Examples.  a^  +  b^={a  +  b){a^-(ib  +  })^). 

si^  +  y^  +  z^-3xyz=:{x  +  y  +  z){ct^  +  i/^  +  z^-yz-zx-xy). 

*223.  An  identity  asserts  that  two  expressions  are  always 
equal ;  and  the  proof  of  this  equality  is  called  *'  proving  the 
identity."  The  method  of  procedure  is  to  choose  one  of  the 
expressions  given,  and  to  shew  by  successive  transformations 
that  it  can  be  made  to  assume  the  form  of  the  other. 

Example  1.     To  prove  that 

bc{b  -  c)  +  ca{c  -  a)  +  db(a  -h)=  -  {b  -  c){c  -  a)ia-b). 
The  first  side  =  bc{b-c)  +  c^a  -  ca^  +  a^b  -  a^ 

=  bc{b-c)  +  a^{b-c)-a{b^-<?) 

=  {b-c){bc  +  a^-a{b  +  c)] 

=  {b  -  c){bc  +  a^  -  ah  -  ac) 

=  {b-c){a{a-b)-c{a-b)\ 

=  (b  -  c){a  -b)(a  -c) 

—  -  {b  -  c)(c  -  a){a  -  b), 

ch&nging  the  signs  of  the  factor  a-c,  so  as  to  preserve  cyclic  order. 

[Compare  Art.  229,  Example  3.] 
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The  expression  on  the  left-hand  side  can  be  readily  put  in  the 
following  forms : 

a%b-c)  +  h^c-a)  +  c%a-b); 
--(a(?>2-c2)  +  fc(c2-a2)  +  c(a2-62)}. 
Henc€  we  have  the  following  results  : 

bcib  -  c)  +  ca{c  -  a)  +  ah{a  -b]=  -  {b  -  c){c  -  a){a  -h) ; 
a\b-c)  +  b^c-a)  +  c\a-b)=-{b-c){c-a){a-b)-, 
ci(62-c2)  +  6(c2-a2)  +  c(a2-fe2)  =  (6_c)(c-a)(a-6). 

These  identities  are  of  such  frequent  occurrence  that  they  should 
be  csurefully  noticed  and  remembered, 

Exampi£  2.     If  2s=a  +  b  +  c  prove  that 

1       J_     J 1^ a5c^ 

s-a    s-b    8-c    8~  8{8-a){s-b){s-c)' 

.  The  first  side=  (  —  +  —A  +  (  — -~) 

\8--a     8-bJ       \8-C     8/ 


'{8-a){s-b)    8{s-c) 
(8{8-c)  +  {8-a){s-bn 

\    8{8-a){8-b){8-c)   J 

_c{»^-cs  +  9^-a8-b8  +  ai} 
~       8{s-a){8-b){8-c) 
_c{2^-8(a  +  6  +  c)  +  afe} 

~       8{8~a){8-b){8-C) 

-—. TT TTT c,  for  5(a-r6  +  c)  =  s.  2s  =  2s2. 

8{8-a){8-b){8-C) 

i7ote.  Here  2s  is  a  convenient  abbreviation  of  a  +  b  +  c;  and  the 
reduction  is  much  simplified  by  working  in  terms  of  8  instead  of 
substituting  its  value  at  once.  In  examples  of  this  kind,  as  a  rule, 
the  student  should  avoid  substituting  as  long  as  the  work  can  be 
carried  on  in  terms  of  the  symbol  of  abbreviation. 

Example  Z.     If   a^  +  v?=2{xy+yz+zu~y'^-z'^) 
prove  that  x=y=z  =  u. 

By  transposing,  we  have 

3^-2xy  +  y'^  +  y^-2yzA  y^  +  z^-2zn+u-=0, 

or  (x~y)i  +  {y-z)i  +  [z-uf=0. 

S.A.  Q 
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Now  since  the  square  of  any  quantity  is  always  positive,  each  oi 
the  expressions  {x  -  y)"^,  {y  -  zf,  {z  -  uf  is  positive.  Hence  their  sum 
cannot  be  zero  unless  each  of  them  be  separately  equal  to  zero. 

.•.     x-y  =  \),   y-z  —  0,   z-u  =  0; 
or  x  =  y  =  z  =  u. 

Note.  The  student  should  be  careful  to  notice  the  difference 
between  the  conclusions  to  be  drawn  from  the  two  statements 

{x-ar  +  {y-hr-  =  0 (1), 

and  {x-a){y-h)=0 (2). 

From  (1)  we  infer  that  both  x-a  =  0  and  y  ~  o  =  0  simultaneously, 
while  from  (2)  we  infer  that  either  x-a  =  0  or  y-b  =  0. 

*  EXAMPLES  XXIX.  c. 

Prove  the  following  identities  : 

1.  b{x^  +  a^)  +  ax  {x^  -  a^)  +a^{x  +  a)  =  {a  +  b)  {x  +  a){x!^~ax  +  a^). 

2.  {ax  +  by)'^+{ay-bx)'^  +  c^x'^  +  c^y^={x^  +  y^){a'^  +  b^  +  c^). 

3.  {x  +  yf  +  3{x  +  y)h  +  S{x  +  y)z''-bz^ 

=  {x  +  zf  +  3{x  +  z)'^y  +  S{x  +  z)y^  +  y^. 

4.  {a  +  b  +  c)  {ab  +  bc  +  ca)  -  abc  =  (a  +  6)  (6  +  c)  (c + a). 

5.  {a  +  h  +  cf  -a{b  +  c-a)  -b{a  +  c -b)  - c{a  +  b - c)  =  2{a^  +  b'^  +  c% 

6.  {x~yf+{x  +  yf  +  3{x-yf{x  +  y)-^3{x  +  yf{x-y)  =  ^3(?. 

7.  x'^{y  -z)  +  y^{z-x)-\-  z^{x  -y)  +  {y-z){z-  x)  {x  -y)=0. 

8.  a^b-c)  +  bHc-a)+cHa-b)=  -  {b  -  c){c-  a){a-b){a-\-b  +  c). 

9.  If  x  +  y  +  z  =  0,  prove  that  sc^  +  y^  +  z^  =  3xyz. 

10.  Prove  that  {b-cf+{c-af  +  {a-bf  =  S(b-c){c-  a)  (a  -  b). 

It2s  =  a  +  b  +  c,  shew  that 

11.  (s--a)2  +  (s-6)2+(s-c)2  +  «2  =  a2  +  62  +  c2„ 

12.  (s-a)3  +  (s-6)3+(s-c)3  +  3a6c  =  «3. 

13.  16s  (s  -  a)  {s  -b){s-c)=  2b\^  +  2c^a^  f  2a%'^  -a*-b^-  c*. 

14.  2{s  -  a){s  -  b){s  -  c)  +  a{s  -  b){s  -  c)  +  b{8  -  c) {s  -  a) 

+  c{8-a){s-b)  =  abc. 
If  a  +  b  +  c  =  0,  shew  that 

15.  (2a  -  6)3  +  (26  -  c)^  +  (2c  -  a)^  =  3  (2a  -  6)  (26  -  c)  (2c  -  a). 
16     ■     «^       ,       ^^       ,       c2 

•     2a2  +  6c'^262  +  ca"^2c2  +  a6~ 
17.     Prove  that 

{x  +  y  +  zf  +  {x  +  y-z)^  +  {x-y  +  zf  +  {x-y'Zf  =  'Lx{x'^  +  3y^  +  ^^), 
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18.  If  a  +  6  +  c  =s  s,  prove  that 

{8-3af  +  {8-3bf  +  {s-3cf-3{s--6a){s-Zb){s-Sc)=0, 

19.  If  X  =  h  +  c-2a,  7  =  c  +  a-2b,  Z=a  +  b-2c,  find  the  value  of 

X^+Y^  +  Z^-ZXYZ. 

20.  Find  the  value  of  a{a?  +  hc)  +  b{V^  +  ac)-c{<?-  db)  when  a  =  '7, 

6  =-08,  c='78. 

ZL     Prove  that  (a -bf  +  {b-cf  +  (c~ af 

=  2(c-3)(c-a)  +  2(6-a)(&-c)  +  2(a-6)(a-c)c 

22.  Prove  that  a2(fe3  _  c^)  +  £2(^3  _  aS)  +  c2(a3 -  &3) 

=  (a  -  6)  (6  -  c)  (c  -  a)  [ah  +  6c  +  ca) 

=  a2(6_c)3  +  i.2(c-a)3  +  c^(a-6)3 

=  - [a262(a_j)  + 62^2(5  _cj^.2a2(c_ a)]. 

23.  K  (a  +  6)2+(6  +  c)^  +  (e  +  (i)2=4(a&  +  6c  +  c<^),  prove  that 

24.  If  a;  =  a4-c?,  y=6  +  c^,  2=fl  +  (i,  prove  that 

xP" +y^  +  z^  -  yz-  zx  ~  xy  —  a^  +  b'^  +  c^  -he  ~  ca  -  aJb, 

25.  If  a  +  6+c=0,  prove  that 

I  1  1        _^ 

62+c2-aa+c2+a2-&a'^a2+62_c2-"- 

26.  If  a  +  i>  +  c  =  0,  simplify 

^(fe2+ca-a2)  +  ^±^(c«+a»-&2)+£+^(a2^.52_^). 
re  CO  '      ab 

27.  Prove  that  the  equation 

(a;-a)2  +  (y-fc)2+(a2  +  fe2-l)(a;2  +  y2_i)=o, 
is  equivalent  to  the  equation 

{ax  +  by-\f  +  {hx-  ayf=0  •- 

henoe  shew  that  the  only  possible  values  of  x  and  y  are 

a  b 

^2^62'     ^2:r62* 

28.  If  2  (x2  +  a2  -  cp;)  (t/2  +  h^-  hy)  =  a:2y2  +  ^^252^  g^ew  that 

(X  -  afiy  -  h)^  +  {hx  -  ayf=0, 
and  therefore  that  x  =  a,  2/  =  &  are  the  only  possible  solutiona. 

*224.  We  shall  now  give  some  further  examples  of  fractions 
to  illustrate  the  advantage  of  arranging  expresgions  witi  regard 
to  cycJic  order.     [Art,  172.] 
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Examplt.     Find  the  value  of 
a 


■+; 


(a-h){a-c){x-a)    {h-c)(h-a)(x-h)    {c-a){c-h){x-c) 

Changing  the  sign  of  one  factor  in  each  denominator,  so  as  to 
preserve  cyclic  order,  we  get  for  the  lowest  common  denominator, 
(a  -h){h-  c)  (c  -a)[x-  a)  {x  -h)(x-  c). 
The  whole  expression  has  for  its  numerator 

-[a{h-c){x-h){x-c)  + + ] 

or  -[a(6-c){ar'-(6  +  c)a;  +  6c}+ .  + \ 

Arrange  it  according  to  powers  of  x  ;  thus 
coefficient  of  ^2=  „  {a  (6  -  c)  +  6  (c  -  a)  +  c  (a  -  6)} 

=0; 
coefficient  oi  x  ={a(}y^~<?)  +  Hc^- a^)  +  €{0^-  6^)} 

=  (6-c)(c-a)(a~6)j        [Art.  223.} 
terms  which  do  not  contain  x 

=  -{abc{h~c)  +  ahc^c-a)+abc{a-h)). 

=  -abc{b-c  +  c-a-{-a~h] 

=0. 

Hence  the  expression=^^ _ ^^^^ _ a){a-W^^'^=^^^Wx'-^) 


(x-a){x-'b){x-c) 

Note.  In  examples  of  this  kind  the  work  will  be  much  facilitated 
if  the  student  accustoms  himself  to  readily  writing  down  the  folloW' 
ing  equivalents : 

{h-c)  +  {c-a)  +  {a-  6) =0. 
a(h-c)  +  h{c-a)  +  c{a-h)=0. 
a2(6-c)  +  62(c-a)  +  c2(a-6)=-(a-fc)(&-c)(c-a). 
&c(6-c)  +  ca(c-a)  +  flt6(a-6)=  ~{a-h)(b-c){c-a), 
a(62-c2)  +  6(c2-a2)  +  c(a2-52)=(a_6)(&_c)(c-a). 

Some  of  the  identities  in  xxix.  c.  may  also  be  remembered  witb 

advantage. 

^EXAMPLES  XXIX.  d. 

1     ? + I ,  ^ 

^'     (a-b){a-cy(b-c){b-ay{c-a){c-b) 

a  be ca ab 

^     ia-b){a-cy{b-c){b-a)'^{c-a){e^)' 
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a*  l^  c* 

^    (a-h){a-e)'^{h-c){b-ay{c-a){c-b)' 

*•    {a-})){a-c)    {h-c){h -ay  {c-a){c-h\ 

_  a(6  +  e)  6(a  +  c)  c(a  +  &) 

^*    (a-6)(c-aV  (a-&)(&-c)    (c-a){?)-c)' 


6. 


1  .  1  ,  1 

a(a-6)(a-c)"^6(6-c)(5-a)'^c(c-a)(c-6)* 

5<!  ca  o6 

r.  + 


a(a3-&2)(a2-c2)  '  6(62_c2)(52_a2)-^c(c2_(j2)(ca_  jsr 


«     (2r-6)(a;-<;)     {x-c){x-a)    {x-a)(x-b) 
*'     (a-5)(a-c}'^(fc-c)(&-a)      (c-a)(c-5) 

Q        bc{a  +  d)  ca{b  +  d)  abjc  +  d) 

^'    {a-b){a-c)'^{b-c){b-ay(c-a){c-b)' 

1.11 


{a-b){a-c){x-a)    {b-c){b-a){x-b){c-a){C'b){x-c) 


(a-6)(o-c)(a;  +  a)    {6-c)(6-a)(a;  +  &)    (c-o)(c-6)(a;+c) 

(a  +  6)(a  +  c)        (?)  +  c)(&4 
(a-6)(a-c)"^     (6-c)(6- 

a^5-c)  +  &^c-a)  +  cg(a-6) 
(fe-c)3+(c-a)3  +  (a-6)5 

a^{b'C)  +  ^c-a)  +  cHa-b)+2{a-b){b-c)(C'a) 
(&-c)3  +  (c-a)3  +  (a-6)S 

a3(6  -  c)  +  6»(<;  -  a)  +  cr^(a  -  b) 
a^ib  -  c)  +  &2(c  -  a)  +  c\a  -  b)' 

a?{b  -  c)3  +  &^c  -  g)^  +  c^(a  -  6)^ 
(a-6)(?)-c)(c-a) 

-(6-c)  +  ^(c-a)  +  -(a-6) 
a  0  c 


10      ^a(a  +  6)(a  +  c)        (?)  +  c)(&  +  a)  .    Jc  +  a){c  +  h) 
^        {a-b){a-cy      {b-c){b-a)'^    {c-a){c-b)' 

13. 
il 
15. 
16. 

17. 

18. 


aW    <^)'^bW    a'^j'^cW     ^} 

-(--l\     L{l_l\     i./i_l^ 
b€\c     bj     ca\a    c)     ab\b     a,> 


t 
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*225.     Tofimdwhen  x'  +  px^  +  qx  +  r (1), 

is  divisible  hy  x^+ax  +  b  , (2) 

Divide  (1)  bj  (2)  in  the  ordinary  way  ;  thus 

s^-)-ax+h\a^-\-px^-\-qx-\-r  j^4-(p  — a) 

I  a^  +  ax^  +  0X  J 

-a)a^+    {q  —  h)  x+r 
a)x^+a{p~a)  x  +  h(j)  —  a) 

{(q-b)-a{p-a)}x+r-b{p~a) .,(3) 

Now  if  the  remainder  is  zero  the  division  is  exact.     This  is 
the  case  when 

{(S'  -b)-  a(j>  ~  a)}x  +  r-b(jp  -  a)=0, 

or  a:=    b(p~a)-r 

q  —  b  —  a{^  —  a) 

Hence  when  x  has  this  value,  (1)  is  divisible  by  (2) 

But  if  in  (3),  5  -  ^  -  «CP  -  «)=0, 

and  also  r  — 6(p  — a)=0, 

the  remainder  is  equal  to  zero  whatever  value  x  mav  have.  Thus 
x^+px^+qx+b  is  divisible  by  x^  +  ax+b  for  o^lf  values  of  x 
provided  that 

q-b  —  a{p  —  a)=0, 
and  r-6(p-a)=0. 

*226.     To  jmd  the  condition  that  x^+px  +  q  may  be  a  perfect 
square. 

Using  the  ordinary  rule  for  square  root,  we  have 


^2  "^ 


p       px+q 
[px+^ 

If  therefore  a^+px+q  be  a  perfect  square,  the  remainder, 
q  ~  ^-,  must  be  zero 

Hence  q-f—~0^  ot  p^  —  Aq^  is  the  condition  required. 
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*  227.     To  prove  that  x* + px^  +  qx^  +  rx  +  s  is  a  perfect  square 
^(q  — ^j  =4s  and  r*=p%. 

The  square  root  must  clearly  be  a  trinomial  expression  of  the 
form  a^-¥lx-\-m  \  if  therefore  we  put 

x^+pa^  +  qofi  +  rx  +  s={x^  +  lx-\-'mf, 

yr9  hare,  on  expanding  the  right-hand  side 

:r* +i?^  +  g'^rH  r;r  +  s = ^  +  2^^ + ^  (7^  +  2»i) + 2Zw2,r + m^. 

Since  this  is  to  be  true  for  all  values  of  ^,  ice  may  assume  that 
the  coej^cients  of  the  like  powers  of  x  are  the  same  ;  hence 

^l=p,  V^+2m=q, 

2lin=r,  vi^=s. 

From  these  equations,  by  eliminating  the  unknown  quantities 
I  and  m,  we  shall  obtain  the  necessary  relations  between  v.  j,  r, 
and  s. 

Thus  we  have  q  —•—  =  2m= 2^/*, 


(-?)^= 


4 
r=2lm=psjs', 

45  and  r^  =ph. 


27ots.  The  method  of  Art.  226  might  have  been  used  here.  Also 
the  method  of  the  present  article  may  be  used  to  establish  the 
results  of  Arts.  225  and  226. 

*228.  The  proposition  in  the  preceding  article  has  been 
given  to  illustrate  a  useful  method,  wliich  admits  of  very  wide 
application.  In  the  course  cf  the  proof  we  assume  the  truth  of 
an  important  principle  ;  namely, 

If  two  rational  integral  expressions  involving  x  are  identically 
eqiialf  the  coejficients  of  like  powers  of  x  in  the  two  expressions  are 
equal. 

[An  expression  is  said  to  be  rational  when  no  term  contains  a 
square  or  other  root,  and  it  is  said  to  be  integral  icith  respect  to  x 
when  the  powers  of  x  are  all  positive  integers.] 

The  demonstration  of  this  principle  belongs  to  a  more 
advanced  part  of  the  subject,  and  could  not  be  discussed  com- 
pletely here.     [See  Higher  Algebra.     Art.  311.] 
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The  Remainder  Theorem. 
*229.     If  a  rational-  integral  algebraical  expression 
X''  +  pix"-^  +  psx"-^ + paX"-«  4- . . , + P.-1X + p. 
b€  divided  6y  x  —  a,  the  remainder  will  he 

a"  +  pia"-^ + paa''-'  +  paa""'  + . . .  +  p„_ia + p„. 

Divide  the  given  expression  hy  x~a  till  a  remainder  is  ob- 
tained which  does  not  involve  x.  Let  Q  be  the  quotient,  and  R 
the  remainder  ;  then 

^"  ■^pix'^-'- + p-2^'^  + . . .  -\-pn-iX +pn  =  Q(x-a)'\-R 

Since  R  does  not  contain  x,  it  will  remain  unaltered  whatever 
value  we  give  to  x. 

Put  x=a,  then 

a"  +pia''-^  +p2a*^^  + . . .  +iPn-ia  +pn  =  $  x  0 + ^ 

which  proves  the  proposition. 

From  this  it  appears  that  when  an  algebraical  expression  is 
divided  by  x  —  a,  the  remainder  can  be  obtained  at  once  bj 
writing  a  in  the  place  of  :p  in  the  given  expression. 

Again,  the  remainder  is  zero  when  the  given  expression  is 
exactij  divisible  hj  x  —  a  ;  hence  we  deduce  another  important 
proposition,  known  as  the  Factor  Theorem. 

If  a  rational  integral  expression  involving  x  become  equal  to  0 
when  a  is  vmtten  for  x,  it  will  contain  x  —  a  as  a  fajctoi\ 

Example  1.     Resolve  into  factors  a^H-  Sa:^  -  13a;  -  15. 

By  trial  we  find  that  this  expression  vanishes  when  a;  =  3  ;  hence 
a;  -  3  b  a  factor. 

.■.     a^  +  3ar2-13a;-15  =  a^(a;-3)  +  6a:(a;-3)  +  5(x-3> 

=  (a;-3)(a:2  +  6a;  +  5) 

=  (x-3)(x+l)(a;+5). 

Note  The  only  numerical  values  that  need  be  substituted  for  x 
are  the  factors  of  the  last  term  of  the  expression.  Thus,  in  the 
present  case,  by  making  trial  of  -  5,  we  should  have  detected  the 
factor  x-^b. 
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Exampk  2,     The  remainder  when  X^  -  2x^  +  x  -  7  is  divided  by 
a;  +  2  is 

(_2)4_2(-2)3  +  (-2)-7; 

thatb,  16  +  16-2-7,  or  23. 

Or  the  remainder  may  be  found   more  shortly  by  substituting 
x=  -2  in  [{(a;-2)a;}a;  +  l]a:-7. 

Example  3.     Find  the  factors  of  hc{h -c)  +  ca{c -a)  +  ab{a- b). 

On  trial,  this  expression  vanishes  when  h  =  c;  therefore  6-c  is  a 
factor.     Similarly  c  -  a,  a-b  may  be  shewn  to  be  factors. 

.-.    bc{b-c)  +  ca{c-a)  +  ab{a-b)  =  M{h-c){c-a){a-b) (1) ; 

and  since  the  left-hand  member  of  this  identity  is  only  of  three 
dimensions  in  a,  b,  c,  the  factor  J/  must  be  some  numerical  quantity 
independent  of  a,  b,  c ;  its  v  alue  can  therefore  be  found  by  giving 
particular  values  to  a,  b,  c,  or  by  equating  the  coefficients  of  like 
terms  on  each  side. 

Let  a  =  0,  6  =  1,  c  =  2,  then  (1)  becomes 

2(-l)  +  0  +  0=iW{-l)x2x(-l); 
whence  M=  -1. 

.'.    bc{b-c)  +  ca{c-a)  +  ab{a-b)=  -{h-c)(c-a){a-b), 

*230.     We  shall  now  give  general  proofs  of  the  statements 
made  in  Art,  65.     We  suppose  7i  to  be  positive  and  integral. 

I.  To  prave  that  x"-  y"  is  always  divisible  hy  x  —  y. 

By  the  remainder  theorem  when  af^~y^  is  divided  by  x—y 
the  remainder  is 

y'-'-y",  or  0, 
that  is,  :r**  —y^  is  always  divisible  hy  x~y. 

II.  To  prove  that  x^  +  y"  is  divisible  6y  x  +  y  when  n  is  odd^ 
but  not  when  n  is  even. 

By  the  remainder  theorem  when  .r^+y**  is  divided  by  x+y 
\he  remainder  is 

(1)  if  n  is  odd,       (-.y)''+y''= -y"+y*'  =  0  j 

(2)  if  »  is  even,      (  -  y)" + y"  =     y«  +y»» = 2y'* .: 

hence  there  is  a  remainder  when  n  is  even,  but  none  when  n  is 
odd  ;  which  proves  the  proposition. 

In  like  manner  it  may  be  proved  that  af^—y"^  is  divisible  by 
jT+y  when  n  is  even  r  and  af^+y"  is  never  divisible  by  x—y. 
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By  going  through  a  few  steps  of  the  division,  the  form  of  the 
quotient  in  each  esse  is  easily  determined.  The  results  of  the 
present  article  may  be  conveniently  stated  as  follows  : 

(i)     For  all  values  of  n, 
(ii)     When  n  is  odd, 
(iii)     When  n  is  even, 

^EXAMPLES  XXIX.  e. 

Find  the  values  of  x  which  will  make  each  of  the  following 
expressions  a  perfect  square  : 

1.    x*  +  6x^+lSx^+rSx-l.  2.    x^  +  6a^+lhc'^  +  Sx-]-Sl. 

3.  x*-2a3^  +  {a^+2b)3^-dabx  +  2b'^-. 

4.  ^"^7^  -  4/pqx^  +  {q^  +  225^)  a?  -  bpqx  +  ^• 
_     ahfi    ahx^    ^co^    96^    Sbcx     _  „ 

6.  x^+2a3?  +  ^^x^  +  cx  +  d. 

7.  Find  the  conditions  that  x^-as^+hx^-cx  +  l  may  be  a  perfect 

square  for  aU  values  of  x. 

Find  the  values  of  x  which  will  make  each  of  the  following 
expressions  a  perfect  cube  '■ 

8.  8r3-36a;2  +  56x-39.  9.     ~  -  ^  +  4a  V  -  28a^. 

10.  Tn?xf^-^7nh^  +  Z^mn^x^~5\v?. 

11.  Find  the  relation  between  h  and  c  in  order  that 

x^  +  ^aoc^  +  hx-\-c 
may  be  a  perfect  cube  for  all  values  of  x, 

12.  Find  the  conditions  that 

3fi  +  Zao(f>^-%c(^  +  a{Qh-ba'^):^  +  ^h{b-a?)x^  +  ^x  +  d 
may  be  a  perfect  cube  for  all  values  of  x. 

13.  What  number  must  be  added  to  x^  +  2x^  Ln  order  that  the 

expression  may  be  divisible  by  a: +  4? 

14.  If  x  +  a  be  a  common  factor  of  x'+px-\-  q  and  oc^-\-lx  +  my  ahew 

i.1,  ^        m-q 
that  0L=-, — -' 
l-p 
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E^soive  into  factors  : 

15,    a^-6x2  +  llj:-8.  16.  a;^  -  Sar*  _  2a: -f  24. 

17,    x^  +  9x^  +  2Qx  +  24.  18.  a:3-a:2-43a:  +  10o. 

19.    x3-39r  +  70.  ilO.  x^'Bx^-Slx-22, 

21.    6x^  +  7x^-x-2,  22.  6x3  +  x2-19r  +  6. 

Write  down  the  quotient  in  the  following  cases  : 

23.    ^±y'.         21    ^^^.         25,    *— ^.         ^.    ?:^:^ 
a;  +  y  a;  +  y  cc-y  r-y 

Find  the  square  root  of 

27,  a;^  +  (2a-4)ir3  +  (a2-2a-f-4)jr2  +  (2<i?_4a)x  +  a2 

28,  (a+i)2a;^+(2a2  +  2a)x^  +  (3a2-4a-6)a:2^(2a2-6a)x  +  a2-6a-t-9. 

29,  Find  what  values  of  m  make  Stjixt^  +  {Qm - I2)x  +  S  a  perfect 

scjuare 

30,  If  ^^ -i- i2x^  +  Pich/^  +  6xy^  +  y^  is  a  perfect  square,  find  P.. 

Without  actual  division  shew  that 

31,  S2a;i''  -  3Sx^  +  1  is  divisible  by  r  -  L 

32,  3a;*+5x3- 13x2 -20*4-4  ^,4^ 

33,  a;* +  4x^-5x2 -36a: -36 x^-x-G. 

Without  actual  division  find  the  remaindsr  when 
3i    x^  ~  5x2  4. 5                     jg  (iividsd  by  X  -  5. 
36.    a:^-7x%  +  Sxa2+15a'. x  +  2ci 

36,  If  ojc^  ~bx  +  c  and  dj^  -bx  +  c  have  a  common  factor,  then 

37,  If  n  be  any  positive   integer,   prove  that  o^"  - 1    is  aiwaye 

divisible  by  24. 

38,  Shew  that  i  -  x  -  x"  +  x"+^  is  exactly  divisible  by 

l-2x  +  x2. 

39,  If  x^  +px  -f-  r  and  Bx^  +p  have  a  common  f atctor,  prove  that 

40,  Shew  that  if  x^+py**  +  qz^  is  exactly  divisible  by 

x2  -  (ay  +  fe )  X  +  o^y^., 

then  ^  +  ^  +  1=0. 


CHAPTER  XXX. 

The  Theory  of  Indices. 

[Logarithms  (Chap,  xxxtx.)  may  he  taken  in  connection  with  this 
chapter  after  Arts.  231-242  have  been  read.  The  articles  marked  with 
an  osf-^ink  may  be  postpo7ied  on  ajirst  reading.} 

231-  Hitherto  ail  the  definitions  and  rules  with  regard  to 
indices  have  been  based  upon  the  supposition  that  thej  were 
positive  integers  ;  for  instance 

(1)  a^*=a. a. a..,  to  fourteen  factors, 

(2)  a»xa3=ai*+3=eji7. 

(3)  a^*^a3  =  ai4-3  =  a^ 

(4)  («14)3  =  al4x3=^42_ 

The  object  of  the  present  chapter  is  twofold  :  first,  to  cave 
general  proofs  which  shall  establish  the  laws  of  combination  in 
the  case  of  all  positive  integral  indices  ;  secondly,  to  explain 
how,  in  strict  accordance  with  these  iaws,  intelligible  meanings 
may  be  given  to  symbols  whose  indices  are  fractional,  zero,  or 
negative. 

We  shall  begin  by  proving,  directly  from  the  definition  of  a 
positive  integral  index,  three  important  propositions. 

232,  Definition,  When  m  is  a  positive  integer,  a^  stands 
for  the  product  of  m  factors  each  equal  to  a, 

233.  Prop,  L  To  prove  that  a°'xa°=a°"*"°,  when  m  and  n 
are  positive  integers. 

By  definition,  d^=a.a  ,a...  to  m  factors  ; 
a**  =  a  .a.  a ...  to  n  factors  ; 
.'.    a"* X  a"  =  (a  .  a  .  a  ...  to  m  factors) y.{a   a    a, ...  to  n  factors; 

=  a  .a  .a  ...  to  m-^n  factors 

=  a"*+",  by  definition. 

Cor.     If  p  is  also  a  positive  integer,  then 
a"*  X  a"  X  aP = a***"**  j 
and  so  for  any  number  of  factors 
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234.     Prop.  IL     To  prove  that  a°^a°=a'"-",  when  m  and  n 
are  positive  integers,  and  m  >  n, 

^      „    a""'    a.  a.  a to  m  factors 

a"     a. a. a to  n  factors 

=a.a .  a to  m  —  n  factors 


m—n 


=a 

235.  Prop.  IIL     To  prove  that  (a")°=a'",  when  m  andn  are 

positive  integers. 

(a*»)*'=a'*.  a"*,  a*™ to  n  factors 

=  (a .  a .  a  . . .  to  m  frvCtors)(a .  « .  a  . . .  to  m  factors)  . . . 
the  bracket  being  repeated  n  times, 

=  a.a,a to  ?nw  factors 

236.  These  are  the  fundamental  laws  of  combination  of 
indices,  and  they  are  proved  directly  from  a  definition  which  is 
intelligible  only  on  the  supposition  that  the  indices  are  positive 
and  integral. 

But  it  is  found   convenient  to  use  fractional  and  negative 

indices,  such  as  a°,  a~^  or,  more  generally,  a*,  a"** ;  and  these 
have  at  present  no  intelligible  meaning.  For  it  is  plain  that  the 
definition  of  a*",  [Art.  232],  upon  which  we  based  the  three  pro- 
positions just  proved,  is  no  longer  applicable  when  m  is  fractional, 
or  negative. 

Now  it  is  important  that  all  indices,  whether  positive  or 
negative,  integral  or  fractional,  should  be  governed  by  the  same 
laws.     We  therefore  determine  meanings  for  symbols  such  as 

£ 

a?,  a~",  in  the  following  way  :  we  assume  that  they  conform  to 
the  fundamental  law,  a"*  x  «"  =  «"*+",  and  accept  the  meaning  to 
which  this  assumption  leads  us.  It  will  be  found  that  the 
symbols  so  interpreted  will  also  obey  the  other  laws  enunciated 
in  Props,  ii.  and  iil 

- 

237.  To  fmd  a  meaning  for  a«i,   p   and  q   hemg  positive 

integers. 

Since  a'"xa"  =  a^+"  is  to  be  true  for  all  values  of  ra  and  n, 

by  replacing  each  of  the  indices  m  and  n  by  — ,  we  have 

p       p       p  ^  p       ?p 
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p        P        p        ^        E        ^^E        ^ 

Similarly,     a«  xa»  xa?=a«  xa»=a«    »=««> 

Proceeding  in  thia  way  for  4,  5, q  factors,  we  have 

p       p       p  ?? 

a?  xa«  xa? to  q  factors=a«  i 

p 
that  is,  (aiy^a^. 

Therefore,  by  taking  the  g'"'  root, 

or,  in  words,  a?  is  equal  to  "  the  q*^^  root  of  a^:* 

Examples.       (1)  x^=^a^, 

(2)  a^=^/a. 

(3)  4^=V43=v'64=& 

(4)  a^xa^=J^=a^. 

(5)  ifc^x;fc^=iM=J5;^^^. 

(6)  3a^6^  X  4a^6^  =  12a^"*^^^  =  12ah\ 

238.  ^o  ^^c?  a  meaning  for  zP. 

Since  a"*x«**=a*""''*'  is  to  be  true  for  aU  values  of  m  and  n, 
by  replacing  the  index  m  by  0,  we  have 

a* 
=  1. 

Hence  a«^  quantity  with  zero  indez  is  equivalent  to  1. 
Example.    a:*-»xx«-*=a;*-»+<'-^=a^=i. 

239.  To  Jmd  a  meaning  for  a~*. 

Since  cr/^x  a**  =  a'"'^**  is  to  be  true  for  aU  values  of  m  and  n,  by 
leplacing  the  index  m  by  -  ti,  we  have 

But  aO=l; 
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hence  a  "=-«, 

and  a"  =  rzs 


From  this  it  follows  that  any  factor  may  be  transferred  from 
the  numerator  to  the  denominator  of  an  expression,  or  vice-vers^ 
by  merely  changing  the  sign  of  the  index. 


Examples.     (1)    x-^=-^ 


(2)    -\=y^=^y. 

~27^    ^^^^^)'    ^'^    ^'    ^ 

240.  To  prove  that  a"'-fa''=a'""°/or  a^?  values  of  in.  and  n. 

m  n  ^         1 

a" 

=  0*^",  by  the  fundamental  la^w. 
Examples.     (1)    a3-ra5=a^~^  =  a-2=-^. 

(2)  C-rC    ^=C       °=C  °  . 

(3)  x^-^-ra:«-«  =  a:^*-«»~«)  =  a;^-*. 

241.  The  method  of  finding  a  meaning  for  a  symbol,  as  ex- 
plained in  the  preceding  articles,  deserves  careful  attention.  The 
usual  algebraical  process  is  to  make  choice  of  symbols,  give  them 
meanings,  and  then  prove  the  rules  for  their  combination.  Here 
the  process  is  reversed  ;  the  symbols  are  given,  and  the  law  to 
which  they  are  to  conform,  and  from  this  the  meanings  of  the 
symbols  are  determined. 

242.  The  following  examples  will  illustrate  the  different 
principles  we  have  established. 

Examples.     (1)    ?^".=i^r- 
^  ox~^    oay 

(2)    2a^x«^^6a:j^4^^-f^|-l_4  4 

9a"^xa^         ^  3  3a 
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(4)    2Va  +  -^-t-a*=2a*+3a^+a^ 


EXAMPLES  XXX.  a. 

Express  with  positive  indices  : 
1.    2a;~i  2.    3a~i  3.    4a?-%?.  4.     S-^a'. 


9.  2x^x3x-\  10.  l-r2a"i      IL    xy^xx'K  12.    a-%c-*-r3a. 

17.  a-2a;-^-ra-3.  18.     4/a-i-f>.             19.  ^o-^^a^. 

Express  with  radical  signs  and  positive  indices  : 

20.  x^.             21.  a~i             22.    5x~^.  23.    2a-t. 

24.  \            25.  A-            26.    V-  27.    A- 

28.  a~^x2a~i  29.    x~^-r2a~^.           30.  7a"^x3a-i. 

31  '-^:i           32.  "^.            33.    ^"  34.    ^-1 

35.  -J/a^x^'.  36.    i/a-'-^i/a-^.       37.  ^^xx^x'. 

^.  ^x-i-^3*.  39.   X^a^-r^aK             40.  4/'*'•x4/a"-^^•o•'. 
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Find  the  value  of 
41.   16^.      42.  4~i      43.   125^.  44.  8"^.         45.    36"^. 

46.  ^.    47.  243*.    48.  (I)"*.    49.  {^f.    50.  (^3)'*. 

*243.     To  prove  that  (a°)°=a°^  is  universally  true  for  all  values 
of  m  and  n. 

Case  I.     Let  w  be  a  positive  integer. 

No"w»  whatever  he  the  value  of  m 

(a'™)"  =  a'".  a"^ .a^ to  n  factors 

__  _m+»»+w+ to  n  terms 

Case  II.  Let  m  be  imrestricted  as  before,  and  let  »  be  a 
positive  fracticm.    Replacing  n  bj  — ,  where  p  and  q  are  positive 

iTitegers,  we  have  (a"'y*=(a'")«. 

p  p 

Now  the  ^  power  of  (a"*)'  ={(0*^)? }« 

=(a"»)f*,  [Case  I.] 

=  a"*^.  [Case  I.] 

Hence  by  taking  the  g^  root  of  these  equals, 

p 

=0  ? .  [Art.  237.] 

Case  III.  Let  r/i  be  unrestricted  as  before,  and  let  n  be  an^- 
negative  qv/xntity.  Eeplacing  n  bv  —  r.  where  r  is  positive^  we 
have 

(a-r=(a-)-=^-^,  [Art.  2-39.] 

=  -i-,  [Case  IL] 

Hence  Prop,  iii.,  Art.  235,  {a^Y=a^^  has  been  shewn  to  be 
universally  true. 

E,A.  R 
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Examples.     (1)    (6^)^ =6*''^  =  6^. 

(2)  {(a:-2)3}-4=(a;-«)-4=a;H 

(3)  \x^-<=)        =x^-^  =a:«+«. 

^244.     To  prove  that  (ab)°  =  a°b°,  whatever  he  the  value  ofni 
3k  and  h  being  any  quantities  whatever. 

Case  I.     Let  ri  be  a  positive  integer. 

Now  (a6)"  =  ah.ah.ah to  n  factors 

=  (a.  a.  a  ...  to  n  factors)(5.  b.b...  to  7i  factors) 

Case  II.  Let  ti  be  a  positive  fraction.  Replacing  ?i  by  ^j 
where  /?  and  q  are  positive  integers,  we  have  (at)" = (a 6)5. 

Now  the  q^  power  of  (ahy  ={(ab)^  }» 

=(a6)P,  [Art.  243.] 

=  aPbP 
p  p 
={a^h^y.  [Case  I. ] 

p       p  p 
Taking  the  q"^  root,     {aby  =a^b^. 

Case  IIL  Let  n  have  any  negative  value.  Replacing  n  by 
-  r,  where  r  is  positive, 

(«6)"=(aJ)-'=(^, 

Hence  the  proposition  is  proved  universally. 

The  result  we  have  just  proved  may  be  expressed  in  a  verbal 
form  by  saying  that  the  index  of  a  product  may  be  distributed 
over  its  factors. 

Note.     An  index  is  not  distributive  over  the  terms  of  an  expres- 
11  1 

sion.     Thus  [a^ +  h'^f  is  not  equal  to  a +  6.     Again  {a^  +  V^)^  is  equal 

to  Vfl?+P,  and  cannot  be  further  simplified- 
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Examples.    (1)    (yz)«-«(za:)*'(a:y)-<'=y*-*'s5«-*z««<'a:-«y-« 

(2)     {(a-6)*}-«x{(a+6)-*}«=(a-fe)-«x(a+6)-« 

={(a-6)(a+6)}-« 

*245.  It  should  be  observed  that  in  the  proof  of  Art.  244  the 
quantities  a  and  b  are  wholly  unrestricted^  and  may  themselves 
involve  indices. 

Examples.    (1)    (a:V^)^-^(«^yT^=«V^-5-«~  V 
,1.  z^- 


=  x^y~\ 


i 


EXAMPLES  XXX.  b. 

Simplify  and  express  with  positive  indices  : 
ft    (n/^)«.  2.    (\/«^)-8.        a    (a:«3r*)8x(arV')— 

7.  {^'(a;"V)'}"^.      8.    </^^.  9.    (4a-2-f9a?T^. 

10.  {x-i-J^x)\  11.    (a;X;e^a?"«)i^.     12.    (^a*^^'a;)n:i 

13.  Jar^x^faF^.  14.    v^oft-^c-^x (a-ift-^c-*)"*. 

15.  -e/^«^x(a^ «-!)-».  16,    SJ^c^'t^-rJyJIx. 
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Simplify  and  express  with  positive  indices  : 
17.     (a~*^a;)-»x\/a;-Va"^  18.     W»+^62«-* -f  (a«6  «)». 

19.    s/{^bYx{a+bf^.  20.    {(x-y)-^}^-i-{{x+yr]K 

23.     (a"VVaa;"%x^)  .  21     s/{a  +  b)'^x{a^-ir^f^' 


29.  (a-r^+^.  30.  (^-^r^^. 


1 


33.    (^^)-^(r^)--  3..  {£fx{^f. 

3.2"-4.2»-g  ^     3"+* -6.  3^+1 

^''         2«-2"-^     *  3«+'2x7      ' 

246.  Since  the  index-laws  are  universally  true,  all  the 
ordinary  operations  of  multiplication,  division,  involution  and 
evolution  are  applicable  to  expressions  which  contain  fractional 
and  negative  indices. 

247.  In  Art.  121,  we  pointed  out  that  the  descending  powers 
of  X  are 

-»^     -.2     ^     1     1      1      1 
^'    ^'    ^'    ^»   ^'   ^'   ^'  

A  reason  for  this  may  be  seen  if  we  write  these  terms  in  the  form 

^f>9  AnS  A«l  A^  1*"1  I*""*  UT  """^ 

•  •••••     "Vi      *^f      *'^9      *^9      ^       9      '^       9  9     ****** 
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1  2  1 

Example  1.     Multiply  ^~^-\-x+2x^  by  x^  ~2, 
Ansmge  in  desceiiding  powers  of  x. 
X  +2x^  +  Zx~^ 

x^+2x  +3 

-2x  -4a;^-6a;~^ 

Example  2.     Divide  IGa-^  -  6a-2  +  5a-'^  +  6  by  1  +  2a-\ 

2a-'^  +  l)16a-s-  6a-2+  5a-i  +  6  ( 8a-2  -  7a-^  +  6 
16a-3+  8a-2 


-14a-2-   7a-i 


12a-i  +  6 
12a-i+6 


Example  3.     Find  the  square  root  of 

— +  ^-2a;+^  +  a;3_4^(a;5y-i). 

Getting  rid  of  the  radical  signs,  and  arranging  in  descending 
powers  of  a?,  we  have 


a;S-4a;^y-^  +  4a~V"*  +  a;M-2»  +  |(a?^-2«y  ^  +  ^ 


\-4x^y~^+ia^-^ 


2x^-^xy  ^+^ 


x^y^-2x+^ 
x^y^-2x+^ 


Note,     In  this  example  it  should  be  observed  that  the  introduction 
o£  negative  indices  enables  ua  to  avoid  the  use  of  algebraical  fractions, 
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EXAMPLES  XXX.  c 

1.  Multiply  'Sz^-5  +  8x~^  by  4x^+Sx~^. 

2.  Multiply  3a^  -  4a^  -  a"  °  by  3«^  +  a"  ^  -  6a~  *. 

3.  Find  the  product  of  c*  +  2c-*-7  and  5-3c-^  +  2c*. 

4.  Find  the  product  of  5  +  23tP^  +  Sx-^  and  ix^-Sx-'. 

5.  Divide  21a;  +  a;^  +  a:^  +  l  by  3x^+1. 

6.  Divide  15a-3a^-2a"^  +  8a-i  by  5a^+4. 

7.  Divide  16a-3  +  6a-2+5a-i-6  by  2a-' -I. 

8.  Divide  56^-6&^-46"^-45~»-5  by  6^-26"^. 

9.  Di%4de  21a3^  +  20-27a==-26a2^  by  3a^-5. 
10.  Divide  So-^-Sc^+Sc^-Sc"**  by  5c«-3c-«. 

Find  the  square  root  of 

IL  9x-12x^  +  l0~^z~^  +  x-\ 

12.  25a^+16-30a-24a^  +  49at 

13.  4a:"  +  9x-''  +  28-24a:~^-16x^. 

14.  12a*+4-6a3*+a^+5a2«. 

15.  Multiply  (Z^-8o"^+4a~^-2a^  by  4a"^+c^+4a"'. 

16.  Multiply  1  -  2  ^/x  -  2x^  by  1  -  ^/x. 

17.  Multiply  24/^-a^-^  by  2a-3^^-a"i 

18.  Divide  4/^+  2x^  -  16a:"^  -  —  by  x^  +  4x~^ + —  • 

X       "^  v'^ 

19.  Divide  I- Ja- ■^  +  2a'^  hy  1  - a^. 

20.  Divide  4v^-  8x^  -  5+4^+3a;"^  by  2x^  _  i^/a;  -  -JL 

^x  ^x 
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Find  the  square  root  of 

21.   9x-^-i8a;-Vy+^-6^(^)+y«. 

22.  Va^- 12  4/(x3y)  + 25^/2/ -24.yJ^^)  +  16a;~V 

23.  8l(|^  +  l)+36^(a;V-l)-158^. 

nA       X~^     1  9       ,1-34/y     as/ 

248.  The  following  examples  will  illustrate  the  formalse  of 
earlier  chapters  when  applied  to  expressions  involving  fractional 
and  negative  indices. 

Rp  h  p  h     h  h   p  h       p         p    p 

Example  h     (a*-&')(a~*  +  6~^)=a*~*-a~*6«+a*6   «-6«""^ 

h   p  h       p 

h     p         ^  p 

Example  2.     Multiply  2a;2^-a;^  +  3  by  2x^p  +  xp-Z. 

The  product     =  { 2x^  -  (a^  -  3) }  { 2x2^*  +  {xp  -  3) } 

=  {2x'^pf-{xP-Zf 

=  ix^p-x^  +  6xP-9. 

1  _i 

Example  3.     The  square  of  3x^-2 -a;  ^ 

=9x+4  +  x-^ -2 .  Sx^ .  2-2 .  Sx^  .  x~^  +  2 .  2 ,  x~^ 

=9x  +  4:  +  x-^-12x^-6  +  'ix~^ 

=9x-l2x^-2  +  ^x~^  +  x-\ 

by  collecting  like  terms  and  rearranging. 

Example  4.     Divide  d^  +  a  ^~  by  a^  +  a  ^. 
The  quotient         =(a^  +  a"^)-^(a^  +  a"^) 

=  { [a^f  +  (a"^)3 }  -J.  (a^  +  a"^) 

n  n  n  n 

sa^-l+a-". 
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EZAMPLEf^  XXX  d. 

Write  down  the  value  of 

1.    (a;^-7)(a;^  +  3).  2.  {ix-Sx-^H'ix+Sx-^U 

3.    (7a;-93ri)(7a;+^-»>.  4.  (a;'»-y«)(ar«»+y-»). 

5.    (a*-2a-*)a.  6.  {a*+a=^)2. 

a    (y^-oT^y.  10.    (3a:«3r*+6a;-V)(3iBV-5«-y-») 

(1          \*  1      _i 

a'-^-a-'\.  12.  (a;«-a;  «+a?)». 

la    {(a  +  6)^+(a-6)^}».  14.  {(a+6)*-(a-6r^}». 

ffnVe  c?o!^w  the  quotient  of 

15.    a; -9a  by  x^+8a\  16.  x^  -  27  by  ar^- 3. 

17.    a2x_i6  by  a*-4.  18.  a^+S  by  00^+2, 

19.    c^^-c-*  by  c*-c~i  20.  l-8a-s  by  1-20-H 

21.    a'^-af^  by  a^^+jc*.  22.  a;-*-l  by  x-^  +  l. 

23.    a;^-l  by  x^-1.  24.  a;^+32  by  sif»+2. 

Find  the  value  of 

25.    (a?+a;^-4)(x+a:^  +  4).  26.  (2a;^  +  4  +  3ic"^)(2a;'^  +  4-3a;"^), 

27.    {2-x^  +  x){2+x^+x).  28.  (a*+7  +  3a-»)(a*-7-3c-*), 

a^-8aH  3Q  x-7x^      .(        2W 


CHAPTER  XXXI. 

Elementaey  Surds. 

249=  Definition.  If  tlie  root  of  a  quantity  cacnot  be  exactly 
obtained  the  root  is  called  a  surd. 

Thus  V2,  4^5,  i'a\  Ja^T¥  are  surds. 

By  reference  to  the  preceding  chapter  it  will  be  seen  that 
these  are  onl)'  cases  of  fractional  indices  ;  for  the  above  quanti- 
ties might  be  written 

Since  surds  may  always  be  expressed  as  quantities  with  frac- 
tional indices  they  are  subjeet  to  the  same  laws  of  combination 
as  other  algebraical  symbols. 

250.  A  quantity  may  be  expressed  in  a  surd  form  without 

6 

really  being  a  surd.  Thus  ^afi  or  x^,  though  apparently  a  surd, 
can  be  expressed  in  the  equivalent  form  x^. 

251.  A  surd  is  sometimes  called  an  irrational  quantity : 
and  quantities  which  are  not  surds  are;  for  the  sake  of  distinction, 
tei-med  rational  quantities. 

252.  In  the  case  of  numerical  surds  such  as  v'2,  v''5,  ..., 
although  the  &ra-ct  value  can  never  be  found,  it  can  be  deter- 
mined to  any  degree  of  accuracy  by  carrying  the  process  of 
evolution  far  enough. 

Thus  ^/5  =  2-236068 ; 

that  is  J5  Kes  between  2-23606  and  2*23607  ;  and  therefore  the 
error  in  using  either  of  these  quantities  instead  of  J5  is  less  than 
•00001.     By  taking  the  root  to  a  greater  number  of  decimal 

111  1 

places  we  can  approximate  still  nearer  to  the  true  value. 

It  thus  appears  that  it  will  never  be  absolutely  necessary  to 
introduce  surds  into  numerical  work,  which  can  always  be  carried 
on  to  a  certain  degree  of  accuracy  ;  but  we  shall  in  the  present 
chapter  prove  laws  for  combination  of  surd  quantities  which 
will  enable  us  to  work  with  symbols  such  as  ^./2,  ^5,  ija^  . . .  with 
absolute  accuracy  so  long  as  the  symbols  are  kept  in  their  surd 
form.  Moreover  it  will  be  found  that  even  where  approximate 
numerical  results  are  required,  the  work  is  considerably  simpli- 
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fied  and  shortened  by  operating  with  surd  symbols,  and  after- 
wards substituting  numerical  values,  if  necessary. 

253.  The  order  of  a  surd  is  indicated  by  the  root  symbol,  or 
surd  index.  Thus  ^x,  J^a  are  respectively  surds  of  the  third 
and  n^^  orders. 

The  surds  of  the  most  frequent  occurrence  are  those  of  the 
second  order ;  they  are  sometimes  called  quadratic  SUrds.  Thus 
V3,  ^/a,  sj^c+y  are  quadratic  surds. 

254.  It  will  frequently  be  found  convenient  to  express  a 
rational  quantity  in  a  surd  form. 

A  rational  quantity  may  be  expressed  in  the  form  of  a  surd  of 
any  required  order  by  raising  it  to  the  power  whose  root  the  surd 
expresses,  and  prefixing  the  radical  sign.     Thus 

5 = ^25  =  4/1 25  =  4/625  =  j^S"  ; 

a+x=J{a+xf=  U{a+a;f=  V(a+^)^ 

255.  A  surd  of  any  order  may  be  transformed  into  a  surd  of 
a  different  order. 

Examples,     (1)     ^  =  2^=2^=^24. 
1        X 
(2)     ^a=aP=a^=^a'i. 

256.  Surds  of  different  orders  may  be  transformed  into  surds 
of  the  same  order.  This  order  may  be  any  common  multiple  of 
each  of  the  given  orders,  but  it  is  usually  most  convenient  to 
choose  the  least  common  multiple. 

Example.  Express  ^a^,  i^^  ^a^  as  surds  of  the  same  lowest 
order. 

The  least  common  multiple  of  4,  3,  6  is  12 ;  and  expressing  the 
given  surds  as  surds  of  the  twelfth  order  they  become  ^/a^  ^6^,^a^**. 

257.  Surds  of  different  orders  may  be  arranged  according  to 
magnitude  by  transforming  them  into  surds  of  the  same  order. 

Example.     Arrange  ^^3,  4/6,  ^/lO  according  to  magnitude. 
The  least  common  multiple  of  2,  3,  4  is  12 ;  and,  expressing  the 
given  surds  as  surds  of  the  twelfth  order,  we  have 

^3  =14/38  =1^29, 
,4/6  =12/6^  =^1296, 
4/10=12/103=12/1000. 

Hence  arranged  in  ascending  ©rder  of  magnitude  the  surds  are 

n/3,  4/10,  4/6. 
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EXAMPLES  ZXXI.  a. 

Express  as  surds  of  tlie  twelfth  order  with  positive  indices  : 
L    Jci  2.    a-'^-roT^o  3.    ifa^y^sfcFhF^, 

4.    — «•  5.    „- — — .  6.    a/ — o' 

Express  as  surds  of  the  n^  order  with  positive  indices  : 
7.    ^^'  8.    ic*.  a    a^.  10.    V«"". 


1  -,»     X  ^  ^^       a 


Express  as  surds  of  the  same  lowest  order : 

15.    s/a,  ^a^  16.    >^  s/a.  17.  4^x«,  >J^a:«,  ^a:». 

18.    ':^^»  'i/x'^  19.  ^^^^,  n/^.  20.  v/^,  ^^^^. 

2L    v'S,  i/lh  4^3.     22.   4/8,  V3,  >^6.        23.  4/2,  ^8,  4/4. 

258.  The  root  of  any  expression  is  equal  to  the  product  of 
the  roots  of  the  separate  facto^^  of  the  expression. 

For  Vah^^ciof 

=aH^,  [Art.  244 

Simiiarly ,  s^abc  =li/a.lijh  .H/c*, 

and  so  for  any  number  of  factors. 

Examples.     (1)    4/15=4/3    -4/5. 

(2)  l/^  =  lja^  .^=a?^.. 

(3)  ^50  =v/2o.v/2=5„/^. 

Hence  it  appears  that  a  surd  may  sometimes  be  expressed  as 
the  product  of  a  rational  quantity  and  a  surd  ;  when  so  reduced 
the  surd  is  said  to  be  in  its  simplest  forra. 

Thus  the  simplest  form  of  ^/128  is  8^/2. 

Conversely,  the  coefficient  of  a  surd  may  be  brought  under 
the  radical  sign  by  first  reducing  it  to  the  form  of  a  surd,  and 
then  multiplying  the  surds  together. 
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Examples.    (1)    7v'5=x/49.  ^^5=^245. 
(2)   a>  =  4/a«.  4/6=4/^. 
When  so  reduced  a  surd  is  said  to  be  an  entire  swrd. 

259.  When  surds  have,  or  can  be  reduced  to  have,  the  same 
irrational  factor,  they  are  said  to  be  like ;  otherwise,  they  are 
said  to  be  unlike.    Thus 

5/,y3,  2^3,  ^V3  are  like  surds, 
o 

But  3^/2  and  2^/3  are  unlike  surds. 

Again,  3^/20,  4^5,  a/-«  are  like  surds  ; 

for  3V20=3v/4  .  ^5  =  3.  2^5=6^5  ; 

and  ^l  =  y|=iv^5. 

260.  In  finding  the  sum  of  a  number  of  like  surds  we  reduce 

them  to  their  simplest  form,  and  prefix  to  their  common  irrational 

part  the  sum  of  the  coefficients. 

1 
Exarapk  1.     The  sum  of  3^20,  4^5,  -tp 

=6V6-j-4V-5+iv6 

Example  2.     The  sum  of  x  \f^K^a  +  y^'  ~  y^a  -  z  ^[^a 
=x.  2xi^a  +  y{~y)^a~z  .z^a 
-{^a?~y'^-z'^)lla. 

26 1.  Unlike  bifls  cannot  be  collected. 

Thus  the  sum  of  5^/2,  -2^3  and  ^^6  is  5V2--2v''3+v^6 
and  cannot  be  furthei  simplified. 

EXAMPLES  XXXI.  b. 

Express  in  the  simplest  form  : 
1.     v'288.  2.     v/147.  3.     4^256.  4.     4^432. 

5.    3V150.  6.    2^720.  7.     5^/245.  8.     4/1029. 

a    4^3125.  10.     4^=^2187.      11,     ^^36^.  12.     J21a?¥, 


XXXI.]                             ELEMENTARY  SURDS.                                   257 

13.      v'' -  lOSary .           14.     vx3„y2„+5,  i^      ^'x^^py^. 

16.     'Ja^  +  2a'b  +  ab\                       17.  v  Sx^  -  24x^y'  4-  24ary3  _  gxy*. 

Express  as  entire  surds  : 

18.     11 V  2.                IS.     14^/5.  20.     6.84.               21.     5  4/6. 

^./^                 9ft      2a //27^  ,„      2a  ^V"^ 

X-  y   a                            Zx  y    a?  0    \  Sa-^ 


25,    -^,a/— •  26.    '^^j^-^.  27.    =^V5^= 

„  "Z"*^  oo      a'ii^  Oft      y  ,  /3^ 

"V^^-  29.     j^j^.  30.    |;V^^. 

ix  +  y)Ji^.  32.  -^J?^. 

yx  +  y  a-x  y    a-:c 


28. 
31. 


Find  the  value  of 

33.  3V4O-V20  +  7V5.  34.  4^/63  +  5.^/7-8^/28. 

35.  ^44- 5^176 +  2^99.  36,  2^363 -5v'243  +  v  192. 

37.  2^189  +  34/875-74/56.  38.  5  4/81-74/192  +  4  4/648. 

39.  34/162 -74/32+ 4/1250.  40.  5  4'^^-2  4''^ni  +  44'686. 

41.  4^128  +  4^5-5^162.  42.  5v'24-2v/54- ^'6. 

43.  s/252-V294-48^^.  44.  3v/147-|^/g- ^/^. 

262.     To   raultiply   two  surds  of  the  same   order:    raidtiply 
separately  the  rational  factors  and  the  irrational  factors. 

1        1 
For  a^wxhJ^y^ojf'x  hy^ 

1  1 
=  ahaf'ir 

=^ab{j7yY 
=  ah  s  xy. 

Exampiee.     (1)    5  ^3  x  3  ^  =  15  ^^21. 

(2)  2v/«x3V^=6a:. 

(3)  v^a  +  6  X  4fa^  =  v/(a  +  6)(a-6)  =  ^'a^-b*. 
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263.  If  the  surds  are  not  in  their  simplest  form,  it  will  save 
labour  to  reduce  them  to  this  form  before  multiplication. 

Example.     The  product  of  5^/32,  ,^48,  2,^/64 

=5 .  4  V2 X 4^  X 2 .  3  v/6=480 .  ^/2 .  ^ .  V6=480 X  6=2880. 

264.  To  mvXtiply  surds  which  are  not  of  the  same  order: 
reduce  them  to  equivalent  surds  of  the  sarae  order ^  and  proceed  as 
before. 

Examptt.     Multiply  5  ^  by  2  ^,/5. 

The  product = 5  /^/22  x  2  ^/'S^  =  10  ^fWir^=  10  ^500. 

265.  Suppose  it  is  required  to  find  the  numerical  value  ol 
the  quotient  when  ^Jb  is  divided  by  ,J1. 

At  first  sight  it  would  seem  that  we  must  find  the  square 
root  of  5,  which  is  2'236  ...,  and  then  the  square  root  of  7,  which 
is  2-645  ...,  and  finally  divide  2-236  ...  by  2-645  ... ;  three  trouble- 
some  operations. 

But  we  may  avoid  much  of  this  labour  by  multiplying  both 
numerator  and  denominator  by  v'7,  so  as  to  make  the  denomi- 
nator a  rational  quantity.     Thus 


Now 


266.  The  great  utility  of  this  artifice  in  calculating  the 
numerical  value  of  surd  fractions  suggests  its  convenience  in  the 
case  of  aU  surd  fractions,  even  where  numerical  values  are  not 

/A 

required.     Thus  it  is  usual  to  simplify  — y-  as  follows  ; 

sjc 

ajh  _a^'b  X  sjG_asfhc 
^/c       V  c  'X'Jc  c    ' 

The  process  by  which  surds  are  removed  from  the  denomi- 
nator of  any  fraction  is  known  as  rationalising  the  denominator. 
It  is  efi'ected  by  multiplying  both  numerator  and  denominator 
by  any  factor  which  renders  the  denominator  rational  We  shall 
return  to  this  point  in  Art.  270. 


V5 

n/5 

\/7 

x^- 

V5x7 

V3.5 

V7 

^nA7 

"     7     ~ 

7  ■ 

V35  = 

=5-916.. 

. 

•'• 

V5 
v/7- 

5-916.. 

■       7 

-=•845.... 
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267.  The  quotient  of  one  surd  bv  another  may  be  found 
hj  expressing  the  result  as  a  fraction,  and  rationalising  the 
denominator. 

Example  1.     Divide  4/^75  by  2o^,'56. 

The  cinotient=25--6  =2F^r27u  =  Vli 

_  2^'3  X  va4  _2V42_v^42 
~5vl4x^/14~5xl4~  35  ' 

£xampU2.      _=A^_^^=-^=_. 

EXAMPLES  SXXL  e. 

Find  the  value  of 

L    2^14x^21.  2.    3^8  X  ,^6.  3.  5^ax2y/3, 

4.    2^15x3^5.  5.     8^12x3^^4.  6.  s'^+2x^/^r^ 

7.    21^/384^8^98.      8.    5s'27-r3v^.         9.  - 13^125  ^S^v^^S. 

la     ii/168x»/147.        11.     5^/128  X  2^^432,    12.  6vl4-r2^/21. 

in  HLs    19  /  ij      Sv'll         5  -_       S<'48   .  6^'84 

13.    a^^x&^^o.         14.    2^^-^^^-        15.    5^-;|92' 

^^      Z    \c?    4.    11?  ,r,         3       r2F        /  18j^ 

Given  ^2  =  1-41421,  v3=l'73205,  v'5  =  2'23607,  ^'6  =  2-44949, 
(^/7  =  2*64575  :  find  to  four  places  of  decimals  the  numerical  value 
of 

25. 


18. 

14 

19. 

25 

20. 

10 

22. 

60 

V5' 

23. 

144-^^/6, 

24. 

V^-J-S^. 

26. 

1 
^500" 

27. 

4 
^/•243* 

28. 

25 
.,^o2" 

2^'3 

Vl5^ 


29.  ./m. 


268.  Hitherto  we  have  confined  our  attention  to  simple 
surds,  such  as  tI^-»  sf<^-,  •Jx+y.  An  expression  involving  two  or 
more  simple  surds  is  called  a  compound  suxd ;  thus  2/v'a  — 3v'6j 
Ua+  i/b  are  compound  surds- 
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269.     The  multiplication  of  compound  surds  is  performed 
like  the  multiplication  of  compound  algebraical  expressions. 

Example  1.     Multiply  2V5C-5  by  Z^x. 
The  product =Z^x{2  .Jx  -  5) 
=6a;-15x/a;. 

Example  2.     Multiply  2  ^5  +  3  v/a;  by  ^/5  -  ^x. 
The  product = (2^5  +  3  ^x)  ( ^5  -  sjx) 

=2  V5  .  ^5  +  3x/6  .  V«  -  2/v/5  .  \/iB  -  Zsjx .  ^a; 
=  10-3a;+\'^. 
Example  3.     Find  the  square  of  2>Jx  +  >j7-4x. 
(2^2?+ Vf=^2=(2v'a;)2+(s/r^2+4Va; .  v^T-'la; 


.z=7  +  4s/7x-^. 

EXAMPLES  XXXI.  d. 

Find  the  value  of 

1.     {S^x-5)x2sjx.  2.  {^x-Ja)x2^x. 

3.    {^Ja+s/b)x^/a^.  4.  (\/xTy  -  i)  x  v'af +y. 

5,    (2^3  +  3^/2)2.  6.  U7  + 6^3)  (2^/7 -4x/3), 

7c     (3v*5-4v2)(2V5  +  3v^).  8.  (3v'a-2v/a:)(2.,a  +  3<^a?). 

9.     (•Jx+>\/x-l)xsfx-l,  10.  (V«Ta  -  Var "  a)  X  v'a;  +a, 

11.     (Va+a;-2va)^  12.  (2v'a  -  vTT  4a)'. 

13.     (va  +  a;-\/a-a;)2.  14.  (\/a  +  a;-2)(V'aTa;-l). 

15.  {x/2  +  v/3  -  v/5)  (V2  +  ^/3 + ^5). 

16.  W5  +  3V2+V7)(^/5  +  3^/2-^). 

Write  down  the  square  of 

17.  s/2x  +  a-'j2x'^.  18.  \/i232p  +  x/^+2ya. 
19.  'JmTn  +  sf^^T^.  20.  3N/^^fP-2^^^2rp, 
21,     3a:V2-3>/7-2x».                       22.  -^4^+1 -v^i^^l. 
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270.  One  case  of  the  multiplication  of  oompoimd  surds 
deserves  careful  attention.  For  if  we  multiply  together  the  sum 
and  the  difference  of  any  two  quadratic  surds  we  obtain  a  rational 
product. 

Examples.    (1)    {s/a-i-^)(^'a-^b)  =  {Jalf^-{^f=a-b, 

(2)    (3V5  +  4v/3)(3V5-4V3)  =  (3v'5)2-(4v^3)2=45-48=  -3. 
Similarly,  (4  -  V^5)  (4  +  s/a+b) = (4)^  -  (n/S+6P=  16  -  a  -  6. 

271.  Definition.  When  two  binomial  quadratic  surds  differ 
only  in  the  sign  which  connects  their  terms  they  are  said  to  be 
conjugate. 

Thus  3^+5^11  is  conjugate  to   3v^-5Vll. 

Similarly,     a  —  \'a^  -  ^  is  conjugate  to  a +^0"  -  3^. 

The  product  of  two  conjugate  surds  is  rational     [Art.  270.] 

Sxample.     {3,Ja  +  Var-9a)  (3  V*  -  sfx-9a) 

= (3  s'df  -  {\fx-9a)^=9a  -{x-  9a)  =  lSa-x. 

272.  The  only  case  of  the  division  of  compound  surds  which 
we  shall  here  consider  is  that  in  which  the  divisor  is  a  binomial 
quadratic  surd.  If  we  express  the  division  by  means  of  a  frac- 
tion, we  can  always  rationalise  the  aenominator  by  multiplying 
nimierator  and  denominator  by  the  surd  which  is  conjugate  to 
the  divisor. 

Example  1.     Divide  4  +  3 v/2  by  5-3v'2. 

™  .     ^    4  +  3v^    4  +  3s/2^5  +  3v'2 

The  qnotient=5-3^  =  5-3-^X5 --3^ 

__  20+18  + 1 2  ^2  +  16^  ^  38  +  27x/2 
25- i8  7 

Example  2.     Rationalise  the  denominator  of    ,  ,  -,- ■ 

b^ 
The  expression = 


sfaF+¥  +  a    s/a^Tb^-a 

_b^'M+^-a\ 
-    {a«  +  62)-a2 

ss-s/o^+P-o. 
B.A.  g 


262  ALGEBRA.  [OHAP. 

Example  3.     Divide  ^^      T»   by  -.         .^- 

The  quotient=  ^Z^ >< rt:473=r4- 12  +  8^-7^/3 
=- ^  =  2-/^/3,  on  rationalising. 

87 
Example  4.     Given  ^5==  2 -236068,  find  the  value  of  ^_  '      ♦ 

Rationalising  the  denominator, 

7^  =  ^^S^=3(^  +  2V5)  =  34-416408. 

It  will  be  seen  that  by  rationalising  the  denominator  we  have 
avoided  the  use  of  a  divisor  consisting  of  7  figures. 

EXAMPLES  XXXL   e. 

Find  the  value  of 

1.  (9^2 -7)  (9^2 +  7).  2.     (3 +  5^7)  (3 -5^/7). 

3.  (5v/8-2V7)(5^8  +  2V7).  4.     (2^1 1+5^/2)  (2^11 -5^2). 

5.  (Va  +  2V6)(v/a-2^&).  6.     {^c-'2Jx){Zc^2Jx). 

7.  {s/a  +  x-^Ja){\/a  +  x  +  Ja). 

8.  {s/2f+3q  -  2sJq)  {sl2p  +  2,q  +  2^q). 

9.  {\fa  +  X  +  s/a  -  x)  {\/a  +  X  -  ija  -  x). 

10.  (5  Va;2  -  32/2  +  7a)  (5  Va;^  -  Sy"^  -  7a). 

11.  29  +  {ll  +  3V7).  12.     17 +  (3^7  +  2^3). 

13.     (3^2-1) +  (3^2  +  1).  14.  (2V3  +  7x/2)^(5V3-4^). 

15.     {2x-s/^)^{2^f^-y).  16.  (3  +  v/5)(v/5-2)-r(5-^5). 

17          v/«       .  sl<^  +  slx^  jg  2^15  +  8  .  8^/3-6^5^ 

fja-sjx'      sjx     '  '  5  +  Ayi5    "5/^3-3/^5 

Rationalise  the  denominator  of 
.Q     25^3-4^2  p^      lOv/6-2^7  oi       v/7  +  v/2 

'■'''      7V3-5V2*  3V6  +  2;v/7*  9  +  2^14' 

22.     M±V2.  23.     — C=-  24. 


5  +  2^6  *  •     x  +  \/x^-y^'  '     s/x'^  +  a'^  +  a 

oc      \/r+^-\/r^  oc      2\/a  +  6  +  3\/a-6 

\/l+x2  +  \/l-x2  2\fa  +  b-'Ja-b 
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07      Jd  +  ^-Z  00      3  +  v/6 

v/9+^+3*  5V3-2^/12-v/32  +  V50" 

Given  ^2  =  1-41421,  ^3  =  1-73205,  ^5  =  2-23607  :  find  to  four 
places  of  decimals  the  value  of 

29.        1  30.    ?±4        31.    #±^^.      32.    ,^. 

2  +  .v/3  /v/o-2  4  +  ^15  9-4^/0 

33.     m^x§^=  ^.     (2 -s^3)  (7 -4^/3) -(3^/3 -5). 

273.     7%€  square  root  of  a  rational  qiiantity  cannot  he  partly 
rational  and  partly  a  quadratic  surd. 

If  possible  let  '  Jn  =  a-\-^m  ; 

then  bv  squaring,  n=a^-\-m  +  2a^lm  ; 


Jm-^ 


n  —  a^  —  m 
2a 


that  is  a  surd  is  equal  to  a  rational  quantity  ;  which  is  im- 
possible. 

274.  //x  +  v^y  =  a  +  v^,  where  x  awo?  a  are  both  rational  and 
sly  and  ^/b  are  both  irrational^  then  will  x  =  a  and  y  =  b. 

For  if  07  is  not  equal  to  a,  let  x=a  +  m  ;  then 
a-\-m+Jy  =  a-\rJb  ; 
that  is,  sjb =m  +  ^y  ; 

which  is  impossible.  [Ai't.  273.] 

Therefore  x=a^ 

and  consequently,  y  =  ^- 

If  therefore  x + ,^3/  =  a  4-  s^6, 

we  must  also  have  x  ~  ^fy  =  a  —  Jb. 

275.  It   appears   from   the   preceding  article   that  in  any 
equation  of  the  form 

X+JT=A-Ts'B = (1), 

we  may  equate  the  rational  parts  on  each  side,  and  also  the 
irrational  parts  ;  so  that  the  equation  (1)  is  really  equivalent  to 
two  independent  equations,  X=A  and  T=B.  But  this  is  only 
true  when  sj  Y  «^  JB  are  irrational. 
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276.  If  Va+Vb=Vx  +  x/y  then  will  v/a-^=Vi-v/y. 
For  by  squaring,  we  obtain 

:.     a^x-\-y,  Jh  =  '2,Jxy,  [Art.  275.] 

Hence  a-Jh=x-2,Jxy+yf 

and  Ja-sjh  =  ^'x  -  s^y. 

277.  To  imd  the  square  root  of  B.-^s}^» 

S  uppose  sJcL  +  \  '6  =  tjx + ^y  ; 

then  as  in  the  last  article, 

x+y=a ^^ (1), 

2^=^6.... (2). 

.*•     {x-yf={x->ryf-^xy 

=a^-b,  from(l)and(2), 

.'.     x-y=sjo^-h. 
Combining  this  with  (1)  we  find 

^^"~  2 — '  *^^  y^     2 — 

278.  From  the  values  just  found  for  x  and  y,  it  appears  that 
each  of  them  is  itself  a  compound  surd  unless  a^-  6  is  a  perfect 
square.  Hence  the  method  of  Art.  277  for  finding  the  square  rootof 
a-\-sJhi%oi  no  practical  utility  except  when  a^  —  6  is  a  perfect  square. 

Example,.     Find  the  square  root  of  16  +  2,y'55. 
Assume  sjTQ+'2iJ55  =  ^x  +  ^y. 

Then  16+2,^55=a;+2^^  +  y. 

.-.        x  +  y=l6 (1), 

2^^=2^/55  (2> 

.'.    ix-y)^={x+y)^-^ 

=  16^-4x55,  by  (1)  and  (2). 

=4x9. 

x-y=±6  - „...(3). 

Frwn  (1)  and  (3)  we  obtain 

21=11,  or  5,  and  y=5,  or  IL 
That  ifl,  the  required  square  root  ia  i^/il+s/& 
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In  the  same  way  we  may  shew  that 

Note.  Since  every  quantity  has  two  square  roots  equal  in  magni- 
tude but  opposite  in  sign,  strictly  speaking  we  should  have 
the  square  root  of  16  +  2^/55=  ±(^11  +>y5), 
16-2s/55=±(Vll-v/5). 

However  it  is  usually  sufficient  to  take  the  positive  value  of  the 
square  root,  so  that  in  assuming  >Ja  -  ^  =  ^'x  -  sjy  it  is  understood 
that  X  is  greater  than  y.  With  this  proviso  it  will  be  unnecessary 
in  any  numerical  example  to  use  the  double  sign  at  the  stage  of  work 
corresponding  to  equation  (3)  of  the  last  example. 

279.  When  the  binomiai  whose  square  root  we  are  seeking 
consists  of  two  quadratic  surds,  we  proceed  as  explained  in  the 
following  example. 

Example.     Find  the  square  root  of  ,^175  -  >/147. 

Since    ^/ITS- v'147=vr7{.s/25- v/21)  =  ^  (5-^/21  )v 

And,  proceeding  as  in  the  last  article, 

280-  The  square  root  of  a  binomiai  surd  may  often  be 
found  by  inspection. 

Example  1.    Find  the  square  root  of  11  +  2^^30. 

We  have  only  to  find  two  quantities  whose  sum  is  11,  and  whose 
product  is  30 ;  thus 

11  +  2^30=6+5+276x5 

=W6  +  v^5)2. 

.-.    a/1T+2^/30=x/6+n/5. 

Example  2,  Find  the  square  root  of  53-  12^yl0. 

First  write  the  binomial  so  that  the  surd  part  has  a  coefficient  2 ; 
thus  53  - 12^10=53  -  2^360. 

We  have  now  to  find  two  ouantities  whose  sum  is  63  and  wboae 
product  IS  360 ;  these  are  45  and  8 1 
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hence  53-12^/10=454-8-2745x8 

=  (V45-V8)2; 

/.    V53-12v/10=s/45-^8 
=3v'5-2^. 

EXAMPLES  XXXI.  f. 

Find  the  square  root  of  each  of  the  following  binomial 
surds  : 

1.     7-2V10.                2.     13  +  2^30.  3.  8-2^/7. 

4.     5  +  2^/6.                   5.     75  +  12^21.  6.  18-8^5. 

7.     41-24V2.               8.     83  +  12^35.  9.  47-4^33. 

10.     2i  +  V5.                  11.     4^-|"y3.  12.  16-r5^/7. 

13.    v'27  +  2v/6.             14.    s/32-^y24.  15.  3^/5+^40. 

Find  the  fourth  roots  of  the  following  binomial  surds  : 

16.    17  +  12^2.              17.    56  +  24V5.  18.  |s/5+3j. 

19.     14  +  8^/3.               20.    49-20^/6.  21.  248  +  32^/60. 

Find,  by  inspection,  the  value  of 

22.    v/3^^272.             23.    sfi+2~JS,  24.  N/^^=2J*5. 

25.    719  +  8^3.            26,    s/8  +  27l5.  27.  V9-2v/i4. 

28.    Jil  +  T^.           29.    s/l5-4V14.  30.  sA29  +  6v'22. 

Equations  involving  Surds. 

281.  Sometimes  equations  are  proposed  in  which  the  un- 
known quantity  appears  under  the  radical  sign.  Such  equations 
are  very  varied  in  character  and  often  require  special  artifices  for 
their  solution.  Here  we  shall  only  consider  a  few  of  the  simpler 
cases,  which  can  generally  be  solved  by  the  following  method. 
Bring  to  one  side  of  the  equation  a  single  radical  term  by  itself  : 
on  squaring  both  sides  this  radical  will  disappear.  By  repeating 
this  process  any  remaining  radicals  can  in  turn  be  removed. 
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Example.  1.     Solve  2tJx-slAx-\\  —  \, 

Transposing  2  ^'x  - 1  =  V4a;-ll . 

Square  both  sides ;  then         ix  -  4i^fx+ 1  =4r  - 11, 

Vic=12, 
^x  =  3; 

.'.    a; =9. 

Example  2.     Solve  2  -1-  x-'x-o  =  13. 

Transposing  v^x-S  =  11. 

Here  we  must  cube  both  sides  j  thus  x-5  =  1331  ; 
whence  a;  =1336. 

Examples.     Solve  sJx+5  +  \'3x+4=>/12x  +  l. 

Squaring  both  sides, 

«  +  5  +  3a;  +  4+2v^(x  +  5)(3a;  +  4)  =  12a;  +  l. 
Transposing  and  dividing  by  2, 

v^(iB  +  5)(3x  +  4)  =  4x-4 (1). 

Squaring,  ix  +  5){Sx  +  ^)  =  16:i^-Z2x  +  16, 

or  13a:2_5ia;_4=o, 

(«-4)(iac  +  l)=0; 

If  we  proceed  to  verify  the  solution  by  substituting  these  values  in 
the  original  equation,  it  will  be  found  that  it  is  satisfied  by  a:  =  4,  but 

not  by  «=  -ys.     But  this  latter  value  will  be  found  on  trial  to 

satisfy  the  given  equation  if  we  alter  the  sign  of  the  second  radical ; 

^  s/x  +  5  -  s/Sx  +  lt = v'12a;+l. 

On  squaring  this  and  reducing,  we  obtain 

-\V  +  5)(3x  +  4)  =  4x-4 (2)  J 

aod  a  comparison  of  (1)  and  (2)  shews  that  in  the  next  stage  of  the 
work  the  aam^  quadrcUic  eqtiation  is  obtained  in  each  case,  the  roots 

of  which  are  4  and  -  r^,  as  already  found. 

From  this  it  appears  that  when  the  solution  of  an  equation 
requires  that  both  sides  should  be  squared,  we  cannot  be  certain 
without  trial  which  of  the  values  found  for  the  unknown  quantity 
will  satisfy  the  original  equation. 
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Im  order  that  all  the  values  found  by  the  solution  of  the  equation 
may  be  applicable  it  will  be  necessary  to  take  into  account  both 
signs  of  the  radicals  in  the  given  equation. 


EXAMPLES  XXXI.  g. 

Solve  the  equations  : 

1.  s/^^=3.  2.  V  4^7=5. 

3.  7-V^^=a  4.  lS-v/5^^=7. 

5.  sf5^n.=2\/xT3.  6.  2v-3-7a;-3v^8iK-12=0. 

7.  2l^5z-35  =  5s/'2x^.  8,  V9a^s- lla;-5=3a;-2. 

9.  't^2¥+ir=V5.  10,  v^-7a;  +  l  =  2a:-lf 

11.  N/^T25=l+ViB.  12.  V8¥+33-3=2^/2i, 

13.  s^^+3  +  Jx=5.  14.  lO-'j25  +  9x=SsJx. 

15.  \/S^  +  3=Va:  +  ll.  16.  \/9a:-8  =  3\/a:  +  4-2. 

17.  'J^+5-Jx=>Jx+S,  18.  v25a;-29->/4a:  - 11  =  3^^:. 

19.  \/8a;  +17-  \^^ = ^25+9,  20.  v/3a?  - 11  +  sfZx=Jl2x  -  23. 

21.  Vl2a;-5-\/3^^=v^7x^2.  22.  s/x+3+s/x  +  S-\^^c+2i=0. 

23.  \/i+2+\/4r +1-  v9a;+  7  ==  0,  24.  v^a:  +  4a6=2a+v/a:. 

25.  >Jx  +  sf4MTx=2\jh  +  x.  26,  V^  -  X  +  \'hTx  =  Ja  +  ^. 

27.  5  '^/70x  +  29 = 9  ^Tix^^.  28.  v^xS-3a:2+7x-ll=a;-l. 

29.    v^8^3q:i2^2:,.i2^_iY=2x+i.  30.    tT+^+ v'r^=N/2. 

282.  When  radicals  appear  in  a  fractional  form  in  an  equa- 
tion, we  must  clear  of  fractions  in  the  ordinary  way,  combining 
the  irrational  factors  by  the  rules  already  explained  in  this 
chapter. 

pr  7    1      o  1  6Jx-ll     2s./a:  +  l 

Example  1.     Solve  —^ =—^ j^. 

^^  3var         s/a;+6 

Multiplying  across,  we  have 

6a;  +  25  v/sB- 66 -6r    3v'a;, 

that  is,  25,^a;  -  Zsjx—*ifa, 

22v'a;=66, 

v/a;=r3, 

a:=9. 
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Example  2,     Solve  \'9  +  2a;  -  »& = -^== 


\'9  +  2a; 
Clearing  of  fractions,  9  +  2ar  -  v^2a:(9  +  2x) = 5, 

Squaring,  l6  +  l6x  +  4:X^  =  lSx  +  4x^, 

lQ  =  2x, 

x^8, 

EZAMPLES  XXXI.  h. 

Solve  the  equations  : 

-  6va;-21^8v/a;-ll  9jJx-2S  _6^Jx-lJ 
^     3v/a;-14    4v'a;-13*                 "^     3>^/x-8  ~  2^lx-Q' 

-  Va;  +  3_  3v/a;-5  o    s'^  +  3_Jx  +  9 
^'    ^/x-2    3Va;-13'                      *•    ^    ^x  +  2~^x  +  T 

^     2Jx-l_^/x-2  «     e^'x-7         1s/x-2& 

^-  r~4— 7~4-  ^-  ':;:^^"^-7v'^-2r 

^V-C-rs     V •*' ~  q 

4Va:-4|     2^^^2  71^ 

9.     v'a;-l+Va;  =  -?-  10.     v/a:-V^^=-7l=. 

V  ^  \'a;  -  8 

U.    \/5  +  5  +  s/a;=^.  12.    2^/ar-V4^^=-pi=. 

V^  \  4a;  -  3 

13.    3v/x=-=L=  +  v/^332.      14.    v^r-7=-T-^. 
n/92:-32  V^  +  7 

15.    (s/x+ll)(v/x-ll)  +  110=0.    16.    2v^=y^^r^- 

l-x    ^x  +  1    ^fx-l  ^'  K^2+i-\f2-x 

21.    -^^=2^J^-l.  22.    -^.+     '  ' 


^JsT^+l  '  x-6  +  ^x    ^'x-2    ^'x  +  Z' 

^Further  practice  in  iwd  equations  will  he   found  an  pagei 
362,  363.] 
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Ratio,  Proportion,  and  Variation. 

Ratio. 

283.  Definition.  Batio  is  the  relation  which  one  quantity- 
bears  to  another  of  the  same  kind,  the  comparison  being  made 
hj  considering  what  multiple,  part,  or  parts,  one  quantity  is  of 
the  other. 

The  ratio  of  ^  to  J5  is  usually  written  A  :  B.  The  quantities 
A  and  B  are  called  the  tenm  of  the  ratio.  The  first  term  is 
called  the  antecedent,  the  second  term  the  consequent. 

284.  To  find  what  multiple  or  part  ii  is  of  5  we  divide  A 
by  B ;  hence  the  ratio  A  :  B  may  be  measured  by  the  fraction 

-D,  and  we  shall  usually  find  it  convenient  to  adopt  this  notation. 

In  order  to  compare  two  quantities  they  must  be  expressed 

in  terms  of  the  same  unit.     Thus  the  ratio  of  £2  to  15*.  is 

2  X  20      8 
measured  by  the  fraction     -       or  -. 

Note.  Since  a  ratio  expresses  the  nurriber  of  times  that  one 
quantity  contains  another,  every  ratio  is  an  abstract  qvxintity. 

285.  By  Art  151,  h^~h 

and  thus  the  ratio  a  :  6  is  equal  to  the  ratio  ma :  mh  ;  that  is, 

the  value  of  a  ratio  remains  unaltered  if  the  antecedent  and  the 
consequent  are  multiplied  or  divided  by  the  same  quantity. 

286.  Two  or  more  ratios  may  be  compared  by  reducing  ttieir 
equivalent  fractions  to  a  common  denominator.     Thus  suppose 

a  :  h  and  x  :  y  are  two  ratios.     Now  r  =  7   »  and  -  =  ^—  ;  hence 

h     by  y     by 

the  ratio  a  :  5  is  greater  than,  equal  to,  or  less  than  the  ratio 

X  :  y  according  as  ay  is  greater  than,  equal  to,  or  less  than  hx^ 
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287.  The  ratio  of  two  fractions  can  be  expressed  as  a  ratio  of 

a 

T 

two  inteorers.     Thus  the  ratio  r  :  -?  is  measured  by  the  fraction  -. 
°  0     a  ''  c 

or  T-;  and  is  therefore  equivalent  to  the  ratio  ad  \  he. 

288.  If  either,  or  both,  of  the  terms  of  a  ratio  be  a  surd 
quantity,  then  no  two  integers  can  be  found  which  will  exactly/ 
measure  their  ratio.  Thus  the  ratio  »J2  :  1  cannot  be  exactly 
expressed  by  any  two  integers. 

289.  Definition.     If  the  ratio  of  any  two  quantities  can 

be  expressed  exactly  by  the  ratio  of  two  integers  the  quantities 
are  said  to  be  comiueiisurable  ;  otherwise,  they  are  said  to  he 
incommensurable. 

Although  we  cannot  find  two  integers  which  will  exactly 
measure  the  ratio  of  two  incommensurable  quantities,  we  can 
always  find  two  integers  whose  ratio  differs  from  that  required 
by  as  small  a  quantity  as  we  please. 

Thus  --^1^-^^^f '•■■^•559016... 

4  4 

,  ^,        ,  >Jo        559016        ,        559017 

and  therefore       —  >  ^^^^^  and  <TooooOO' 

and  it  is  evident  that  by  carrying  the  decimals  further,  any 
degree  of  approximation  may  be  arrived  at. 

290.  Definition.  Eatios  are  compounded  by  multiplying 
together  the  fractions  which  denote  them  ;  or  by  multiplying 
together  the  antecedents  for  a  new  antecedent,  and  the  conse- 
quenta  for  a  new  consequent. 

Example.     Find  the  ratio  compounded  of  the  three  ratios 

2a  :  36,  6o5  :  5c2,  c  :  a. 

rwyt  ....       2a     6db    c     4a 

The  required  ratio  =  ;rY  x  -i^-^  x-  =  -~. 
*  3o     5c^     a    5c 

291.  Definition.  When  the  ratio  a  :h  Is  compounded  with 
itself  the  resulting  ratio  is  a-'  :  h^,  and  is  called  the  duplicate 
ratio  of  a  :  6.    Similarly  a^  ,  b^  is  called  the  triplicate  ratio 

of  a  :  6.     Also  a/  :  b^  is  called,  the  subdupiicate  ratio  of  a  ib. 
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Examples.     (1)    The  duplicate  ratio  of  2a  :  36  is  4a'  :  96^. 

(2)  The  subduplicate  ratio  of  49  :  25  is  7  :  5. 

(3)  The  triplicate  ratio  of  2a;  :  1  is  8a:'  :  1. 

292.  Definition.  A  ratio  is  said  to  be  a  ratio  of  greater 
inequality,  of  less  inequality/,  or  of  equality,  according  as  the 
antecedent  is  greater  than,  less  than,  or  equal  to  the  consequent. 

293.  If  to  each  term  of  the  ratio  8  :  3  we  add  4,  a  new  ratio 
12  :  7  is  obtained,  and  we  see  that  it  is  less  than  the  former 

because  -^  is  clearly  less  than  ^ 

This  is  a  particular  case  of  a  more  general  proposition  which 
we  shall  now  prove. 

A  ratio  of  greater  inequality  is  diminished,  and  a  ratio  of  less 
inequality  is  increased^  by  adding  the  same  quantity  to  both  its 

terms. 

Let  -  be  the  ratio,  and  let  ~ —  be  the  new  ratio  formed  by 
b  b+x  ^ 

adding  x  to  both  its  terms. 

-K^  a     a  +  x  _ax  —  bx 

b^  b+x~b{b+x) 

_x(a  —  b) , 
~W+x)' 

and  a  —  b  is  positive  or  negative  according  as  a  is  greater  or 
less  than  b. 

Henceifa>5,  ^>?±f; 

b      b+x 

and  if  a<b,  ^<P^. 

b      b+gf 

which  proves  the  proposition. 

Similarly  it  can  be  proved  that  a  ratio  of  greater  inequality 
is  increased,  and  a  ratio  of  less  inequality  is  diminished,  by  taking 
the  same  quantity  from  both  its  terms. 

294.  When  two  or  more  ratios  are  equal,  many  useful  pro- 
positions may  be  proved  by  introducing  a  single  symbol  to 
denote  each  of  the  equal  ratios. 

The  proof  of  the  following  important  theorem  will  illustrate 
the  method  of  procedure. 
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^^  b    d    f     ' 

ta^h  of  th^e  ratios     =(ff  +  ^a4rf° +  "■'.)'' 
Mohere  p,  q,  r,  n  art  any  quantities  whatever. 
T    *■  a _c _€ _      _ 7 

l^t  6-5"/ ^' 

tiien  a=bk,  c=dk,  e=fJ:,  ... ; 

whence  pa''=pb'*k",  qc^=qd''k^,  re"=rfl'^,  ...  ; 

.  pa"  +  gc"+rg"+...     ph'^k''-  +  g^"/^"  -i-  r/'F'  +  . . . 

Bv  giving  different  values  to  p,  q,  r,  n  many  particular  cases 
of  this  general  proposition  mav  be  deduced  ;  or  ther  mav  be 
proved  independently  bv  u^ing  the  same  method.     For  instance, 

..  a     c     e         ,      .  ^,  .         a  +  c  +  e 

II  T  =  -T=--i  each  ot  these  ratios  =  , = — >; 

0     a    J  o+d+f 

a  result  which  will  frequently  be  found  useful 
Example  1.     If  -=-  find  the  value  of  .; ^, 

5x-3y_y        _4 ^_^ 

7x4-2y-7£^2    ^  +  2~^^' 
y         4 

Example  2.  TVo  numbers  are  in  the  ratio  of  5 :  8.  If  9  be 
added  to  each  they  are  m  the  ratio  of  8  :  11.     Find  the  numbers. 

Let  the  numbers  be  denoted  by  ox  and  Sx. 

Then  5x  +  9    _8^ 

8a;  +  9     11' 

.-.    x=3. 

Hence  the  numbers  are  15  and  24. 
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Exam/pie  3.     If  4  :  5  be  in  the  duplicate  ratio  of  -4+a; :  5+a;, 
prove  that  x^  =  AB. 

(A-\-x\^    A 

/.    B{A+xf=A{B+x)\ 
A^B+2ABx  +  Bx^=AE^+2ABx+Aa^, 
x^{A~B)  =  AB{A-B); 
.:    x^=AB, 
since  ^  -  5  is,  by  supposition,  not  zero. 

EXAMPLES  XXXn.  a. 

Find  the  ratio  compounded  of 

1.  The  duplicate  ratio  of  4  :  3,  and  the  ratio  27  r  8. 

2.  The  ratio  32  :  27,  and  the  triplicate  ratio  of  3  :  4. 

3.  The  subduplicate  ratio  of  25  :  36,  and  the  ratio  6  \  25. 

4.  The  ratio  169  :  200,  and  the  duplicate  ratio  of  15  :  26, 

5.  The  triplicate  ratio  of  a; :  y,  and  the  ratio  2^^  :  ^x\ 

6.  The  ratio  3a  :  46,  and  the  subduplicate  ratio  of  6*  :  a\ 

7.  lix:  y  =  5  :  7,  find  the  value  of  x  +  y  :  y-x. 

8.  If -=3^,  find  the  value  of  ,^—^. 

y       **  2x-oy 

9.  If  6  :  a=2  :  5,  find  the  value  of  2a  -  35  :  36  -  a. 

10.  If  r=-;»  and  -  =  «>  fijid  the  value  of  -rr =-^« 

6     4  y    7  'iby-lax 

11.  If  7a;-4y  :  3x  +  y=5  :  13,  find  the  ratio  x  :  y. 

12.  If  — o — 7o-=Tr»  find  the  ratio  a  :  6» 

a^  +  b^      41 

13.  If  2a; :  Sy  be  in  the  duplicate  ratio  of  2x-7n:  Sy-m,  prove 

that  7n^=Qxy. 

14.  If  P :  Q  be  the  subduplicate  ratio  oi  P-x:  Q-x,  prove  that 

""'P+Q' 

15.  If  r=  j=^,  prove  that  each  of  these  ratios  is  equal  to 

^  '2a2c  +  3c3e  +  4e2c 


^ 


26a(i  +  3rfSe  +  4/2d 
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16.  Two  numbers  are  in  the  ratio  of  3  :  4,  and  if  7  be  subtracted 

from  each  the  remainders  are  in  the  ratio  of  2  :  3.     Find  them. 

17.  What  number  must  be  taken  from  each  term  of  the  ratio  27  :  35 

that  it  may  become  2:3? 

18.  What  number  must  be  added  to  each  term  of  the  ratio  37  :  29 

that  it  may  become  8:7? 

^^'    ^^  &^=^=^'  ^^"^  that2>+g+r=0. 

20.  If  r- — =-      = r,  shew  that  x-y+z=0. 

D+c    c+a    a-b  ^ 

21,  If  T  =  T= -7.,  shew  that  the  square  root  of 

a%  -  2c^e  +  3a  Ve^  .  i  +    «<^ 

67  _  2d'f+  Zb^cdPe^  '^  ^^*^  ^  hdf' 

^.  Prove  that  the  ratio  la  +  mc  +  nei  lb  +  7nd-\-nf  wW\  be  equal  to 
each  of  the  ratios  a  :h,  c  °.  d,  e  :/,  if  these  be  all  equal ;  and 
that  it  will  be  intermediate  in  value  between  the  greatest  and 
least  of  these  ratios  if  they  be  not  all  equal. 

23.  If  — -  =  T = — r^,  then  will  each  of  these  fractions  be 

cy-az     by -ax    x  +  z 

equal  to  -,  unless  b  +  c=0. 

y 

24.  If  -o -= —  =o 5~'  prove  that  each  of  these  ratios  is 

X 

equal  to  -  ;  hence  shew  that  either  x=y,  or  z  =  x  +  y. 

Proportion. 

295.     Definition.     When  two  ratios  are  equal,  the  four 
quantities  composing  them  are  said  to  be  proportionals.    Thus 

if  T  =  3  then  <2,  6,  c,  d  are  proportionals.     This  is  expressed  by 

saying  that  a  is  to  5  as  c  is  to  d!,  and  the  proportion  is  written 

a'.h'.'.cid  \ 

or  a:b  =  c:d. 

The  terms  a  and  d  are  called  the  extremes,  b  and  c  the  means. 
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296.  If  four  quantities  are  in  proportion^  the  proditct  of  the 
extremes  is  equal  to  the  product  of  the  means. 

Let  a,  6,  c,  c?  be  the  proportionals. 

^_  a     c 

Then  by  definition  h~77' 

whence  ad=bc. 

Hence  if  any  three  terms  of  a  proportion  are  given,  the 
fourth  may  be  found.     Thus  if  a,  c,  d  are  given,  then  b  =  — . 

Conversely,  if  there  are  any  four  quantities,  a,  b,  c,  d,  such 
that  ad=bc,  then  a,  6,  c,  d  are  proportionals  :  a  and  d  being  the 
extremes,  b  and  c  the  means  ;  or  vice  vers4. 

297.  Definition.  Quantities  are  said  to  be  in  continued 
proportion  when  the  first  is  to  the  second,  as  the  second  is 
to  the  third,  as  the  third  to  the  fourth  ;  and  so  on.  Thus 
a,  6,  c,  d, are  in  continued  proportion  when 

b     c~d     '*■' 

If  three  quantities  a,  5,  c  are  in  continued  proportion,  then 

a  :  b=b  :c  ; 

.'.     00  =  61  [Art.  296] 

In  this  case  b  is  said  to  be  a  mean  proportional  between  a  and 
c ;  and  c  is  said  to  be  a  third  proportional  to  a  and  b. 

298.  If  three  quaTVtities  are  proportionals  th^  first  is  to  the 
third  in  the  duplicate  ratio  of  the  first  to  the  second. 

Let  the  three  quantities  be  a,b,c;  then  t  =  -. 
Now  ^=?x-  =  -x-=-- 

c      b^c      b^b      b^' 
that  is,  a  '.c=a^  :b~. 

299.  If  a.  :  b  =  c  :  d  and  e  :  f  =  g  :  h  then  will 

ae  :  bf  =  eg  :  dh. 

For  5= J  and  ^=';^, 

••     hf^dh^   ^^  ae:bf=cg'.dh. 
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Cor.     If  a  :  h=c  :  c?, 

and  h  :  x=d  :  y, 

then  a  :  ^=c  :  y. 

This  is  the  theorem  known  as  ex  oequali  in  Geometry. 

300.  If  four  quantities,  a,  h,  c,  o^  form  a  proportion,  many 
other  proportions  may  be  deduced  by  the  properties  of  fractions. 
The  results  of  these  opei'ations  are  very  useful,  and  some  of 
them  are  often  quoted  by  the  annexed  names  borrowed  from 
Geometry. 

(1)     If  a  :  h  =  c  :  o?,  then  h  :  a  =  d  :  c. 


[Inverteyido.'] 


For  T  =  -7 ;  .therefore  l-=-x  =  l-^ -3  ; 
ha  0  a 


that  is. 


a     c  ' 

or  h  ;  a=d  :  c. 

(2)     li  a  :h  =  c  :  d,  then  a  \  c  =  h  '.  d. 

YoTad=hc;  therefore   —j=—j\ 


that  is, 
or 


a  _h 
~c~d'' 

a  :  c  =  b  :  d. 

(3)     If  a  :  b^c  :  c?,  then  a  +  6  :  &  =  c  +  c? :  d. 

For  T= -7 ;  therefore  t  + 1  =  j+  i  ; 
0    d  0  d 


that  is, 
or 


a  +  h     c  +  d 


b  d    ' 

a  +  b  :  b  =  c±d  :  d, 
(4)     li  a  :  b  =  c  :  d,  then  a  —  b:b  =  c~d:d. 


For  T  =  -7 ;  therefore  ^  - 1  =  -7  -  1  ; 
b     d  b  d 


that  is, 
or 

E.A, 


a—b_c—d . 

a  —  h:b  =  c  —  d:d. 

1 


[AltemiaTido.] 


[Componendo.'] 


[Dividendo.^ 
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(5)    If  a  :  h=c  i  c?,  then  a+b  :  a-b=G+d  :  c-d. 

ir^r.K^/i\  a  +  b_c+d. 

For  by  (3)  -V'—T  ' 

A  r.     'A\  ^~^     C-d , 

aiidb7v4)  ''b'^^cT ' 

,      J.   .  .  a  +  6    c+d 

:.   by  division,  ^36=^3^' 

or  a  +  b  :  a  —  b=c+d  :  c  —  d. 

Several  other  proportions  may  be  proved  in  a  similar  way. 

301.  The  results  of  the  preceding  article  are  the  algebraical 
equivalents  of  some  of  the  propositions  in  the  fifth  book  of 
Euclid,  and  the  student  is  advised  to  make  himself  familiar  with 
them  in  their  verbal  form.  For  example,  dividendo  may  be 
quoted  as  follows  : 

When  there  are  four  proportionals,  tJie  excess  of  the  first  above 
the  second  is  to  the  second^  as  the  excess  of  th^  third  above  the 
fowrth  is  to  the  fov/rth. 

302.  We  shall  now  compare  the  algebraical  definition  of 
proportion  with  that  given  in  Euclid. 

In  algebraical  symbols  the  definition  of  Euclid  may  be  stated 
as  follows  : 

Four  magnitudes,  a,  b,  c,  d  are  in  proportion  when  pc  =  qd 
according  as  pa  =  qb,  p  and  q  being  any  positive  integers  whatever. 

I.  To  deduce  the  geometrical  definition  of  proportion  from 
the  algebraical  definition. 

Since  t=^>  by  multiplying  both  sides  by  -,  we  obtain 

pa  _pc  . 
qb     qd^ 

hence,  from  the  properties  of  fractions, 

pc  =  qd  according  as  pa  =  qby 
which  proves  the  proposition. 
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II.     To  deduce  the  algebraical  definition  of  proportion  from 
the  geometrical  definition. 

Given  that  pc  =  qd  according  as  pa  =  qb,  to  prove 

a  _c 

h~d; 

If  ^  is  not  equal  to   -    one  of  them  must  be  the  greater. 
ha 

Suppose  T>-i ;  then  it  will  be  possible  to  find  some  fraction  2 

which  lies  between  them. 

Hence  t->— 0-\ 

0     p 

and  ^<i (2). 

a     p 

From  (1)  pa>qh  ; 

from  (2)  pc<qd ', 

and  these  contradict  the  hypothesis. 

Therefore  -^  and  -  are  not  unequal;   that  is  ^  =  -5   which 
h  d  he 

proves  the  proposition. 

Example  \.     If  a\h  =  c:d  =  e:f, 

shew  that  2a'  +  Sc^  -  5e-  :  26^  +  M^  -oP=ae:  If. 

Let         T~;7~7~^''  then  a  =  &/j,  c  =  dk,  e=fh', 

or  2a2  +  3c=  -  56=  :  262  +  3cP-o/'^=ae:  hj. 

x'-{-x-2    4rc2  +  ox  -  6 


Example  2.     Solve  the  equation 
Dividendo, 


x  -  '2  5a;  -  6 

4x2 


x-2    ox  -  6 

whence,  dividing  by  x^,  which  gives  a  solution  x  — 0,  [Art.  201.  J 

1     _     4      . 

x-2    5x  -  6  ' 
whence  x=  -2, 

and  therefore  the  roots  are  0,  -  2, 
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Example  3.     If 
(3a  +  6&  +  c  +  2d)(3a-66-c  +  2<£)  =  {3a-66  +  c-2d)(3a  +  66-c-2d), 

prove  that  a,  &,  c,  d  are  in  proportion. 

We  have  3a  +  66  +  c+2rf_3a  +  6b-c-2d  ^^      0%.] 

we  nave  3^  _  6&  +  c-2(i-3a-66-c  +  2d  ^  ^ 

Componendo  and  Dividendo, 

2(3a  +  c)  ^2(3a-c) 
2(!dh  +  2d)    2  {6b -2d) 

,  3a  +  c    66  +  2cZ 

Alternando,  ___  =  _^_^. 

Again,  Componendo  and  Dividendo, 

6a_126. 
2c  ~  4rf  * 

whence  a:h  =  c:  d. 

EXAMPLES   XXXIL   b. 

Find  a  fourth  proportional  to 
1.     a,  ah,  c.  2.     a^  2ah,  ZV".  3.     a;^,  icy,  Sar^. 

Find  a  third  proportional  to 
4.     a2?),  06.  5.     a^,  ^x".  6.     3x,  62:2/.  7.     1,  X. 

Find  a  mean  proportional  between 
8.     a2,  6^.  9.     2x3,  8x.        10.     12our2,  3a^       11.     27a263,  36. 

If  a,  6,  c  are  three  proportionals,  shew  that 

12.  a:a  +  h  =  a-h:a-c. 

13.  {h'^  +  be  +  c-){ac-bc  +  c'^)  =  h^  +  a(^  +  c^. 

li  a  :b  =  c  :d,  prove  that 

14.  ab  +  cd:ah-cd  =  a^  +  c^:a'^-c^. 

15.  a2  +  ac  +  c2:a2_ac  +  c2  =  &2  +  6c?  +  cP:62-6d  +  d2. 

16.  a  :  6  =  v/3a2  +  5c2:  v/SP  +  Sd^". 

,_      a    &  erf 

17.  -  +  -:a  =  -  +  -:c. 

ha       ah    _d     c       cd 
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Solve  the  equations  : 

19.  Sar-l  :6x-7  =  7a;-10:9a:-f-10. 

20.  Jr  -  12  : 2/  +  3  =  2^  -  19  :  5y  -  13  =  5  :  U. 

21.  — o:: — 5—  =  — oz — ^--  22. 


2j:-3  3x-5  x--2j:-1     a:--.r-4' 

23.  If  (a^6-3<r-S€?){2a-26-<:-^ci) 

=  (2a  +  26  -  c  -  (f )  (a  -  6  -  3c -f  3<^) 
prove  that  a,  b,  c,  d  are  proportionals. 

24.  If  ot,  6,  c,  c?  are  in  continued  proportion,  prove  that 

a:d  =  a^  +  }^  +  (^:W  +  <^  +  cP. 

25.  If  ^->  is  a  mean  proportional  between  a  and  c,  shew  that  4ci-  -  96* 

is  to  46-  -  9c'-  in  the  duplicate  ratio  of  a  to  6. 

26.  If  "2,  6,  c,  d  are  in  continued  proportion,  prove  that  6-c  is  a 

mean  proportional  between  a~h  and  c-rd. 

27.  If  a  +  6:6-fc  =  c  +  d:  (i-fa, 

prove  that  a  =  c,  or  a ~b  +  c-i-d  =  0. 

28.  If  a  :  6  =  c  :  d  =  e  :/,  prove  that 

(1)     oa-7c  +  Se  :  oh-7d-i- 3/=  c  :  d. 
(ii)     4a2  -  5ace  +  Gey :  46^  -  56c?€  +  6/2  =  a€  :  6/. 
(iii)     a^ce  :  624/*=  2a'^62  ^  3„2^2  _  s^y .  2^,6  ^  352^  _  ^p 

29.  If  a  :  6  =  ar :  y,  prove  that 

(i)     al  +  xm  :  hi  +  y m  =  ap^xq  :  hp-r-  yq. 
(ii)     pa^ -\- qax -T  r7^  :  ply^ -k- qhy  ~  ry- =  a- -r  x-  :  6--f-?/-. 

[Examples  for  revision  icHl  he  found  on  page  307.] 

Variation. 

303.  DzFiyiTioy.  One  quantity  A  is  said  to  vary  directly 
as  another  B,  when  the  two  quantities  depend  upoD  each  other 
in  such  a  manner  that  if  B  is  changed.  A  is  changed  in  the  same 
ratio. 

Not«.  The  word  directly  is  often  omitted,  and  A  is  said  to  varv 
as  B. 

304.  For  instance  :  if  a  train  moving  at  a  uniform  rate 
travels  40  miles  in  60  minutes,  it  will  travel  20  miles  in  30 
minutes,  80  miles  in  120  minutes,  and  so  on  ;  the  distance  in 
each  case  being  increased  or  diminished  in  the  same  ratio  as  the 
time.  This  is  expressed  bv  saying  that  when  the  velocity  is 
uniform  the  distance  is  proportional  to  the  time,  or  more  briefly, 
the  distartce  varies  as  the  time. 
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Again,  if  we  refer  to  the  general  formula  of  Art.  84,  we  find 
that-='y  is  a  relation  connecting  tlie  space  described  by  a  body 

V 

which  moves  for  a  time  t  with  uniform  velocity  v.  That  is,  if 
*i)  %  ^3-"  ^  spaces  described  in  times  ^j,  ^2)  ^3  •••  respectively, 

we  have  r  =  ;^  =  r  = =v- 

tj     tg     ^3 

From  this  it  appears  that  the  ratio  of  any  value  of  s  to  the 
corresponding  value  of  t  is  constant^  that  is,  remains  the  same 
whatever  numerical  values  s  and  t  may  have. 

This  is  an  instance  of  direct  variation^  and  s  is  said  to  vary 
as  t. 

305.  The  symbol  oc  is  used  to  denote  variation ;  so  that 
A  o:  B  ia  read  "  A  varies  as  BJ^ 

306.  If  A  vaj^es  as  B,  then  A  is  equal  to  B  rmdtiplied  by  some 
constant  quantity. 

For  suppose  that  Oj,  Og,  «3...,  ^d  &2)  ^3»"  ^.re  corresponding 
values  of  A  and  ^. 

Then,  by  definition,  —=7-;  — =1-;  —  =  ir;  a-i^^  so  on. 

'     -^  '  «!      ^1      Oa       62       «3      «'3 

.-.    -r^  =  Y^  =  y^=,..,  each  being  equal  to  -^• 
61     62     63  °  iJ 

„  anv  value  of  -4  .     ■,  ,^ 

Hence  ri t- t f^  is  always  the  same  ; 

the  corresponding  value  or  jo 

A 
that  is,  -^  =  ^)  where  m  is  constant. 

.\    A  =  mB. 

307.  Definition.  One  quantity  A  is  said  to  vary  inversely 
as  another  5  when  A  varies  directly  as  the  reciprocal  of  A 
[See  Art.  107]. 

Thus  if  ^  varies  inversely  as  B,A=^,  where  m  is  constant. 

The  following  is  an  illustration  of  inverse  variation :  If  6  men 
do  a  certain  work  in  8  hours,  12  men  would  do  the  same  work  in 
4  hours,  2  men  in  24  hours  ;  and  so  on.  Thus  it  appears  that 
when  the  number  of  men  is  increased  the  time  is  proportionately 
decreased  ;  and  vice  vers4. 


sxsn.] 
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308.  Definition.  One  quantity  is  said  to  vary  jointly  as 
a  number  of  others  when  it  varies  directly  as  their  product. 

Thus  A  varies  jointly  as  B  and  C  when  A=mBC.  where  mis 
constant.  For  instance,  the  interest  on  a  sum  of  money  varies 
jointly  as  the  principal,  the  time,  and  the  rate  per  cent. 

309.  Definition.     A  is  said  to  vary  directly  as  B  and  in- 

p 

versely  as  C  when  A  varies  as  ^. 

310.  If  -^  varies  as  B  v:hen  C  is  constant,  and  A  varies  as  C 
\chen  B  is  constant^  then  will  A  vary  as  BC  where  both  B  and  C 
vary. 

The  variation  of  A  depends  partly  on  that  of  B  and  partly  on 
that  of  C  Suppose  these  latter  variations  to  take  place  sepa- 
rately, each  in  its  turn  producing  its  own  effect  on  A  :  also  let 
a,  6,  c  be  certain  simultaneous  values  of  A^  B,  C. 

1.  Let  C  he  constant  while  B  changes  to  h  ;  then  A  must 
undergo  a  partial  change  and  will  assume  some  intermediate 
value  a',  where 

4=^,  (1). 

2.  Let  B  be  constant,  that  is,  let  it  retain  its  value  6,  while 
C  changes  to  c  ;  then  A  must  complete  its  change  and  pass  from 
its  intermediate  value  a'  to  its  final  value  a.  where 


af_ 
a 

C 

c 

A 

a' 

a' 

X  —  = 

a 

B    C 
=  6^0' 

A-- 

a 

'he' 

BC. 

A 

varies  as 

BC. 

.(2). 


From  (1)  and  (2) 

that  is, 

or 

311.  The  following  are  illustrations  of  the  theorem  proved 
in  the  last  article. 

The  amount  of  work  done  by  a  given  number  of  men  varies 
directly  as  the  number  of  days  they  work,  and  the  amount  of 
work  done  in  a  given  time  varies  directly  as  the  number  of  men ; 
therefore  when  the  number  of  days  and  the  number  of  men  are 
both  variable,  the  amount  of  work  will  vary  as  the  product  of 
the  number  of  men  and  the  number  of  davs. 
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Again,  in  Geometry  the  area  of  a  triangle  varies  directly  as 
its  base  when  the  height  is  constant,  and  directly  as  the  height 
when  the  base  is  constant ;  and  when  both  the  height  and  base 
are  variable,  the  area  varies  as  the  product  of  the  numbers 
representing  the  height  and  the  base. 

Example  1.     If  ^  a  B,  and  C  x  D,  then  will  AC  ^  BD. 

For,  by  supposition,  A=mB,  G=nD,  where  m  and  n  are  constants. 

Therefore  AG=mnBD  ;  and  as  mn  is  constant,  AC  <x.  BD. 

Example  2.  If  x  varies  inversely  as  y^-1,  and  is  equal  to  24 
when  y  =  10  ;  find  x  when  y=5. 

m 


By  supposition,  x  =  -^ — ^j  where  m  is  constant. 

m 
99' 


Putting  x  =  24,  y  =  10,  we  obtain  24=53, 


whence  wi = 24  x  99. 

_24x99. 

X —  — 9 r-  J 

hence,  putting  y  =  5,  we  obtain  ic  =  99. 

Example  3,  The  volume  of  a  pyramid  varies  jointly  as  its  height 
and  the  area  of  its  base ;  and  when  the  area  of  the  base  is  60  square 
feet  and  the  height  14  feet  the  volume  is  280  cubic  feet.  What  is  the 
area  of  the  base  of  a  pyramid  whose  volume  is  390  cubic  feet  and 
whose  height  is  26  feet  ? 

Let  V  denote  the  volume,  A  the  area  of  the  base,  and  h  the 
height ; 
then  V=mAh,  where  m  is  constant. 

Substituting  the  given  values  of  V,  A,  h  we  have 

280  =  m  X  60x14  ; 

280        1 


m  = 


60  X  14     3 


Also  when  F=390,  A =26; 

.-.   390  =  ^^x26; 

.-.      ^=45. 
Hence  the  area  of  the  base  is  45  square  feet. 
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EXAMPLES  XXXII.  c. 

1.  11  X  ccy,  and  y  =  7  when  a;=18,  find  x  when  y=21. 

2.  11  X  ccy,  and  y  =  Z  when  x  =  2,  find  y  when  a;=18. 

3.  -4  varies  jointly  as  B  and  C;  and  A=Q  when  jB=3,  C=2 

find  A  when  ^  =  5,  C=7. 

4.  A  varies  jointlv  as  5  and  0 ;  and  ^=9  when  5  =  5,  0  =  1°. 

find  5  when  A=o4,  0=  10. 

5.  If  a;  oc  -,  and  y  =  4  when  a;=15,  find  y  when  x  =  Q. 

6.  If  3/  <x  -,  and  3/  =  l  when  a;  =  l,  find  a;  when  y=5. 

7.  -4  varies  as  B  directly,  and  as  0  inverselv ;  and  A  =  10  when 

5  =  15,  0=6 ;  find  A  when  5  =  8,  0=2.  " 

8.  If  cc  varies  as  y  directly,  and  as  z  inversely,  and  a:  =  14  when 

y  =  10,  z  =  14  ;  find  z  when  a;  =  49,  3/  =  45. 

9.  If  it  oc  -,  and  y  <x.  -,  prove  that  z  'x  x. 

10.  If  a  oc  6,  prove  that  a"  cc  &". 

11.  Ji  X  <xz  and  y  <xz,  prove  that  o^-y^  ex.  z^. 

12.  If  3a  +  7h  ccSa-hlZb,  and  when  a  =  5,  6  =  3,  find  the  equation 

between  a  and  6. 

13.  If  ox-y  <x.lOx-lly,  and  when  a;  =  7,  y  =  o,  find  the  equation 

between  x  and  y. 

14.  If  the  cube  of  x  varies  as  the  square  of  y,  and  if  a;  =  3  when 

y  =  o,  find  the  equation  between  x  and  y. 

15.  If  the  square  root  of  a  varies  as  the  cube  root  of  h,  and  if  a  =  4 

when  5  =  8,  find  the  equation  between  a  and  6. 

16.  If  y  varies  inversely  as  the  square  of  x,  and  if  y  =  8  when  z  =  S, 

find  X  when  y  =  2. 

17.  If  X'x.y  +  a,  where  a  is  constant,  and  a;  =  15  when  y  =  \,  and 

a7  =  35  when  y  =  5  ;  find  x  when  y  =  2. 

18>  li  a  +  h  n  a-h,  prove  that  a^-rlr  r.  ah  ',  and  if  axh,  prove 
that  a-  -  6^  X  ab. 

19.  If  3/  be  the  sum  of  three  quantities  which  vary  as  x,  x-,  oc^ 
respectively,  and  when  a:  =  l,  y  =  4,  when  x  =  2,  y  =  8,  and 
when  x  =  3,  y  =  18,  express  y  in  terms  of  x. 
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20.  Given  that  the  area  of  a  circle  varies  as  the  square  of  its 

radius,  and  that  the  area  of  a  circle  is  154  square  feet  when 
the  radius  is  7  feet ;  find  the  area  of  a  circle  whose  radius  is 
10  feet  6  inches. 

21.  The  area  of  a  circle  varies  as  the  square  of  its  diameter ;  prove 

that  the  area  of  a  circle  whose  diameter  is  2^  inches  is  equal 
to  the  sum  of  the  areas  of  two  circles  whose  diameters  are  1^, 
and  2  inches  respectively. 

22.  The  pressure  of  wind  on  a  plane  surface  varies  jointly  as  the 

area  of  the  surface,  and  the  square  of  the  wind's  velocity. 
The  pressure  on  a  square  foot  is  1  lb.  when  the  wind  is 
moving  at  the  rate  of  15  miles  per  hour  ;  find  the  velocity  of 
the  wind  when  the  pressure  on  a  square  yard  is  16  lbs. 

23.  The  value  of  a  silver  coin  varies  directly  as  the  square  of  its 

diameter,  while  its  thickness  remains  the  same  ;  it  also  varies 
directly  as  its  thickness  while  its  diameter  remains  the  same. 
Two  silver  coins  have  their  diameters  in  the  ratio  of  4:3. 
Find  the  ratio  of  their  thicknesses  if  the  value  of  the  first  be 
four  times  that  of  the  second. 

24.  The  volume  of  a  circular  cylinder  varies  as  the  square  of  the 

radius  of  the  base  when  the  height  is  the  same,  and  as  the 
height  when  the  base  is  the  same.  The  volume  is  88  cubic 
feet  when  the  height  is  7  feet,  and  the  radius  of  the  base  ig 
2  feet ;  what  will  be  the  height  of  a  cylinder  on  a  base  of 
radius  9  feet,  when  the  volume  is  396  cubic  feet  ? 

25.  The  altitude  of  a  triangle  varies  directly  as  its  area  and 

inversely  as  its  base.  A  triangle,  2  square  yards  in  area, 
standing  on  a  base  of  13|-  feet,  has  an  altitude  of  2-|  feet : 
find  the  altitude  of  a  triangle  whose  base  is  1  foot  4  inches, 
and  whose  area  is  2  square  feet  96  inches. 

26.  The  expenses  of  a  school  are  partly  constant  and  partly  vary  as 

the  number  of  boys.  The  expenses  were  £1000  for  150  boys 
and  £840  for  120  boys  :  what  will  the  expenses  be  when 
there  are  330  boys  ?    [Compare  Art.  442,  Ex.  2.] 


CHAPTEE  XXXIII. 

Arithmetical  Progression. 

312.  Definition.  Quantities  are  said  to  be  in  Aritlunetical 
Progression  when  they  increase  or  decrease  by  a  cwnraon  differ- 
snce. 

Thus  each  of  the  following  series  forms  an  Arithmetical 
Progression ; 

3,  7,  11,  15,  

8,  2,    -4,    -10, 

a,  a  +  d,  a  +  2o?,  a  +  3<i,  

The  common  difference  is  found  by  subtracting  any  term  of 
the  series  from  that  which  follows  it.  In  the  first  of  the  above 
examples  the  common  difference  is  4 ;  in  the  second  it  is  -  6  :  in 
the  third  it  is  d. 

313.  If  we  examine  the  series 

a,  a  +  c?,  a  +  2c?,  a  +  3c?, , 

we  notice  that  in  any  term  the  coefficient  of  d  is  always  less  hy  one 
than  the  number  of  the  term  in  the  series. 
Thus  the  B'^  term  is  a  +  2«^  ; 

6*^  term  is  a  +  5o? ; 
20"^  term  is  a  +  19c?; 
and,  generally,  the         p'^  term  is  a  +  {p  —  V)d. 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or 
n^  term,  we  have  l  =  a-\-{n—\)d, 

314-  To  find  the  sum  of  a  number  of  terms  in  Arithmetical 
Progression. 

Let  a  denote  the  first  term,  d  the  common  difference,  and  n 
the  number  of  terms.  Also  let  I  denote  the  last  term,  and  s 
the  required  sum  ;  then 

s=a  +  (a  +  oO  +  («  +  2cO+ +{l-^d)  +  {l~d)-\-l ) 

and,  by  writing  the  series  in  the  reverse  order, 

s^l-\-{l-d)  +  {l-2d)-\- +(a  +  2flr)  +  (a  +  c0+a. 
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Adding  together  these  two  series, 

2s=(a  +  l)+{a  +  l)-\-(a+l)+ to  n  terms 

/.    «=|(«-f2) 0 (1); 

and  l=a  +  (n~l)d (2), 

.-.    s=l{2a+{^-l)d} (3> 

315.  In  the  last  article  we  have  three  useful  formulae  (1), 
(2),  (3) ;  in  each  of  these  any  one  of  the  letters  may  denote 
the  unknown  quantity  when  the  three  others  are  known.  [See 
Art.  82,  Chap,  ix.]  For  instance,  in  (1)  if  we  substitute  given 
values  for  s,  n,  I,  we  obtain  an  equation  for  finding  a  ;  and  simi- 
larly in  the  other  f  ormul8e=  But  it  is  necessary  to  guard  against 
a  too  mechanical  use  of  these  general  formulae,  and  it  will  often 
be  found  better  to  solve  simple  questions  by  a  mental  rather 
than  by  an  actual  reference  to  the  requisite  formula. 

Example  1.     Find  the  20""  and  35'^  terms  of  the  series 

38,36,34, 

Here  the  common  difference  is  36  -  38,  or  -  2. 

.-.    the  20*''  term = 38  + 19  ( -  2) 

=0; 
and  the  35*  term = 38+ 34  ( -2) 
=  -30. 

Example  2.     Find  the  sum  of  the  series  5j,  6|-,  8,  ,.,=.,  to  17  terms. 
Here  the  common  difference  is  Ij  ;  hence  from  (3) 

The  sum  =-2-|2xy^-f  16xli| 

=^(11+20) 

__  17x31 
"•     2 

;=283f 
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Example  3.     The  first  term  of  a  series  is  5,  the  last  45,  and  the 
sum  400 :  find  the  number  of  terms,  and  the  common  difference. 

If  ft  be  the  number  of  terms,  then  from  (1) 

400=|{5  +  45); 

whence  n  =  16. 

Jidhe  the  common  difference, 

45= the  16*^  term 
=  5  +  15<i; 
whence  d=2^. 

EXAMPLES  XXXni.  a. 

1.  Find  the  27^  and  41"  terms  in  the  series  5,  11,  17,  ... . 

2.  Find  the  13'^  and  109'^  t^rms  in  the  series  71,  70,  69,  .... 

3.  Find  the  17'^  and  54'^  terms  in  the  series  10,  11  J,  13,  ... . 

4.  Find  the  20^  and  13*  terms  in  the  series  - 3,  - 2,  -  1,  ... . 

5.  Find  the  90^  and  16*^  terms  in  the  series  -4,  2-5,  9,  .... 

6.  Find  the  37""  and  89'^  terms  in  the  series  -  2-8,  0,  2-8,  ... . 

Find  the  last  term  in  the  following  series  ; 

7.  5,  7,  9,  ...  to  20  terms.  8.     7,  3,  - 1,  ...  to  15  terms. 
9.     13 J,  9,  4 J,  ...  to  13  terms.       10.     "6,  1-2,  1-8,  ...  to  12  terms. 

11.     2-7,  3-4,  4-1,  ...  to  11  terms,     12.     x,  2x,  3x,  ...  to  25  terms. 

13.  a-d,  a  +  d,  a  +  ^,  ...  to  30  t«rms. 

14.  2a  -  &,  4a  -  3b,  6a  -  5&,  ...  to  40  terms. 

Find  the  last  term  and  sum  of  the  following  series  : 

15.  14,  64,  114,  ...  to  20  terms.      18.     1,  1*2,  1-4,  ...  to  12  terms. 

113 

17.     9,  5,  1,  ...  to  100  terms,  18.     |,  -^,  -4,  •••  to  21  terms. 

19.  3 J,  1,  - 1  J,  ...  to  19  terms.  20.  04,  96,  128,  ...  to  16  terms. 

Find  the  sum  of  the  following  series  : 

21.  5,  9,  13,  ...  to  19  terms,  22.  12,  9,  6,  ...  to  23  terms. 

23.  4,  5I,  6^,  ...  to  37  terms.  24.  lOj,  9,  7j,   ..  tc  94  terms. 

25.  -3,  1,  5,  ...  to  17  t^rms.  26.  10,  9|,  9|,  ...  to  21  t^rms, 

27.  p,  3p,  5p,  ...  top  terms.  28.  3a,  a,  -a,  ...  to  a  t^rms. 

29.  a,  0,  -a,  ...  tea  terms.  30.  -  3g,  -  g,  g',   . .  to  p  terma. 
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Find  the  number  of  terms  and  the  common  difference  when 

31.  The  first  term  is  3,  the  last  term  90,  and  the  sum  1395. 

32.  The  first  term  is  79,  the  last  term  7,  and  the  sum  1075. 

33.  The  sum  is  24,  the  first  term  9,  the  last  term  -  6. 

34.  The  sum  is  714,  the  first  term  1,  the  last  term  58^. 

35.  The  last  term  is  -  16,  the  sum  -  133,  the  first  term  -  3. 

36.  The  first  term  is  -75,  the  sum  -740,  the  last  term  1. 

37.  The  first  term  is  a,  the  last  1.3a,  and  the  sum  49a. 

38.  The  sum  is  -  320a;,  the  first  term  3x,  the  last  term  -  35a:. 

316.  If  any  two  terms  of  an  Arithmetical  Progression  bo 
given,  the  series  can  be  completely  determined  ;  for  the  data 
furnish  two  simultaneous  equations,  the  solution  of  which  will 
give  the  first  term,  and  the  common  difFerence^ 

Example..  Find  the  series  whose  7*''  and  51"*  terms  are  -3  and 
-  355  respectively. 

If  a  be  the  first  term,  and  d  the  common  difference, 

-3  =  the7'''term 

=  a  +  6d ; 

and  -  355 = the  51"  term 

=  a  +  50£i; 

whence,  by  subtraction,    -  352  =  44c? ; 

.".  c?=  -8  ;  and  consequently  a  =  45. 

Hence  the  series  is  45,  37,  29, 

317.  Definition.  When  three  quantities  are  in  Arithmetical 
Progression  the  middle  one  is  said  to  be  the  arithmetic 
mean  of  the  other  two. 

Thus  a  is  the  arithmetic  mean  between  a  —  d  and  a-\-d. 

318.  To  find  the  arithmetic  mean  between  two  given  quantities. 

Let  a  and  h  be  the  two  quantities ;  A  the  arithmetic  mean. 
Then  since  a,  A^h  are  in  A.P.  we  must  have 

b  —  A^A-a, 

each  being  equal  to  the  common  difference  ; 

whence  A  =  —=, — 
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319.  Between  two  given  quantities  it  is  always  possible  to 
insert  any  number  of  terms  such  that  the  whole  series  thus 
fonned  shall  be  in  A-P. ;  and  by  an  extension  of  the  definition  in 
Art.  317.  the  terms  thus  inserted  are  called  the  arithmetic  means. 

Example.     Insert  20  arithmetic  means  betweeu  4  and  67= 
Including  the  extremes  the  number  of  tenns  will  be  2*2  ;  so  that 

*7e  have  to  nnd  a  series  of  22  terms  in  A. P.,  of  which  4  is  the  first 

and  67  the  last. 

Let  d  be  the  common  difference  ; 

thei-  67 = the  22°^  term 

=  4  +  21^1 

whence  d  =  Z,  and  the  series  is  4,    7,  10, 61,  64,  67  ; 

and  the  required  means  are       7,  10,  13, 58,  61,  64. 

320.  To  insert  a  given  number  of  arithmetic  means  heticeen 
two  given  quantities. 

Let  a  and  h  be  the  given  quantities^  n  the  number  of  means. 

Including  the  extremes  the  number  of  terms  will  be  «  +  2i 
3o  that  we  have  to  find  a  series  of  7i  +  2  terms  in  A.?.^  of  which 
a  is  the  first,  and  h  is  the  last. 

Let  d  be  the  common  difierence  ; 
then  h = the  {n  4-  2)*  term 

=  a->r{n+\)di 

whence  d= 7; 

n-\-l 

and  the  required  means  are 

h-a  2(b-a)  ,  nib -a) 

7i  +  l  71  + 1  '  n-M 

Example  i.     Find  the  30*''  term  of  an  A.  P.  of  which  the  first  term 
Is  17,  and  the  100-''  term  -  16. 
Let  d  be  the  common  difierence  ; 

then  ^  16  =  the  100*^  term 

=  17  +  99d; 

o 
The  30'^  term  =17  +  29(-|) 

=  7i 
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Example  2.  The  sum  of  three  numbers  in  A.  P.  is  33,  and  their 
product  is  792  ;  find  them. 

Let  a  be  the  middle  number,  d  the  common  difference  ;  then  the 
three  numbers  are  a-d,  a,  a  +  d. 

Hence  a-d  +  a  +  a  +  d  =  2&\ 

whence  a  =  11,  and  the  three  numbers  are  11- rf,  11,  11+ d!. 
.-.    11(11 +rf)(ll-c?)  =  792, 
121-^2=72, 
rf=±7; 
and  the  numbers  are  4,  11,  18. 

Example  8.     How  many  terms  of  the  series  24,  20,  16,  ......  must 

be  taken  that  the  sum  may  be  72  ? 

Let  the  number  of  terras  be  n  ;  then,  since  the  common  difference 
is  20  -  24,  or  -  4,  we  have  from  (3),  Art.  314, 

72=|{2x24  +  (w-l)(-4)} 


=  24w-2w(n-l); 

whence 

w2_l3?i  +  36=0, 

or 

(7i-4)(w-9)=0; 

.-.    w  =  4or9. 

Both  these  values  satisfy  the  conditions  of  the  question  ;  for  if  we 
write  down  the  first  9  terms,  we  get  24,  20,  16,  12,  8,  4,  0,  -  4,  -  8 ; 
and,  as  the  last  five  terms  destroy  each  other,  the  sum  of  9  terms  ia 
the  same  as  that  of  4  terms. 

Example  4.  An  A.  P.  consists  of  21  terms  ;  the  sum  of  the  three 
terms  in  the  middle  is  129,  and  of  the  last  three  is  237  ;  find  the  series. 

Let  a  be  the  first  term,  and  d  the  common  difference.     Then 
237  =  the  sum  of  the  last  three  terms 
=a+20d+a+19d  +  a  +  18i 
=  3a  +  57c2; 
whence  a  +  19<i=79 (1). 

Again,  the  three  middle  terms  are  the  10"",  11'^,  12*'' ; 
hence  129  =  the  sum  of  the  three  middle  terms 

=  a  +  9c^  +  a+10d  +  a  +  lld 
=  3a  +  30rf; 

whence  a  +  10rf  =  43 « (2). 

From  (1)  and  (2),  we  obtain  d=4,  a =3. 
Hence  the  series  is  3,  7*  11* S3. 
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EXAMPLES  y^'^mT    b. 
Find  the  series  in  which 

1.  The  27*  term  is  186,  and  the  40^^  term  312. 

2.  The  5'-^  term  is  1,  and  the  31"  term  -  77. 

3.  The  15'-^  term  is  -25,  and  the  23'^  term  -41. 

4.  The  9**' term  is  -11,  and  the  102^  term  -loOj. 

5.  The  15"  term  is  25,  and  the  29*  term  46, 

6.  The  16*  term  is  214,  and  the  51"  term  739. 

7.  The  3^  and  7*  terms  of  an  A. P.  are  7  and  19  ;  find  the  15*  tenn.- 

8.  The  54*  and  4*  terms  are  -  125  and  0  ;  find  the  42=^  term, 

9.  The  31^*  and  2°*^  terms  are  |-  and  7|- ;  find  the  59"^  term. 

10.  Insert  15  arithmetic  means  between  71  and  23. 

11.  Insert  17  arithmetic  means  between  93  and  69. 

12.  Insert  14  arithmetic  means  between  -  7i  and  -  2i. 

13.  Insert  16  arithmetic  means  between  7'2  and  -6'4. 

14.  Insert  36  arithmetic  means  between  8^  and  2^. 

How  many  terms  must  be  taken  of 

15.  The  series  42,  39,  36, to  make  315  ? 

16.  The  series  -  16,  -  15,  -  14, to  make  -  lt>}  ? 

17.  The  series  15|,  15^,  15, to  make  129  ? 

18.  The  series  20,  ISf ,  17|, to  make  162|-  ? 

19.  The  series  -  lOj,  -9,  -7i,  ......  to  make -42? 

20.  The  series  -  64,  -  6f,  -  6,  ....  to  make  -  52-4. 

2L     The  smn  of  three  numbers  in  A.  P.  is  39,  and  their  product  is 
2184  ;  find  them. 

22.  The  sum  of  three  numbers  in  A.  P.  is  12,  and  the  sum  of  their 

squares  is  ^  ;  find  them. 

23.  The  sum  of  five  numbers  in  A.  P.  is  75,  and  the  product  of  the 

greatest  and  least  is  161  i  find  them. 

24.  The  sum  of  five  numbers  in  A.  P.  is  40,  and  the  sum  of  their 

squares  is  410  ;  find  them. 

25.  The  12*,  85*  and  last  terms  of  an  A.P   are  38,  257,  395  respec- 

tively ;  find  the  number  of  terms. 

[Examples  for  revision  will  he  found  in  MitcellaiieQUs  Exaviplei 
F.,  page  307,] 

I1.A.  u 


CHAPTER   XXXIY. 

Geometrical  Progression. 

321.  Definition.  Quantities  are  said  to  be  ip  Greometrical 
Progression  when  they  increase  or  decrease  by  a  constant  factor. 

Thus  each  of  the  following  series  forms  a  Geometrical  Pro- 
gression : 

3,  6,  12,  24, 

1     1     _\^ 

^'    3'  9'    ar  ' 

a,  avy  ar^,  ar^^ 

The  constant  factor  is  also  called  the  common  ratio^  and  it  is 
found  by  dividing  any  term  by  that  which  immediately  f>recedes 
it.     In  the  first  of  the  above  examples  the  common  ratio  is  2  j 

in  the  second  it  is   —  - ;  in  the  third  it  is  r. 

o 

322,  If  we  examine  the  series 

a,  aTf  ar^j  ar^,  ar^^ 

we  notice  that  in  any  term  the  index  of  r  is  always  less  by  one 
than  the  number  of  the  term  in  the  series. 

Thus  the    Z^  term  is  ar^  ; 

the    6'^  term  is  ar^  ; 
the  20'°  term  is  ar^^ ; 
and,  generally,  the    p"*  term  is  ar^~\ 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or  »*** 
term,  we  have  I  =  ar"~\ 

11       3 

Example.     Find  the  S""  term  of  the  series  -  ^,  5,  -  2;,  ....« « 

The  common  ratio  is?:-rl  -7:),  or  -5; 


the  S**"  term: 


__1        2187 
"3"^      128 
_729 
~128* 
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323.  Definition.  When  three  quantities  are  in  Geometrical 
Progression  the  middle  one  is  called  the  geometric  mean  be- 
tween the  other  two. 

To  find  the  geometric  mean  between  two  given  quantities. 

Let  a  and  b  be  the  two  quantities ;  G  the  geometric  mean. 
Then  since  a,  G,  b  are  in  G.P., 

b_G 
G~a' 
each  being  equal  to  the  common  ratio  ; 

.'.     G"-  =  ab; 
whence  G=\ab. 

324.  To  insert  a  given  number  of  geametric  means  between 
two  given  quantities. 

Let  a  and  b  be  the  given  quantities,  n  the  number  of  means. 

In  all  there  will  be  n  -f  2  terms  ;  so  that  we  have  to  find  a 
series  of  7i  +  2  terms  in  G.P.,  of  which  a  is  the  first  and  b  the 
last. 

Let  r  be  the  common  ratio  ; 

then  b  =  the  {n  +  2)*''  term 

a 

^■-(sr ^^^ 

Hence  the  required  means  are  ar,  ar^, ar",  where  r  has  the 

value  found  in  (1), 

Example.     Lisert  4  geometric  means  between  160  and  5 

We  have  to  find  6  terms  in  G.P.  of  which  160  is  the  first,  and  5 
the  sixth. 

Let  r  be  the  common  ratio ;  *% 

then  5  =  the  sixth  term 

=  160r5; 

whence,  by  tried,  ^=o  » 

and  the  means  are  80,  40,  20,  10. 
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325.  To  fi/nd  the  sum  of  a  nvmb&r  of  terms  in  Geometrical 
Progression. 

Let  a  be  the  first  term,  r  the  common  ratio,  n  the  number  of 
terms,  and  s  the  sum  required.     Then 

s=a+ar-^ar^+ +ar"~^+a/"~^ ; 

multiplying  every  term  by  r,  we  have 

r5 = ar + ar^ +  ......  + ar"~^ + a/^~* -f- a^**. 

Hence  by  subtraction, 

rs  —  s  =  ar'^  —  a\ 

:.    {r-\)s=a{f~l)', 

.:    ,^?^^   (X). 

T—  l 

Changing  the  signs  in  numerator  and  denominator     [Art  170.] 

,=?0--'">    (2> 

1  — r 

Note.  It  will  be  f oimd  convenient  to  remember  both  forms  given 
above  for  «,  using  (2)  in  all  cases  except  when  r  is  positive  arid  greater- 
than  1. 

Since  a7'"~'^=l,  the  formula  (1)  may  be  written 

rl-a 
r-  1 

a  form  which  is  sometimes  usefuL 

Example  1.     Sum  the  series  81,  54,  36, to  9  terms. 

54    2 
The  common  ratio =^7=0*  which  is  less  than  1 1 

8i(i-(m 

h^ice  the  sum  _      I       \^/  J 


-MHm 

=236^. 
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2  3 

Example  2.    Sum  the  series  ^i    - 1»   o> ^<^  7  terms. 

3 

The  common  ratio  =  -x ;  hence  by  formula  (2) 


the  Bum 


J{' 

-(-r/} 

-i 

%^-r^] 

5 

2 

2 

=3^ 

2315    2 
128  ""o 

463 

"96 

* 

EXAMPLES  ^^VTV.  a. 

1,  Find  the  5'^  and  8"^  t^rms  of  the  series  3,  6,  12,  .... 

2.  Find  the  10*^  and  le^*"  terms  of  the  series  256,  128,  64,  ... . 

8.  Find  the  7*^  and  11'^  terms  of  the  series  64,  -  ^,  16.  ^ . 
4.     Find  the  8*  and  12*^  terms  of  the  series  81,  -27,  9,  ... . 

6.    Find  the  14*''  and  T**"  terms  of  the  series  _,   — ,   ^>  •  -" 

6.  Find  the  4""  and  8^"  terms  of  the  series  -008,  -04,  -2,  ... , 
Find  the  last  term  in  the  foUowuig  series  : 

7.  2,  4,  8,  ...  to  9  terms.  8.     2,  -6,  18,  ...  to  8  terma. 

9,  2,  3,  4 J,  ...  to  6  terms.  10.     3,  -3^,  3^,  ...  to  2n  terms. 

11.     Xy  3t?y  oc'y  ...  io  p  terms.  12.     a:,  1,  -,  ...  to  30  terms, 

»         X 

13.  Insert  3  geometric  means  between  486  and  6. 

14,  Insert  4  geometric  means  between  -  and  128. 

*  8 

16.     Insert  6  geometric  means  between  56  and  -  j^ 

32 
16o     Insert  5  geometric  means  between  ^  and  4i. 
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Find  the  last  term  and  the  sum  of  the  following  series  : 
17.     3,  6,  12,  ...  to  8  terms.  18,     6,  -  18,  54,  ...  to  6  terms. 

19.     64,  32,  16,  ...  to  10  terms.       20.     8*1,  27,  '9, ...  to  7  terms. 


21.     7j2'   24'   3'  •••  *o  8  terms. 

22. 

4  J,  1  J»  2'  • 

. .  to  9  termse 

Find  the  sum  of  the  series 

23.     3,  -1,  5,  ...  to  6  terms. 
0 

24. 

1     1    2 
2'   3'   9'" 

.  to  7  terms. 

2     1       5 

25.      -g,   2'  ~g'  •••  ^  6  terms. 

26. 

1    -1    1 

i>     2'   4'- 

..  to  12  terms. 

27.     9,  -6,  4,  ...  to  7  terms.  28.     ?    -5,   ^,  ...  to  8  terms, 

3       D     24 

29.     1,   3,   32,  ...  to  j9  terms,  30.     2,  -4,  8,  ...  to  '2p  terms. 

1  3 

31.     -75,  1,  -y^, ...  to  8  terms.        32.     >Ja,  -Ja^,  fja^% ...  to  a  terms. 

33.     -^,  -2,  A.  •  •  to  7  terms.     34.    n/2,  x/6,  3^/2, ...  to  12  terma. 

111 

326.     Consider  the  series      1,  5,   ^,   ^ 

on 

The  sum  to  n  terms  = — — —. 

-^     2«-i' 

From  this  result  it  appears  that  however  many  terms  be 
taken  the  sum  of  the  above  series  is  always  less  than  2.  Also 
we  see  that,  by  making  n  sufficiently  large,  we  can  make  the 

fraction  — ^  as  small  as  we  please.     Thus  by  taking  a  sufficient 

number  of  terms  the  sum  can  be  made  to  differ  by  as  little  as 
we  please  from  2. 

In  the  neatt  article  a  more  general  case  is  discussed. 
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ad  —  r") 

327.     From  Art.  325  we  have  5  =  — ^ 

1  -r 


ar"" 


l-r     1-r' 

Suppose  r  is  a  proper  fraction  ;  then  the  greater  the  value  of 

n  the  smaller  is  the  value  of  r",  and  consequently  of  ;j ;  and 

therefore  by  making  n  sufficiently  large,  we  can  make  the  sum 

of  n  terms  of  the  series  differ  from  bv  as  small  a  quantity 

as  we  please. 
This   result  is  usually  stated  thus  :    the  sum  of  an  infinite 

number  of  terms  of  a  decreasing  Geometrical  Progression  is ; 

or  more  briefly,  the  sura  to  infimty  is ; 

328,     Eecurring  decimals  furnish  a  good  illustration  of  infinite 
Greometrical  Progressions. 

Example.     Find  the  value  of  '423. 

•423  =-4232323 

-A      23    ,      23 

~  10  "^  1000  "^  100000  "^ '•■• " 

~1G'''103'''105'^ 


_  4      23  /        1        1  \ 

^lo'^io^V^'^i^'^'io*"^ ) 

-A4.2S  1 

~10    10^*  ,_J^ 

102 

_j4^23     100 
~10    103°   99 

"10  ■'"990 


_4I9 
""990' 
which  agrees  with  the  value  found  by  the  usual  arithmetical  rule. 
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EXAMPLES  ZXXIV.  b. 

Sum  to  infinity  the  following  series  ; 
L     9,   6,   4,  ....  2.     12,  6,  3,  .-. 

«      1     1     1  4.     1     -1    i 

K       1      2      4  A       ?         1      5 

^-     3'   9'   27'  ""  5'       ^'   S"*"' 

7.     -9,    03,  -001,....  8.     '8,    -4,   -2,..., 

Find  by  the  method  of  Art.  328,  the  value  of 
9.     -3  10.      16.  11.     -24.  12.     -378.         13.     -637 

Find  the  series  in  which 

14.  The  10'^  term  is  320  and  the  6*^  terra  20 

27  1 

15.  The  5'^  term  is  j^  and  the  9"^  term  is  g- 

16.  The  7""  term  is  625  and  the  4""  term  -  5. 

9  1 

17.  The  3^  term  is  r^  and  the  6*  term  -  ^. 

18.  Divide  183  into  three  parts  in  G.P.   such  that  the  stun  of 

the  first  and  third  is  2--^  times  the  second. 

19.  Shew  that  the  product  of  any    odd  number   of  consecutive 

terms  of  a  G.  P.  will  be  equal  to  the  n*^  power  of  the  middle 
term,  n  being  the  number  of  terms. 

20.  The  first  two  terms  of  an  infinite  G.P.  are  together  equal  to  1, 

and  every  term   is  twice  the  sum  of  all  the  terms  which 
follow.     Find  the  series. 

Sum  the  following  series  : 

21.  2/^  +  26,   y^  +  4&,   2/^  +  66,  ......  to  w  terms. 

22.  |i^£    1,    l^'^^,  to  infinity. 

3-2^2'         3  +  2^2'  ^ 

23.  ^|,    |n/2,    l^Jl>■^'■■■  to  infinity. 

Ill 

24.  2?^-^,  4n  +  K,  6n-jQ,  to  2n  terms. 

{Examples  for  revision  will  he  found  in  Miscellaneous  Examphs 
F.'p.307.]  -^  ^ 
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Harmonical  Progression, 

329.  Definition.  Three  quantities  a,  6,  c  are  said  to  be  in 
Harmonical  Progression  when  ?=|^. 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progression  when  everj  three  consecutive  terms  are  in  Har- 
monical Progression. 

330.  The  reciprocals  of  qiiantities  in  Harmonical  Progression 
are  in  Arithmetical  Progression, 

By  definition,  if  a,  6,  c  are  in  Harmonical  Progression, 

a_a—h . 
c     b  —  c ' 

:.    a{h-'C)—c{a-h\ 

dividing  every  term  by  ahc, 

ll^ll 

c      h     b     rx 

which  proves  the  proposition.  « 

331.  Harmonical  properties  are  chiefly  interesting  because 
of  their  importance  in  Geometry  and  in  the  Theory  of  Sound  : 
in  Algebra  the  proposition  just  proved  is  the  only  one  of  any 
importance.  There  is  no  general  formula  for  the  sum  of  any 
number  of  quantities  in  Harmonical  Progression.  Questions  in 
8[.P.  are  generally  solved  by  inverting  the  terms,  and  making  use 
of  the  properties  of  the  corresponding  A.  P. 
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1  3 

Example,.     The  12*  term  of  a  H.P.  is  ■=,  and  the  19*''  term  is  55  • 

find  the  series. 

Let  a  be  the  first  term,  d  the  common  difi"erence  of  the  correspond- 
ing A.  P.  ;  then 

5  =  the  12*''  term 

=a  +  lld; 

2"^ 
and  -^=the  19"*  term 

=  a+18c?; 

whence  c?  =  ^,   a  =  q. 

4    5           7 
Hence  the  Arithmetical  Progression  is -,    -,    2,    -, ; 

•    3    3     1     3 

and  the  Harmonical  Progression  is  -,-,-,-,....,. . 

332,     To  find  the  harmonic  mean  between  two  given  quantities. 
Let  a,  h  be  the  two  quantities,  H  their  harraonic    mean; 


tlien 

1 
a' 

I 

1 

6 

are 

in 

A.P. 
1 

1 

a 
2 
^" 

1     1 
'6    if 

2a5 

333.     If  A,  G,  ffhe  the  arithmetic,  geometric,  and  harmonic 
means  between  a  and  6,  we  have  proved 

A=^p , ......(1). 

O^Jab , (2> 

2ab 

a  +  b "** 

Therefore  AH=  — ^r—     — —r 

2       a+o 

=G^; 
that  is,  C?  is  the  geometric  mean  between  A  and  H. 


^=lf. ■ • <«> 
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334.  Miscellaneous  questions  in  the  Progressions  afford  scop€ 
for  much  skill  and  ingenuity,  the  solution  being  often  very 
neatly  effected  by  some  special  artifice.  The  student  will  find 
the  following  hints  useful : 

1.  If  the  same  quantity  be  added  to,  or  subtracted  from,  all 
the  terms  of  an  A.P.,  the  resulting  terms  will  form  an  A.P,  with 
the  same  common  difference  as  before.     [Art.  312.] 

2.  If  all  the  terms  of  an  A.P.  be  multiplied  or  divided  by 
the  same  quantity,  the  resulting  terms  form  an  A. P.,  but  with 
a  new  common  difference.     [Art.  312.] 

3.  If  all  the  terms  of  a  G.P.  be  multiplied  or  divided  by  the 
same  quantity,  the  resulting  terms  form  a  G.P,  with  the  same 
common  ratio  as  before.     [Art.  322.] 

4.  li  a,  b,  c,  d,  be  in  G.P.,  they  are  also  in  continued 

proportion,  since,  by  definition, 

a_?)_c_  _1 

b     c    d     r 

Conversely,  a  series  of  quantities  in  continued  proportion 
may  be  represented  by  x,  jr,  xr-, 

Example  1.  Find  three  quantities  in  G.P.  such  that  their  pro- 
duct is  343,  and  their  sum  30§. 

Let  -,  a,  arhe  the  three  quantities  ; 
r 

then  we  have  -xaxar  =  .343  - •  •  •  ■  (1)> 

r 

and  a(l+l  +  r'j=^ (2). 

From  (1)  a3  =  343, 

a  =  7 : 

Ql 
.-.   from  (2)  7{l  +  r-^i-^)=-jr. 

Whence  we  obtain  r=3,  or  -, 

and  the  numbers  are  -,  7,  21. 
o 
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Example  2.     If  a.  6,  c  be  in  H. P.,  prove  that  t — »  >  —^ 

are  also  in  H.P.  ^  +  ^    ^+»   ^+^ 

Since  -,  r.  -  are  in  A.P., 
a    0    c 

a  +  h  +  c     a  +  h  +  c     a-^h  +  c  .     .  _. 
>   r 5    are  in  A.P.  ; 

a  0  c  * 

-     b  +  c     .     a  +  c     ,     a  +  6  .  _, 

..     1  + ,    1  +  — r- ,    1  + areinA,P,s 

a  0  c 

h  +  c  a  +  c  a  +  b         .     .  t» 

are  in  A.P. ; 


a  b  c 

a  b  c 


are  in  H.P. 


6  +  c'         c  +  a'        a  +  b 

Example  3,     The  n"*  term  of  an  A.P.   is  ^  +  2,  find  the  stum  of 

49  terms. 

Let  a  be  the  first  term,  and  I  the  last ;  then  by  putting  7i  =  l,  and 
n  =  49  respectively,  we  obtain 

1  4Q 

a  =  l  +  2,        Z=f+2; 

71,       .,    49/50^. 

49 
=  ^xl4=343. 

Example  4.     If  a,  6,  c,  rf,  e  be  in  G.P,,  prove  that  b+d  is  the 
geometric  mean  between  a  +  c  and  c  +  c. 

Since  a,  6,  c,  (i,  e  are  in  continued  proportion, 
6     c  ~5~e ' 


.-.each  ratio  =^±f  =^. 

Whence    ■  {h  +  df=(a  +  c)(c  +  e). 

EXAMPLES  XXXV. 

L     Find  the  6'''  term  of  the  series  4,  2,  1  J,  .... 

2.  Find  the  21"  term  of  the  series  2i    iff,  1^,  .„  . 

3.  Find  the  8*'^  term  of  the  series  l^,   1^,  2^  .«  . 

4.  Find  the  n^  term  of  the  series  3,  i|-,  1,  ,., .. 


[Art.  294.1 
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Find  the  series  in  which 

5.  The  15'^  term  is  ^,  and  the  23^  term  is  -rr- 

2o  41 

4 

6.  The  2^  term  is  2,  and  the  31"  term  is  ^. 

7.  The  39*^  term  is  yy,  and  the  54*^  term  is  ^. 

Find  the  harmonic  mean  between 

8.  2  and  4.  9.     1  and  13.  10.    ]  and  ^-. 

4  10 

11  ^1 

11.     -  and  r*  12.     and .  13.     x  +  y  and  x-y, 

a  b  x  +  y         x-y  ^  ^ 

14.  Insert  two  harmonic  means  between  4  and  12. 

15.  Insert  three  harmonic  means  between  2^  and  12. 

16.  Insert  four  harmonic  means  between  1  and  6. 

17.  If  (x  be  the  geometric  mean  between  two  quantities  A  and  5, 

shew  that  the  ratio  of  the  arithmetic  and  harmonic  means  of 
A  and  G  is  equal  to  the  ratio  of  the  arithmetic  and  harmonic 
means  of  G  and  B. 

18.  To  each  of  three  consecutive  terms  of  a  G.P.  the  second  of 

the  three  is  added.  Shew  that  the  three  resulting  quantities 
are  in  H.P. 

Sum  the  following  series  : 

19.  l  +  lf  +  3xs-+ to  6  terms. 

20.  l  +  l|-  +  2i-i- to  6  terms. 

21.  (2a  +  a;)  +  3a  +  (4a-a;)+ top  terms. 

22.  1t-1j+-- to  8  terms. 

23.  lT  +  li  +  |+ to  12  terms. 

24.  li  X-  a,  y  ~  a,  and  z-a  be  in  G.P.,  prove  that  2(y-o)  is  the 

harmonic  mean  between  y -x  and  y-z. 

25.  If  a,  6,  c,  d  be  in  A.P.,  a,  e,  /,  d  in  G.P.,  a,  g,  h,  d  in  H.P, 

respectively;  prove  that  ad  =  ef=bh=cg. 

26.  If  a^,  6',  c*  be  in  A.P.,  prove  that  b  +  c,  c  +  a,  a  +  b  are  in  H.P. 
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27.  If  a,  6,  c  be  in  A.P.,  and  a,  /S,  7  in  H.P.,  ehew  that 

a  +  c  _a  +  y 
b^  ~  ay  ' 

28.  If  a  be  the  arithmetic  mean  between  h  and  c,  and  h  the  geo- 

metric mean  between  a  and  c,  prove  that  c  will  be  the 
harmonic  mean  between  a  and  b. 

29.  If  —Q—f  ^>  ~~n~  ^^  i^  H.P.,  then  a,  6,  c  are  in  G.P. 

30.  If  a,  &,  c,  (Z,  e  be  in  G.P.,  prove  that  c{a  +  2c  +  e)  =  {b+df. 

31.  If  a,  &,  c,  rf  ...  be  a  series  of  quantities  in  G.P.,  shew  that  the 

reciprocals  of  a^-b^,  b'^-c^,  c^-d^,  ...  are  also  in  G.P. ;  and 
find  the  sum  of  n  terms  of  this  latter  series  in  terms  of 
a  and  6. 

32.  If  a,  b,  c  be  in  A. P.,  and  6,  c,  d  in  H.P.,  then  a,  ^,  c  are  iik 

ad 
H.P.,  and  6,  -r-,  d  are  also  in  H.P. 

33.  If  9  be  the  geometric  and  a  the  arithmetic  mean  between 

m  and  n,  and  if  k^  be  the  arithmetic  mean  between  m' 
and  n^j  prove  that  a^  is  the  arithmetic  mean  between  g^ 
and  P 

34.  If  a,  b,  c,  c?  be  in  G.P.,  prove  that  {b-cf=ac  +  bd-2ttd. 

35.  If  a,  6,  c,  d  be  in  G.P.,  prove  that 

(a  +  d){a-b)^  :  a{a - c){a - d)=a -b  +  c  :  a  +  b  +  c^ 

36.  If  a,  &,  c  be  in  H.P.,  prove  that 

1.1        1        1        1        1 

•  +  — ,    -  +  • 


a    b+c     b    c+a    c     a+6 
are  also  in  H.P. 

37.  In  an  infinite  G.P.,  find  r  when  each  term  is  equal  to  half  the 

sum  of  the  following  terms. 

38.  Find  the  sum  of  n  terms  of  a  series  in  which  the  first  term 

=x  +  -pri  and  the  w"'=7ia;+s--. 

39.  Find  the  sum  of  the  first  2n  terms  of  the  series 

2  +  3  +  5  +  6  +  8  +  9+.... 
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MISCELLANEOUS   EXAMPLES   V. 

{Chiefly  on  Chapters  XXXII.—XXXV.) 

1.  Simplify  ^^ — -2 — ,  and  find  its  value  when  a  =  2,  6  =  3, 

and  c  =  432. 

2.  Shew  that  the  ratio  x  +  y  i  x-y  is  increased  by  subtracting 
y  from  each  term,  except  when  x  lies  between  ?/  and  2y. 

3.  If  ?=-„  shew  that 

0    a 

^  '    Sa-7h~3c-7d'         ^  ^    b"--cP~{b  +  2d){b  +  Sd)' 

4.  If  _^=-^  =  -i_,  prove  that 

o-c    c-a    a-o 

(1)    a;  +  2/  +  2  =  0;  (2)     (&  +  c)a;  +  (c  +  a)3/-l-(a  +  6)z=0. 

5.  n  ^=|  =  |,  prove  that  v^5^+8y2  +  7^J=5y. 

J.      ^     o 

6.  If  y  is  the  sum  of  two  numbers,  of  which  the  first  varies 
directly  and  the  second  inversely  as  x,  and  if  y  =  l,  when  x  =  2, 
and  y=-  -\,  when  x=\,  shew  that 


7.  Simplify  ^45  +  V8-v/80+^/18+V7^V40. 

8.  If  3a;  + 10  has  to  9a; +  4  the  duplicate  ratio  of  5  to  7,  find  x. 

9.  If  ^=-  =  -.,  prove  that  each  ratio  is  equal  to 

(\\      V-^^^-3ci^T2ac€  ,ox     ^f6a^ch  -  c^'ef+jacf 

^  '      y4bd^-Bc/^+2bd/*         ^  '      y  eb^f-dif'+lad^' 

10.     The  sides  of  a  triangle  are  aa  1  :  1^  :  l|^,  and  the  perimeter 
is  221  yards ;  find  the  sides. 
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11.  If  da  +  5b:3a-5b  =  Sc  +  5d:Sc-5d, 
prove  that  a  :b  =  c  i  d. 

12.  Reduce  to  their  simplest  forms : 

^        ^  {a -by 


13.  When  x=  -  -r,  find  the  value  of 

4 

x'^  +  ax  +  a^    x^-ax  +  a^ 
7? -a?  a^  +  a? 

14.  Simplify 

15.  Find  the  ratio  compounded  of  the  ratios 

x-y    ac3-y8        ,    vP'  +  xy  +  y'^  ^  x^-y^ 

16.  If  a,  6,  c  be  three  proportionals,  prove  that 

(1)  a(a  +  6):  b{b-a)  =  b{b  +  c)  :c{c-b); 

(2)  (a  +  &  +  c)(62-6c  +  c2)  =  c(a2  +  62  +  c2). 

17.  If  a  :  6  :  c  =  xy  :  x^  :  yz,  prove  that  x  :  y  :  z=ab  :  a^  ibc, 

18.  If  p  :  g  be  the  duplicate  ratio  of  p-r :  q-r,  prove  that  *■ 
is  a  mean  proportional  between  p  and  q. 


19.  If  a  :  6  =  c  :  rf,  prove  that 

(1)  a  +  cx  a  +  b  +  c  +  d  =  a  :  a  +  b\ 

(2)  ^a-b)-{c-d)J''-^f-'^\ 

20.  Shew  that  any  ratio  is  made  more  nearly  equal  to  unity  by 
adding  the  same  quantity  to  each  of  its  terms. 

21.  If  X  varies  as  y  +  z,  and  z  varies  ais  X',   and  if  x=2  when 
y=4,  find  the  value  of  y  when  x=\. 
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22.  If  2j-  +  3y  :  2x-3y=2a2  +  362  :  20^ -Zh"^,  then  a;  has  to  y  the 
duplicate  ratio  of  a  to  &. 

23.  Find  an  A.  P.  of  seven  terms  whose  sum  is  28  and  common 
difference  3. 

24.  The  sum  of  10  terms  of  an  A.  P.  is  145,  and  the  sum  of  its 
fourth  and  ninth  terms  is  five  times  the  third  term ;  determine 
the  series. 


25.     Find  the  value  of 

s/r9  +  4v'21+^/7  -  v/12  -  V29-2v'28. 
28.     Sum  to  10  terms  each  of  the  series 

(1)  5  +  10  +  15  +  20+ ; 

(2)  5-10  +  20-40+ , 

27.  If  ,    ^     =    ^^    =~Z^,  shew  that 

02  -  cy    ex  +  az    ay  +  ox 

ap  +  hq-cr  =  0,    and    xp-yq  +  zr  =  0. 

28.  The  sum  of  five  numbers  in  arithmetical  progression  is  10, 
and  the  sum  of  their  squares  is  60  ;  find  the  numbers. 

29.  Find  the  sum  of  n  terms  of  the  progression 

3+2j  +  2j-V+...... 

30.  Find  the  ninth  term  of  the  harmonic  series  whose  first  and 
third  terms  are  3  and  2  respectively. 


32.     Sum  to  n  terms 


31.     Simplify  ia-hf_^'a-  +  2ai>+^IP^ 


3    9     15    21 

2'^2"^  2  "^  2  "^ 


and  find  five  consecutive  terms  of  this  progression  whose  sum  is  187|^= 

33.     The  8'^  term  of  an  Arithmetical  Progression  is  double  the 
13"'  term ;  shew  that  the  2°**  term  is  double  the  10'^  term. 


E.A,  X 


810  ALGEBRA.  [CHAP.  XXXV. 

84,     Sum  the  following  series  : 

(1)  {a-2x)  +  2{a-i-x)  +  S{a  +  2x)  + to  18  tenns. 

(2)  3|^-5f|-+8f- to  7  terms. 

35,     Shew  that  the  smn  of  2n  terms  of  the  series 

1  1-1+ 1  +  1 .1-4+,  1 


3    9"^ 27    81    243    729^2187     

is  |{l-(-l)"3-2~}. 

36.     If  — — ,  _L,  are  in  A. P.,  then  o,  6,  c  are  in  G.P. 

b-a  2b   b  -c 


37.  The  last  term  of  an  A.  P.  is  ten  times  the  first,  and  the  last 
but  one  is  equal  to  the  sum  of  the  4*''  and  5"*.  Find  the  number  of 
the  terms,  and  shew  that  the  common  difference  is  equal  to  the  first 
term. 

38.  Sum  to  2n  terms  each  of  the  series 

(1)  1-3  +  9-27+ ; 

(2)  1-3  +  5-7+. , 

and  write  down  the  last  term  of  each  series. 

39.  Find  two  numbers  whose  arithmetic  mean  exceeds  their 
geometric  mean  by  2,  and  whose  haxmonic  mean  is  one-fifth  of  the 
larger  nimaber, 

fO.  Find  an  infinite  geometrical  progression,  whose  first  term  is 
1,  and  in  which  each  term  is  twice  the  sum  of  all  the  terms  that 
follow  it. 

41.  The  arithmetic  mean  between  two  numbers  is  to  the  geometric 
mean  as  5  to  4,  and  the  difference  of  their  geometric  a^d  liarmonic 
means  is  4  :  find  the  numbers. 


O 

42.  If  X-  i/,  2  be  in  G.  P. ,  prove  that 


CHAPTEE  XXXVI. 
The  Theory  of  Quadratic  Equations. 

335.  Ix  Chapter  xxv.  it  was  shewn  that  after  suitable  re- 
duotion  every  quadratic  equation  may  be  written  in  the  form 

<u^  +  b3;  +  c  =  0 , (1), 

and  that  the  solution  of  the  equation  is 

J7= (2). 

We  shall  now  prove  some  important  propositions  connected 
with  the  roots  and  coefficients  of  all  equations  of  which  (1)  is 
the  type. 

336.  A  quadratic  equation  camwt  have  more  than  two  roots. 
For,  if  possible,  let  the  equation  a^-\-hx-\-e  =  0  have  three 

different  roots  a,  ^,  y.     Then  since  each  of  these  values  must 
satisfy  the  equation,  we  have 

aa2  +  6a+c  =  0...,. (1), 

ai32  +  6/3  +  c=0 ..(2), 

ay24.6y  +  c=0 (3), 

From  (1)  and  (2),  by  subtraction, 

divide  out  by  a  -  /8  which,  by  hypothesis,  is  not  zero  ;  then 

Similarly  from  (2)  and  (3) 

:.   by  subtraction  a{a  —  y)  =  0  ; 

which  is  impossible,  since,  by  hypothesis,  a  is  not  zero,  and  a  is 
not  equal  to  y.     Hence  there  cannot  be  three  different  roots. 
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337.  The  terms  '  unreal ',  '  imaginary ',  and  '  impossible '  are 
all  used  in  the  same  sense  :  namely,  to  denote  expressions  which 
involve  the  square  root  of  a  negative  quantity.  It  is  important 
that  the  student  should  clearly  distinguish  between  the  terms 
real  and  ratio7ial,  irruxginary  and  irrational.  Thus  ,^25  or  5, 
3i,  —  f  are  rational  and  real ;  ^7  is  irrational  but  real ;  while 
V  -  7  is  irrational  and  also  imaginary. 

338.  In  Art.  335  if  the  two  roots  in  (2)  are  denoted  by 
a  and  jS,  we  have         

-6  +  \^6'^-4ac  '       -b-  slh'^  -  Aac 

"  = 2^ '  /^= 2a • 

(1)  If  6^-4ac,  the  quantity  under  the  radical,  is  positive, 
a  and  (j  are  real  and  unequal. 

(2)  If   h^  —  ^ac  is  zero,  a  and  (i  are  real  and  equal,  each 

reducing  in  this  case  to  -  ^. 

(3)  If  6^  -  4ac  is  negative,  a  and  y8  are  imaginary  and  unequal, 

(4)  If  62  _  ^ac  is  a  perfect  square,  a  and  y8  are  rational  and 
unequal. 

By  applying  these  tests  the  nature  of  the  roots  of  any 
quadratic  may  be  determined  without  solving  the  equation. 

Example  1.  Shew  that  the  equation  2x2-6a:  +  7  =  0  cannot  be 
satisfied  by  any  real  values  of  x. 

Here  a  =  2,  6=  -6,  c  =  l ;  so  that 

52-4ac  =  (-6)2-4.2.7= -20. 
Therefore  the  roots  are  imaginary. 

Note.  If  the  equation  is  solved  graphically  as  in  Art.  427,  it  will 
be  found  that  the  graph  does  not  cut  the  axis  of  x.  Thus  there  are 
no  real  values  of  x  which  make  2x^  -Qx->rl  equal  to  zero. 

Example  2.  For  what  value  of  k  will  the  equation  ^x^  -  6a;  +  ifc=0 
have  equal  roots  ? 

The  condition  for  equal  roots  gives 

(-6)2-4.3.yfc=0, 
whence  k  =  Z. 

Example  3.     Shew  that  the  roots  of  the  equation 
x^  -  2px  +  p^  -  g2  +  2qr  -  r'^  =  0 
are  rational. 

The  roots  will  be  rational  provided  {-2p)^-A^{p'^-q^  +  2qr-r^)  ia 
a  perfect  square.  But  this  expression  reduces  to  4(5'^-2gr  +  r^),  or 
i{q-r)^.     Hence  the  roots  are  rational. 
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339.     Since  a  = ^ ,     /S  = ^^r , 

we  have  by  addition 


.(1); 


.(2). 


«  +  ^=  2a 

^_26^_6 

2a  ~     o ' 

and  by  multiplication  we  have 

fj_(-h+^l^-^ac){-h-^!h'^-Aac) 

4a2 
_4ac_c 
4a^     a 

By  writing  the  equation  in  the  form 

r,     h     ,  c     ^ 
a       a 
these  results  may  also  be  expressed  as  follows  : 

In  a  quadratic  equation  ukere  the  coeMcient  of  the  first  terra  is 
Wfiity^ 

(i)  the  sum  of  the  roots  is  equal  to  the  coefficient  of  x  with 
its  sign  chancred  ; 

(ii)  the  product  of  the  roots  is  equal  to  the  third  term. 

Note.     In  any  equation  the  term  which   does   not   contain   the 
unknown  quantity  is  frequently  called  the  absolute  term-. 

h  c 

340.     Since  --=a  +  f3,    and -  =  aB, 

a  ^  a       ' 

h       c 
the  equation  a^-\--x-\--  may  be  written 

x^-{a+(S)x-{-a^  =  0  (1) 

Hence  any  quadratic  may  also  be  expressed  in  the  form 

jr^  — (sum  of  roots)  .5?  + product  of  roots  =  0 (2). 

Again,  from  (1)  we  have 

{x~o){x-[i)  =  0 (3). 

We  may  now  easily  form  an  equation  with  given  roots. 
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Example  1.     Form  the  equation  whose  roots  are  3  and  -  2. 
The  equation  is  (a;  -  3)  (a;  +  2)  =  0, 

or  x'^-x-6=0. 

Example  2.     Form  the  equation  whose  roots  are  =  and  -  ■=- 

The  equation  is  (x-  =  j(x  +  ^]=0; 

that  is,  (7a;  -  3)  (5«  +  4)  =  0, 

or  35a;2+]3aT-12=0, 

When  the  roots  are  irrational  it  is  easier  to  use  the  following 
method  : 

Example  3.     Form  the  equation  whose  roots  are  2  -j-  ,^3  and  2  -  ,JS. 

We  have  sum  of  roots  =  4, 

product  of  roots  =  1  ; 
.'.  the  equation  is  a;^  -  4a;  + 1  =  0, 

by  using  formula  (2)  of  the  present  article. 

341.  The  results  of  Art.  339  are  most  important,  and  they 
are  generally  sufficient  to  solve  problems  connected  with  the 
roots  of  quadratics.  In  such  questions  the  roots  should  never  he 
considered  singly,  but  use  should  be  made  of  the  relations  ob- 
tained by  writing  down  the  sum  of  the  roots,  and  their  product, 
in  tdrms  of  the  coefficients  of  the  equation. 

Example  1,  If  a  and  /3  are  the  roots  of  a:^-pa;+g=0,  find  the 
value  of  (1)  a^+yS^,  (2)  a?  +  ^. 

We  have  a4-/S=p, 

:.    a«+/S2=(a  +  /S)2-2a/S 
=p2  _  2q. 

Again,  a8+/S5=(a  +  /S)(a2  +  ^-a/3) 

=p{(a  +  iS)2-3a/3} 

=p{p'^-3q). 

Example  2.     If  a,  /3  are  the  roots  of  the  equation  la^+mx  +  n=^0, 

find  the  equation  whose  roots  are  -,   -. 

p    a 

We  have  sum  of  roots = |  +  -  =      J^  » 

/S    a        a/5 

product  of  roota  =  3  .-=15 

p       3> 
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.'.  by  Art.  340  the  required  equation  is 

or  apx^-{a^  +  ^)x  +  ap=0. 

As  m  the  last  example  a^  +  p'-= — j^ ,  ana  ap=-T. 

.*.  the  equation  is  y  ar ^ x  +  j=\j, 

or  nlx^  -{7n?-2nl)x  +  rd=0. 

Example  3.  Find  the  condition  that  ^.he  roots  oi  the  equation 
aic2  +  6x  +  c  =  0  should  be  (1)  equal  in  magnitude  and  opposite  in 
sign,  (2)  reciprocals. 

The  roots  will  be  equal  in  magnitude  and  opposite  in  sign  if  their 

sum  is  zero  ;  therefore  —  =  0,  or  6  =  0. 

a 

Again,  the  roots  will  be  reciprocals  when  their  product  is  unity ; 
(J 
therefore  -  =  1,  or  c  =  a. 
a 

Example  4.  Find  the  relation  which  must  subsist  between  the 
coefficients  of  the  equation  px^  +  qx-\-r=0,'V,'\ien  one  root  is  three 
times  the  other. 

We  have  a  +  i3=-^,     a3=~; 

P  P 

but  since  o  =  3/S,  we  obtain  by  substitution 

4^=-^,      3;92  =  -. 

P  P 

From  the  first  of  these  equations  iS^=T|-2>  a-iid  from  the  second 

_~        T  10/7" 

'''  Tp~^' 

or  Sq^=162}r, 

which  is  the  required  condition. 

342.  The  following  example  illustrates  a  useful  application 
of  the  results  proved  in  Art,  338. 
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Example.     If  a;  is  a   real  quantity,  prove   that  the  expression 

— — can  have  all  numerical  values  except  such  as  lie  between 

2{x-Z)  ^ 

2  and  6. 

Let  the  given  expression  be  represented  by  y,  so  that 

ar^  +  2a;-ll_ 
2(a;-3)    ~^' 

then  multiplying  up  and  transposing,  we  have 

a;2+2a;{l-y)  +  6y-ll=0. 

This  is  a  quadratic  equation,  and  if  a;  is  W)  have  real  values 
4(1 -y)^-4(6y- 11)  must  be  positive;  or  simplifying  and  dividing 
by  4,  y^-8y  +  12  must  be  positive;  that  is,  (y-6)(y-2)  must  be 
positive.  Hence  the  factors  of  this  product  must  be  both  positive, 
or  both  negative.  In  the  former  case  y  is  greater  than  6  ;  in  the 
latter  y  is  less  than  2.  Therefore  y  cannot  lie  between  2  and  6,  but 
may  have  any  other  value. 

In  this  example  it  will  be  noticed  that  the  expression  y^  _  83/  4- 12 
is  positive  so  long  as  y  does  not  lie  between  the  roots  of  the  cor- 
responding quadratic  eqvxition  3/^  —  8y  + 12 =0. 

This  is  a  particular  case  of  the  general  proposition  investigated 
in  the  next  article. 

343.  For  cdl  real  values  of  x  the  expression  ax^+bx  +  c  hxis 
the  sa'tne  sign  as  r,  except  when  the  roots  of  the  equation 
ax--fbx  +  c=0  are  real  and  unequal^  and  x  lies  between  them. 

Case  L     Suppose  that  the  roots  of  the  equation 
ax^-\-hx-\-c=0 
are  real ;  denote  them  by  a  and  ^,  and  let  a  be  the  greater. 

Then         ax^-\-hx-\-c=^a\aP'-\--x-\-'-\ 

\        a      a) 

=  a{a?2-(a-f /8)^+a^}  [Art,  339.] 

=  aj{x  —  <x)ix  —  ^\ 

Now  if  X  is  greater  than  a  or  less  than  /3,  the  factors  x  —  a^ 
x  —  fS  are  either  both  positive  or  both  negative;  therefore  the 
expression  [t~<x){x  —  0)  is  positive,  and  a^^  +  bx  +  c  baa  the  same 
3ign  as  a.     But  if  x  lies  between  a  and  /8,  the  expression 

(x  -  a)(x  - 13) 

is  negative,  and  the  sign  of  ax^+bx+c  is  opposite  to  thai;  of  a. 


ixxvi.j        THE  THEORY  OF  QUADRATIC  EQUATIONS.  317 

Case  II.     If  a  and  fB  are  equal,  then 

ax^+hx-\-c=a{x  —  aff 

and  {x-af  is  positive  for  aU  real  values  of  x  ;  hence  ax^  +  hx+c 
has  the  same  sign  as  a. 

Case  III.     Suppose   that    the    equation   ax^  +  hx-\-c=0    has 
imaginary  roots  ;  then 

aa^'\-hx-^c=a\  x^  +  ~x+-  \ 
[.        a       a) 

but  since  b^  -  4cw  is  negative  [Art.  338],  the  expression 


( 


13  positive  for  all  real  values  of  x ;  therefore  ax^+hx+c  has  the 
same  sign  as  a. 

{Arts.  426,  427  aiid  439,  Ex.  2,  may  he  read  Jure.] 

EXAMPLES  XXXVI, 

Find  (without  actual  solution)  the  nature  cf  the  roots  of  the 
following  equations.: 

1.     ir^+a-- 870=0.          2.     S  +  6x=5x^.  3.  ^3^=U-3x'^. 

4.     x2  +  7  =  4^'.                 5.     2x=a^4-5.  a  {x+2)^=ix  +  l5. 

Form  the  equations  whose  roots  axe 

7.     5,  -3.                        8.     -9,  -11.  9.  a  +  &.    a -6. 

10.     I    l  U.     fa,    -la.  12.     0,   7 

13.  If  the  equation       x^  +  2{l+k)x  +  k^  =  0 

has  eqtial  roots,  what  is  the  value  of  k  ? 

14.  Prove  that  the  equation 

Smx^  -  (2m  4-  3n)  rr  +  2n  =  0 
has  rational  roots. 

15.  Without  solving  the  equation  3x^-4a;-l=0,  find  the  snuu 

the  difference,  and  the  sum  of  the  squares  of  the  roots. 

16.  Shew  that  the  roots  of  a{x^-  l)  =  (,b-c)x  are  always  real 
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Form  the  equations  whose  roots  are 
17.     3  +  v'5,  S-J5.        18.     -2+v'3,    -2-^/3.         19.     -|,   | 

20.    2(4±v^).  21.    ;^,  ^xft-  22.    26'  25- 

If  o,  ^  are  the  roots  of  the  equation  pa^  +  qx  +  r  =  0,  find  the 
values  of 

23.     a2-f/32.  24.     (a-/9)2.  25.     a'^^  +  a^. 

26.      a^^-/^.  27.     a6/S2+a255.  28.     ~  +  ^. 

P      » 

29.  If  a,  ^  are  the  roots  of  x2_p3j  +  a=0,  and  a^  ^  the  roots  of 

x"^  -  Px  +  Q  =  0;  find  P  and  Q  in  terms  of  p  and  g. 

30.  Ji  a,  ^  are  the  roots  of  a^-ax  +  b  =  0,  find  the  equation  whose 

roots  are  ^r,    ^ 

31.  Find  the  condition  that  one  root  of  the  equation 

ax^  +  bx  +  €  =  0 
may  be  double  the  other. 

32.  Form  an  equation  whose  roots  shall  be  the  cubes  of  the  roots 

of  the  equation  2x{x-  a)  =  a^. 

33.  Prove  that  the  roots  ci  the  equation 

{a  +  b)a^-{a  +  b  +  c)x  +  ^=(k 
are  always  real. 

34.  Shew  that  {a  +  b  +  c)x^-2{a  +  b)x  +  {a  +  b-c)=0 

has  rational  roots. 

35:     Form  an  equation  whose  roots  shall  be   the  arithmetic   and 
harmonic  means  between  the  roots  of  x'^-px  +  q  =  0. 

36.  In  the  equation  px^  +  qx  +  r  =  0  the  roots  are  in  the  ratio  of 

I  to  7n,  prove  that 

{P  +  m^)pr  +  Im  {2pr  -  q^)  =  0. 

37.  Shew  that  if  a;  is  real  the  expression  — p-  cannot  lie  between 

Q  ^^A  K  2x-8 

S  and  5. 

3x^^  +  2 

38.  I^  x  is  real,  prove  that  -^ — ^ — ::  can  have  all  values  except 

3 
such  as  lie  between  2  and  -  pr. 


CHAPTER    XXXYK. 

Permutations    and    Combinations. 

344.  Each  of  the  arraiigements  which  can  be  made  by  taking 
some  or  all  of  a  number  of  things  is  called  a  pennutation. 

Each  of  the  groups  or  selections  which  can  be  made  bj  taking 
some  or  all  of  a  number  of  things  is  called  a  combination. 

Thus  the  permutations  which  can  be  made  by  taking  the 
letters  <x,  b,  c.  d  two  at  a  time  are  twelve  in  number  ;  namelj, 

ab,     aCy     ad,     be,     bd,     cd, 
ba^     ca.     da,     cb,     db,     dc  ; 

each  of  these  presenting  a  diflferent  arrangement  of  two  letters. 

The  combinations  which  can  be  made  bj  taking  the  letters 
a,  b,  c,  d  two  at  a  time  are  six  in  number  :  namelj, 

ab,     ac,     ad,     be,     bd,     cd ; 

each  of  these  presenting  a  different  selection  of  two  letters. 

From  this  it  appears  that  in  forming  combinations  we  are  onlj 
concerned  with  the  number  of  things  each  selection  contains  ; 
whereas  in  forming  permutations  we  have  also  to  consider  the 
order  of  the  things  which  make  up  each  arrangement ;  for 
instance,  if  from  four  letters  a,  b,  c,  d  we  make  a  selection  of 
three,  such  as  abc,  this  single  combination  admits  of  being 
arranged  iu  the  following  ways  : 

abc,    acbf     bca,     baCy     cab,     cba^ 

and  so  gives  rise  to  six  different  permutations, 

345.  Before  discussing  the  general  propositions  of  this 
chapter  the  following  important  principle  should  be  carefully 
noticed. 

If  one  operation  can  be  performed  in  m  ways,  and  {when  it  hxu 
been  performed  in  any  one  of  these  icays)  a  second  operation  can 
then  be  performed  in  n  ways ;  the  number  of  ways  of  performing 
the  two  operations  will  6e  m  x  n. 
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If  the  first  operation  be  performed  in  any  one  way,  we  can 
associate  with  this  any  of  the  n  ways  of  performing  the  second 
operation  :  and  thus  we  shall  have  n  ways  of  performing  the  two 
operations  without  considering  more  than  one  way  of  performing 
the  first ;  and  so,  corresponding  to  each  of  the  m  ways  of  per- 
forming the  first  operation,  we  shall  have  n  ways  of  performing 
the  two  ;  hence  altogether  the  number  of  ways  in  which  the  two 
operations  can  be  performed  is  represented  by  the  product 
my.n. 

Example.  There  are  10  steamers  plying  between  Liverpool  and 
Dublin  ;  in  how  many  ways  can  a  man  go  from  Liverpool  to  Dublin 
and  return  by  a  different  steamer  ? 

There  are  ten  ways  of  making  the  first  psissage  ;  and  with  each  of 
these  there  is  a  choice  of  nine  ways  of  returning  (since  the  man  is 
not  to  come  back  by  the  same  steamer) ;  hence  the  number  of  ways 
of  making  the  two  journeys  is  10  x  9,  or  90. 

This  principle  may  easily  be  extended  to  the  case  in  which 
there  are  more  than  two  operations  each  of  which  can  be  per- 
formed in  a  given  number  of  ways. 

346.  To  find  the  number  of  permutations  of  n  dissimilar  things 
taken  r  at  a  time. 

This  is  the  same  thing  as  finding  the  number  of  ways  in 
which  we  can  fill  up  r  places  when  we  have  n  different  things  at 
our  disposal. 

The  first  place  may  be  filled  up  in  n  ways,  for  any  one  of  the 
n  things  may  be  taken  ;  when  it  has  been  filled  up  in  any  one  of 
these  ways,  the  second  place  can  then  be  filled  up  in  n—  1  ways ; 
and  since  each  way  of  tilling  up  the  first  place  can  be  associated 
with  each  way  of  filling  up  the  second^  the  number  of  ways  in 
which  the  first  two  places  can  be  filled  up  is  given  by  the  product 
n{n—\).  And  when  the  first  two  places  have  been  filled  up  in 
any  way,  the  third  place  can  be  filled  up  in  n  —  2  ways.  And 
reasoning  as  before,  the  number  of  ways  in  which  three  places 
can  be  filled  up  is  n{n  —  l){n  —  2), 

Proceeding  thus,  and  noticing  that  a  new  factor  is  introduced 
with  each  new  place  filled  up,  and  that  at  any  stage  the  number 
of  factors  is  the  same  as  the  number  of  places  filled  up,  we  shall 
have  the  number  of  ways  in  which  r  places  can  be  filled  up 
equal  to 

n{n  —  \){n-'2) to  r  factors  ; 

and  the  r^^  factor  is  n  —  (r  -  1),  or  w  —  r  + 1. 
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Therefore  the  number  of  permutations  of  n  things  taken  r  at 
a  time  is 

rt(n-l)(7i-2) {n-r+ly 

Cor.  The  number  of  permutations  of  n  things  taken  all  at 
a  time  is 

7i(n  —  1)(k.  —  2)  .>..,.  to  n  factors, 

or  n{n-l){n-2) 3.2.1, 

It  is  usual  to  denote  this  product  by  the  symbol  [w,  which  is 
read  "  factorial  nJ^     Also  the  symbol  n  !  is  sometimes  used  for  \n. 

347.  We  shall  in  future  denote  the  number  of  permutations 
of  n  things  taken  r  at  a  time  by  the  symbol  "P„  so  that 

''Pr=n{n-l){n-2) (n-r+1)  ; 

also  Tr^=^n. 

In  working  numerical  examples  it  is  useful  to  notice  that  the 
suffix  in  the  symbol  "P^  always  denotes  the  number  of  factors  in 
the  formula  we  are  using 

Example  1.  Four  persons  enter  a  railway  carriage  in  which  there 
tre  six  seats ;  in  how  many  ways  can  they  take  their  places  ? 

The  first  person  may  seat  himself  in  6  ways ;  and  then  the  second 
person  in  5  ;  the  third  in  4  ;  and  the  fourth  in  3 ;  and  since  each  of 
these  ways  may  be  associated  with  each  of  the  others,  the  required 
answer  is6x5x4x3j  or  360. 

Example  2.  How  many  different  numbers  can  be  formed  by 
using  six  out  of  the  nine  digits  1,  2,  3,  ...  9? 

Here  we  have  9  different  things  and  we  have  to  find  the  number 
of  permutations  of  them  taken  6  at  a  time ; 

.*.    the  requii  ed  result = ^Pg 

=9x8x7x6x5x4 

=60480, 

348.  To  jmd  the  number  of  combinations  of  n  dissirralwr 
things  taken  x  at  a  tiTne. 

Let  "CV  denote  the  required  number  of  combinations. 

Then  each  of  these  combinations  consists  of  a  group  of  r 
dissimilar  things  which  can  be  arranged  among  themselves  in 
[r_ways.     [Art."346.  Cor.] 

Hence  "CVxjr  is  equal  to  the  number  of  arrangements  of  n 
things  taken  r  at  a  time  ;  that  is, 

«C;x|r=-P^=n(w-l)(n-2)...(w-r+l); 


n^^^n{n-\){n-2)..,{n-r+l) 
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Cor.  Tliis  formula  for  "(7r  may  also  be  written  in  a  different 
form  ;  for  if  we  multiply  the  numerator  and  the  denominator  by 
\n  —  r  we  obtain 

n(n-l)(n-2) (n-r+l)x\n-r  \n 

^ ■         - 1—1- ,    or    ■—     ; 


\r  \n-r  [r  \n~r 


since  n{n-\){n-^) {n-r^\)x\n-r—\ru 

Example.  From  12  books  in  how  many  ways  can  a  selection  of  5 
be  made,  (1)  when  one  specified  book  is  always  included,  (2)  when 
one  specified  book  is  always  excluded  ? 

(1)  Since  the  specified  book  is  to  be  included  in  every  selection, 
we  have  only  to  choose  4  out  of  the  remaining  11. 

Hence  the  number  of  ways  =  "C4=-:j — ^ — o — t-  =  330. 

(2)  Since  the  specified  book  is  always  to  be  excluded,  we  have 
to  select  the  5  books  out  of  the  remaining  11. 

Hence  the  number  of  •wa,jB=^C^=-^r—= — s — \ — =-=462. 

lX^X«5X4XO 

\    349.     The  number  of  combinations  of  n  things  r  at  a  time  zQ 
equal  to  the  number  of  combinations  of  n  things  n  —  r  at  a  time. 

In  making  all  the  possible  combinations  of  n  things,  to  each 
group  of  r  things  we  select,  there  is  left  a  corresponding  group  of 
n  —  r  things ;  that  is,  the  number  of  combinations  of  n  things 
r  at  a  time  is  the  same  as  the  number  of  combinations  of  n  things 
?i  —  r  at  a  time ; 

This  result  is  frequently  useful  in  enabling  us  to  abridge 
arithmetical  work. 

Example.  Out  of  14  men  in  how  many  ways  can  an  eleven  be 
chosen  ? 

The  required  number  =  i^(7u 

^       1  x2x3 

If  we  had  made  use  of  the  formula  ^^6\i,  we  should  have  had  to 
reduce  an  expression  whose  numerator  and  denominator  each  con- 
tained 11  factors. 

350.  In  the  examples  which  follow  it  is  important  to  notice 
that  the  formula  for  permutations  should  not  be  used  until  the 
suitable  selectio7is  required  by  the  question  have  been  made. 
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Example  1.  From  7  Englishmen  and  4  Americans  a  committee  of 
6  is  to  be  formed:  in  how  many  ways  can  this  be  done,  (1)  when  the 
committee  contains  exactly  2  Americans,  (2)  at  least  2  Americans? 

(1)  The  number  of  ways  in  which  the  Americans  can  be  chosen 
is  ^G^',  and  the  number  of  ways  in  which  the  Englishmen  can  be 
chosen  is  "^d'  Each  of  the  first  groups  can  be  associated  with  each, 
of  the  second  ;  hence 

the  required  number  of  ways=*C2  ^  ^^4 

—   ' —   V    ' —  —      ^ —     — g>f> 

"[2  12     [4  [3 -[2  [2  [3-^'^- 

(2)  We  shall  exhaust  all  the  suitable  combinations  by  forming 
all  the  groups  containing  2  Americans  and  4  Englishmen ;  then 
3  Americans  and  S  Englishmen ;  and  lastly  4  Americans  and  2 
Englishmen. 

The  sum  of  the  three  results  will  give  the  answer.  Hence  the 
required  number  of  ways = ^Cg  x  '^C^+'K)^  x  ''G^ + ^G^  x  "^G^ 

-    ^    .    ^    ^Hx.-j^.lx    ^ 


I2[2     [4[3"[3     l3[4'        [2  [5 

=210+140  +  21=371. 

In  this  example  we  have  only  to  make  use  of  the  suitable  formulae 
for  cojnbinatio7is,  for  we  are  not  concerned  with  the  possible  arrange- 
ments of  the  members  of  the  committee  among  themselves. 

Example  2.  Out  of  7  consonants  and  4  vowels,  how  many  words 
can  be  made  each  containing  3  consonants  and  2  vowels  ? 

The  number  of  ways  of  choosing  the  three  consonants  is  ''O3,  and 
the  number  of  ways  of  choosing  the  2  vowels  is  ^G^;  and  since  each 
of  the  first  groups  can  be  associated  with  each  of  the  second,  the 
number  of  combined  groups,  each  containing  3  consonants  and  2 
vowels,  is  "^G^  x  ^G^. 

Further,  ea-ch  of  these  groups  contains  5  letters,  which  may  b© 
arranged  among  themselves  in  15  ways.     Hence 

^  il         li 
the  required  number  of  words  =      .   ■  x  [3-75-  x  [5 

[111     [±[^ 
=5  X  [7  =25200. 

EXAMPLES  XXXVII.  a. 

1,  Find  the  value  of  ^P^  ^P^  ^Cg,  ^G^ 

2.  How  many  different  arrangements  can  be  made  by  taking  (i) 
five,  (2)  all  of  the  letters  of  the  word  soldier  t 

a     lf"0,  :  "-1(74=8:  6,  find  n. 
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4.  How  many  different  selections  of  four  coins  can  be  ma.de  from 
a  bag  containing  a  sovereign,  a  half-sovereign,  a  half-crown,  a  florin, 
a  shilling,  a  franc,  a  sixpence,  a  penny,  and  a  farthing  ? 

5.  How  many  numbers  between  3000  and  4000  can  be  made  with 
the  digits  9,  3,  4,  6  ? 

6.  In  how  many  ways  can  the  letter-s  of  the  word  volume  be 
arranged  if  the  vowels  can  only  occupy  the  even  places  ? 

7.  If  the  number  of  permutations  of  n  things  four  at  a  time  is 
fourteen  times  the  number  of  permutations  of  n  -  2  things  three  at 
a  time,  find  n. 

8.  From  5  masters  and  10  boys  how  many  committees  can  bfe 
selected  containing  3  masters  and  6  boys  ? 

9.  If  «'C;=^a-io,  find  '•(7i2,  18(7,. 

10.  Out  of  the  twenty-six  letters  of  the  alphabet  in  how  many 
ways  can  a  word  be  made  consisting  of  five  different  letters,  two  of 
which  must  be  a  and  e  ? 

11.  How  many  words  can  be  formed  by  taking  3  consonants  and 
2  vowels  from  an  alphabet  containing  21  consonants  and  5  vowels  ? 

12.  A  railway  carriage  will  accommodate  5  passengers  on  each 
side  :  in  how  many  ways  can  10  persons  take  their  seats  when 
two  of  them  decline  to  face  the  engine,  and  a  third  cannot  travel 
backwards  ? 


351.  Hitherto,  in  the  formulae  we  have  proved,  the  things 
have  been  regarded  as  unlike.  Before  considering  cases  in  which 
some  one  or  more  sets  of  things  may  be  like,  it  is  necessary  to 
point  out  exactly  in  what  sense  the  words  like  and  unlike  are 
used.  When  we  speak  of  things  being  dissimilar,  different^  un- 
like, we  imply  that  the  things  are  visibly  unlike,  so  as  to  be 
easily  distinguishable  from  each  other.  On  the  other  hand  we 
shall  always  use  the  term  like  things  to  denote  such  as  are  alike 
to  the  eye  and  cannot  be  distinguished  from  each  other.  For 
instance,  in  Ex.  2,  Art.  350,  the  consonants  and  the  vowels  may 
be  said  each  to  consist  of  a  group  of  things  united  by  a  common 
characteristic,  and  thus  in  a  certain  sense  to  be  of  the  same 
kind  ;  but  they  cannot  be  regarded  as  like  things,  because  there 
is  an  individuality  existing  among  the  things  of  each  group  which 
makes  them  easily  distinguishable  from  each  other.  Hence,  in 
the  final  stage  of  the  example  we  considered  each  group  to 
consist  of  five  dissimilar  things  and  therefore  capable  of  [5 
arrangements  among  themselves.     [Art.  346.  Cor.] 
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352.  To  find  the  number  of  wayi  m  which  ii  things  may  he 
arranged  among  theTnselves,  taking  them  all  at  a  time,  when  p 
of  the  things  are  exactly  alike  of  one  kind,  q  of  them  exactly 
alike  of  anoiJ-ter  kind,  r  of  them  exactly  alike  of  a  third  kind,  and 
the  re.<t  all  different. 

Let  there  be  n  letters  ;  suppose  p  of  them  to  be  a,  q  of  them 
to  be  6,  r  of  them  to  be  c,  and  the  rest  to  be  unlike. 

Let  X  be  the  required  number  of  permutations  ;  then  if 
the  p  letters  a  were  replaced  by  p  unlike  letters  different  from 
any  of  the  rest,  from  any  one  of  the  x  permutations,  without 
altering  the  position  of  anv  of  the  remaining  lettertj,  we  could 
form  \p  new  permutations.  Hence  if  this  change  were  made 
in  each  of  the  x  permutations,  we  should  obtain  xx  p  per- 
mutations. 

Similarly,  if  the  q  letters  6  were  replaced  bv  q  unlike  letters, 
the  number  of  permutations  would  be  ar  x  {jo  x  j^. 

In  like  manner,  by  replacing  the  r  letters  c  by  r  unlike  letters, 
we  should  finally  obtain  :r  x  jo  x  i  ^  x  ;  r  permutations. 

But  the  things  are  now  all  different,  and  therefore  admit  of  n 
permutations  among  themselves.     Hence 

a:x  J£x  [£X  jr=in  J 
that  IS,  a?=i — P^n — ; 

which  is  the  required  number  of  permutations. 

Any  case  in  which  the  things  are  not  all  different  may  be 
treated  similarly. 

Example  1.  How  many  different  permutations  can  be  made  out 
of  the  letters  of  the  word  assassination  taken  all  together  ? 

We  have  here  13  letters  of  which  4  are*a,  3  are  a,  2  are  i,  and  2 
are  n.     Hence  the  number  of  permutations 

113 


[4  [3  [2  [2 

=13.11.10.9.8.7  .3.5 
=1001  X  10800=  10810800. 

E.A.  Y 
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Example  2.  How  many  numbers  can  be  formed  with  the  digits 
1,  2,  3,  4,  3,  2,  1,  so  that  the  odd  digits  always  occupy  the  odd  places  ? 

The  odd  digits  1,  3,  3,  1  can  be  arranged  in  their  four  places  in 

^  ^^^ '"• 

The  even  digits  2,  4,  2  can  be  arranged  in  their  tiiree  places  in 

^  ways (2), 

Each  of  the  ways  in  (1)  can  be  associated  with  each  of  the  ways 
in  (2). 

[4       |3 
Hence  the  required  number=,Q  ^  ^  rn"=6  x  3=18. 

353.     To  firhd  the  number  of  permutations  of  n  things  r  at  a 

time,  when  each  thing  may  he  relocated  once,  twicey up  to  r 

tim^s  in  any  arrangement. 

Here  we  have  to  consider  the  number  of  ways  in  which  r 
places  can  be  filled  up  when  we  have  n  different  things  at  our- 
disposal,  each  of  the  n  things  being  ased  as  often  as  we  please  in 
any  arrangement. 

The  first  place  may  be  filled  up  in  n  ways,  and,  when  it  has 
been  filled  up  in  any  one  way,  the  second  place  may  also  be  filled 
up  in  n  ways,  since  we  are  not  precludea  from  using  the  same 
thing  again.  Therefore  the  number  of  ways  in  which  the  first 
two  places  can  be  filled  up  is  ?i  x  ti  or  n^. 

The  third  place  can  also  be  filled  up  in  n  ways,  and  therefore 
the  first  three  places  in  n^  ways. 

Proceeding  in  this  manner,  and  noticing  that  at  any  stage  the 
index  of  n  is  always  the  same  as  the  number  of  places  fiUed  up, 
we  shall  have  the  number  of  ways  in  which  the  r  places  can  be 
filled  up  equal  to  w**. 

Example.  In  how  many  ways  can  5  prizes  be  given  away  to 
4  boys,  when  each  boy  is  eligible  for  all  the  prices  ? 

Any  one  of  the  prizes  can  be  given  in  4  ways ;  and  then  any  one 
of  the  remaining  prizes  can  also  be  given  in  4  ways,  since  it  may  be 
obtained  by  the  boy  who  has  already  received  a  prize.  Thus  two 
prizes  can  be  given  awaj^  in  4^  ways,  three  prizes  in  4^  ways,  and  so 
on.     Hence  the  5  prizes  can  be  given  away  in  4^,  or  1024  ways. 
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354.     To  jind  for  what  value  of  i  the  number  of  combinations 
of  n  things  t  at  a  time  is  greatest. 

<^inrA -r'  _^(^-l)(^-2) {n-r^^){n-r+V) 

omce   i.r-  J    2.3 (r-l)r 

and       tr-,-  i.2.3 (r-i)  ' 

The  multiplying  factor may    be   written - 1. 

r  r 

which  shews  that  it  decreases  as  r  increases.     Hence  as  r  receives 

the  values  1,  2,  3, in  succession,  "t>  is  continually  increased, 

7i  +  l 

until 1  becomes  equal  to  1  or  less  than  1. 

Now 1>13  so  long  as >2;  that  is,  — ^r— >r. 

We  have  to  choose  the  greatest  value  of  r  consistent  with 
this  inequality. 

(1)  Let  n  be  even,  and  equal  to  2wt ;  then 

7i+l     2»i+l         ,  1 

and  for  all  values  of  r  up  to  m  inclusive  this  is  greater  than  r. 
Hence  by  putting  r=m  =  -,  we  find  that  the  greatest  number  of 
combinations  is  "^Cw 

(2)  Let  n  be  odd,  and  equal  to  2m  + 1  ;  then 

71  +  1     2m  4- 2         .  _ 

and  for  all  values  of  r  up  to  ra  inclusive  this  is  greater  than  r ; 
but  when  r=m  +  l  the  multiplying  factor  becomes  equal  to  1,  and 

6Trt+i=   Cm',   tnat  IS,     Cn+1=^    Cn-l  J 

2  9 

and  therefore  the  number  of  combinations  is  greatest  when  the 

71/  ~\~  1  71  ~*  1 

things  are  taken  ,  or  at  a  time  ;  the  result  being  the 

same  in  the  two  cases. 
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EXAMPLES  XXXVn.  b. 

1.  Find  the  number  of  permutations  which  can  be  made  from 
all  the  letters  of  the  words, 

(1)  irresistible,  (2)  phenomenon, 

(3)  tittle-tattle. 

2.  How  many  different  numbers  can  be  formed  by  using  the  seven 
digits  2,  3,  4,  3,  3,  1,  2  ?    How  many  with  the  digits  2,  3,  4,  3,  3,  0,  2  ? 

3.  How  many  words  can  be  formed  from  the  letters  of  the  word 
Simoom,  so  that  vowels  and  consonants  occur  alternately  in  each 
word? 

4.  A  telegraph  has  5  arms  and  each  arm  has  4  distinct  positions, 
including  the  position  of  rest :  find  the  total  number  of  signals  that 
can  be  made. 

5.  In  how  many  ways  can  n  things  be  given  to  m  persons,  when 
there  is  no  restriction  as  to  the  number  of  things  each  may  receive  ? 

6.  How  many  different  arrangements  can  be  made  out  of  the 
letters  of  the  expression  a^&^c®  when  written  at  full  length  ? 

7=  There  are  four  copies  each  of  3  different  volumes ;  find  the 
number  of  ways  in  which  they  can  be  arranged  on  one  shelf, 

8.  In  how  many  ways  can  6  persons  form  a  ring?  Find  the 
number  of  ways  in  which  4  gentlemen  and  4  ladies  can  sit  at  a 
round  table  so  that  no  two  gentlemen  sit  together, 

9.  In  how  many  ways  can  a  word  of  4  letters  be  made  out  of 
the  letters  a,  b,  e,  c,  d,  o,  when  there  is  no  restriction  as  to  the 
number  of  times  a  letter  is  repeated  in  each  word  ? 

10.  How  many  arrangements  can  be  made  out  of  the  letters  of 
the  word  Tovlouse,  so  that  the  consonants  occupy  the  first,  fourth, 
and  seventh  places  ? 

11.  A  boat's  crew  consists  of  eight  men,  of  whom  one  can  only 
row  on  bow  side  and  one  only  on  stroke  side ;  in  how  many  ways 
can  the  crew  be  arranged  ? 

12.  Shew  that  "-*-*(7r = «Cr  +  "6V-i. 

13.  A  cricket  eleven  has  to  be  chosen  from  13  men  of  whom  only 
4  can  bowl :  in  how  many  ways  can  the  team  be  made  up  so  as  to 
include  at  least  2  bowlers  ? 

14.  In  how  many  ways  can  n  men  be  arranged  in  a  row  if  two 
specified  men  are  neither  of  them  to  be  at  either  extremity  of  the 
row  2 


CHAPTER   XXXAIII. 
Binomial  Theorem. 

355.     It  may  be  shewn  hj  actual  multiplication  that 

(^ + a)  (57 + b)(x  +  c)(^ + d) 

=a^-{-<a+b  +  c+d)jc^  +  (ah  +  ac  +  ad+hc+bd+cd)jr 

+  (ahc-\'€chd+acd+hcd)a;  +  abcd (1). 

We  may,  however,  write  down  this  result  by  inspection  :  for 
the  compieoe  product  consists  of  the  sum  of  a  number  of  partial 
products  each  of  which  is  formed  by  multiplying  together  four 
letters,  on£  being  taken  from  each  of  the  four  factors.  If  -^e 
examine  the  way  in  which  the  various  partial  products  are 
form3d,  we  see  that 

(1)  the  t^rm  ^  is  formed  by  taking  the  letter  x  out  of  each 
of  the  factors. 

(2)  the  terms  involving  ^  are  formed  by  taking  the  letter  x 
out  of  a?iy  three  factors,  in  every  way  possible,  and  one  of  the 
letters  a,  b,  c,  d  out  of  the  remaining  factor. 

(3)  the  terms  involving  a^  are  formed  by  taking  the  letter  x 
out  of  CFwy  mo  factors,  in  every  way  possible,  and  two  of  the 
letters  a,  b,  c,  d  out  of  the  remaining  factors, 

(4)  the  terms  involving  x  are  formed  by  taking  the  letter  x 
out  of  any  one  factor,  and  three  of  the  letters  a,  6,  c,  d  out  of 
the  remaining  factors. 

(5)  the  term  independent  of  x  is  the  product  of  all  the  letters 
a,  bj  c,  d. 

Example.     Find  the  value  of  {x -2){x  +  3) {x  -o){x  +  9). 

The  product 

=  a:4  +  (- 2  +  3- 5  +  9)x3  +  (- 6  + 10 -18-15  +  27-45)3;' 

+  (30  -  54  +  90  -  135)  .r  +  270 
=a;* + 5x3  -  47a:2  _  69a.  ^.  270. 
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356.  If  in  equation  (1)  of  the  preceding  article  we  suppose 
h  =  c  =  d=a,  we  obtain 

(:c  +  af = j^  +  4:aa^  +  6a^^^  4-  "ki^J^ + a\ 

We  shall  now  employ  the  same  method  to  prove  a  formula 
known  as  the  Binomial  Theorem,  by  which  any  binomial  of  the 
form  x  +  a  can  be  raised  to  any  assigned  positive  integral  power, 

357.  To  find  the  expansion  of  (x  +  a)°  when  n  is  a  positive 
integer. 

Consider  the  expression 

{x^-a){x+h){x^c) (x^Jc), 

the  number  of  factors  being  n. 

The  expansion  of  this  expression  is  the  continued  product  of 

the  n  factors,  x  +  a,  x+b,  x-\-c, x+l;  and  every  term  in  the 

expansion  is  of  n  dimensions,  being  a  product  formed  by  multi- 
plying together  n  letters,  OTie  taken  from  each  of  these  n  factors. 

The  highest  power  of  :r  is  a;",  and  is  formed  by  taking  the 
letter  x  from  each  of  the  n  factors. 

The  terms  involving  x^~^  are  formed  by  taking  the  letter  a. 
from  an^  n  —  1  of  the  faxjtors,  and  one  of  the  letters  a,  b,  c,  ,..k 
from  the  remaining  factor  ;  thus  the  coefficient  of  x"*'^  in  the 

final  product  is  the  sum  of  the  letters  a,  b,  c, I: ;  denote  it 

by  S,. 

The  terms  involving  af^^  are  formed  by  taking  the  letter  x 
from  am/  n  —  2oi  the  factors,  and  two  of  the  letters  a,  by  c,  ...  k 
from  the  two  remaining  factors  ;  thus  the  coefficient  of  x*^^ 
in  the  final  product  is  the  sum  of  the  products  of  the  letters 
a,bfCj...k  taken  two  at  a  time  j  denote  it  by  *S'2. 

And,  generally,  the  terms  involving  x'^''  are  formed  by  taking 
the  letter  x  from  an^  n  —  roi  the  factors,  and  r  of  the  letters 
a,  b,  c,  ...k  from  the  r  remaining  factors  ;  thus  the  coefficient  of 
3f*~^  in  the  final  product  is  the  sum  of  the  products  of  the  letters 
a,  by  c,  ...  k  taken  r  at  a  time  ;  denote  it  by  Sr- 

The  last  term  in  the  product  is  abc  ...  k  ;  denote  it  by  S„. 

Hence  (x  +  a)  (x  +  b)  (x+c) (x  +  l') 

=  X''  +  SiX^-^  +  S2:JCf'-^+...+SrX"-^+...+Sn-lX  +  Sn. 

In  Si  the  number  of  terms  is  n ;  in  S2  the  Jiumber  of  terms  is 
the  same  as  the  number  of  combinations  of  n  things  2  at  a  time ; 
that  is,  "Ca ;  in  S3  the  number  of  terms  is  **C3 ;  and  so  on. 

Now  suppose  6,  c, ...  k,  each  equal  to  a ;  then  Si  becomes  "C^a ; 
S3  becomes  "(72a^ ;  S2  becomes  "Csa^ ;  and  so  on  ;  thus 
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substitating  for  "Cj,  "(72,  ...  we  obtain 

■^ — 17273 — "^      T-...+«i 

the  series  containing  n  +  l  terms. 

This  is  the  Binomial  Theorerm.^  and  the  expression  on  the 
right  is  said  to  be  the  expansion  of  {x-\-af. 

358.  The  coefficients  in  the  expansion  of  (ar+a)"  are  very 
conveniently  expressed  by  the  symbols  "Ci,  "Co, "Cs,  ...  "(7^.  "We 
shall,  however,  sometimes  further  abbreviate  them  by  omitting 
fi,  and  writing  Ci,  C-2.  C^  ...  Cn.     With  this  notation  we  have 

(x+ay'=sf+  Cicuf^^  +  C-itt^x^^  +  Csc^x"^  + . . .  +  C„a". 

If  we  write  -  a  in  the  place  of  a,  we  obtain 

=jf  -  Ciox^^  +  C^a^af*-^ -  CVur"-3+ ...  +(  -  l)"C7„a". 

Thus  the  terms  in  the  expansion  of  (a^+a)"  and  (.r-a)"  are 

numerically  the  same,  but  in  (x  —  a)"  they  are  alternately  positive 
ind  negative,  and  the  last  term  is  positive  or  negative  according 
SiS  71  is  even  or  odd. 

Example.  1.     Find  the  expansion  of  (a;  +  y)^ 

By  the  formula,  the  expansion 

=  a:«  +  ^C^Try  +  ^^G^y'-  +  ^C^c^y^  +  ^C^xh/^  +  ^C^x'y^ + ^C^ 
=  a:*  +  ea:^?/ +  ISarV^  +  20a:3y^  + 1  oary  +  6an/5  +  2/^, 
on  calculating  the  values  of  ^C^,  ^G^  ^Cg,  

Example  2.     Find  the  expansion  of  (a  -  2x)''. 
(a  -  2xf  =  a7  -  ^C-^aH2x)  +  "^GoCi^lxf  -  ^G^\2xf  + to  8  terms. 

Now  remembering  that  '^Cr  =  ''Cn-r,  after  calculating  the  co- 
eificients  up  to  ^Cg,  the  rest  may  be  written  down  at  once  ;  for 
^C^  =  "G^',  ^G^  =  '^G.2',  and  so  on.     Hence 

(a  -  2a:)7=a7  -  'ia\2z)  +  l^a^lxf  -  ijAl|a*{2a:)3+  ... 

=  a7  -  7a°(2a;)  +  21a5(2a:)2  -  3oa^(2a:)3  +  35a3(2x)* 

-  21aH2xf  +  7a(2a:)«  -  (2a:)' 
=  a^  -  14a5a:  +  SiaV  _  280ah^  +  o60a^x* 

-  Q12a'x^  +  USax^  -  128x1 
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359.  In  the  expansion  of  (^+a)",  the  coefficient  of  the  second 
term  is  "Ci ;  of  the  third  term  is  "Ca;  of  the  fourth  term  is  "d; 
and  so  on  ;  the  suffix  in  each  term  being  one  less  than  the 
number  of  the  term  to  which  it  applies ;  hence  "C>  is  the  co- 
efficient of  the  (r+l)"*  term.  This  is  called  the  general  term, 
because  bv  giving  to  r  different  numerical  values  any  of  the 
coefficients  may  be  found  from  "C^ ;  and  by  giving  to  x  and  a 
their  appropriate  indices  any  assigned  term  may  be  obtained. 
Thus  the  (r+ 1)'**  term  may  be  written 

-a^-a^  or  ^_(!^l)ferj)  :i-^-  (^-^+1).^^^ 

Lr. 

In  applying  this  formula  to  any  particular  case,  it  should  be 
observed  that  the  index  of  a  is  the  same  as  the  suffi^x  of  C,  and  that 
the  sum  of  the  indices  of  x  a'iid  a  is  n. 

Example  1.     Find  the  fifth  term  of  (a  +  2a:8)". 
The  required  term  =^'^G^a}\23c^f 

1.2.3.4     ^^^  ^ 

=  38080ai3a:i2. 

Example  2.     Find  the  fourteenth  term  of  (3  -  a)^''. 
The  required  term  =  ^^GisiS)"^  -  a)^ 

= i^Ca  X  ( ~  9ai8)  [Art.  349.  ] 

=  -  945ai3. 

360.  The  simplest  form  of  the  binomial  theorem  is  the  ex- 
pansion of  (1+:^)^.  This  is  obtained  from  the  general  formula 
of  Art,  357,  by  writing  1  in  the  place  of  j?,  and  x  in  the  place 
of  a.    Thus 

=  l+«^+^^^^^;i;2^. ^.^. 

the  general  term  being 

n{n-\){n-'i) {n-r-\-\)  ^ 

I  X  • 

\L 

361.  The  expansion  of  a  binomial  may  always  be  made  to 
depend  upon  the  case  in  which  the  first  term  is  unity  ;  thus 


(.r+yr={^(l+|)}" 


=^x^{\-^zy^  where  2=^. 
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Example.     Find  the  coefficient  of  x^^  in  the  expansion  of  {q(?  -  2a:)^"*. 
We  have  {x^-2xf^=3(p(\--\  ; 

and,  since  ^  multiplies  every  term  in  the  expansion  of  [  1  —  I  ; 
we  have  in  this  expansion  to  seek  the  coefficient  of  the  term  which 
contains  — ,. 

7^ 


Hence  the  required  coefficient =^'*(74{  -2)* 

_10.9.8.7 
~  1=2.3.4 

=3360. 


xl6 


EXAMPLES  yXXVm.  a. 

Expand  the  following  binomials  : 

I.  (a: +  2)*.  2.     (a:-h3)«.  3.     {a  +  x)\ 

4.     {a-xf.  5.     (l-2y)».  a     (2a; +1)*. 

Write  down  and  simplify  : 
10.     The  4*^  term  of  (1  +  «)». 

II.  The  6*  term  of  (2  -  y)®. 

12.  The  5*''  term  of  (a  -  56)'. 

13.  The  IS""  term  of  (2a;  - 1)". 

14.  The  7*''  t€rm  of  (l  -  ^^ 

15.  The  e**"  term  of  (  3a;  +  |j  . 

/2        3  \' 

16.  The  middle  term  of  (0^-9^)  • 

/        6\25 

17.  The  23^  term  of  (  a^+- )  • 

18.  The  lO***  term  of  (a;^  _  xS" 
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19.  Find  the  value  of  {x  -  ^3)^ +{x  +  ^y3)«. 

20.  Expand  {sfl^^+  \f  - {\f\^^ - 1)5, 

21.  Find  the  coefficient  of  x^"^  in  {x^^-lxf^, 

^.  Find  the  coefficient  of  .r  in  (  a;^  -  ^  J   . 


23.  Find  the  term  independent  of  a;  in  (  27?"  -  -  j  • 

(  x^     2  \  "* 

24.  Find  the  coefficient  of  x~'^  in  ( -^  -  -§  j   . 

362.  In  the  expayision  of  (1  +  x)°  the  coeficients  of  terrm  equi- 
distant from  the  beginning  and  end  are  equal. 

The  coefficient  of  the  (r+l)""  term  from  the  beginning  is  **CV. 

The  {r+\y^  term  from  the  end  has  n+l~{r+\\  or  n~r 
terms  before  it ;  therefore  counting  from  the  beginning  it  is 
the  (n  —  r+l)"*  term,  and  its  coefficient  is  "C„-r,  which  has  been 
shewn  to  be  equal  to  "Cy.  [Art.  349.]  Hence  the  proposition 
follows. 

363.  To  fmd  the  greatest  coejlcient  in  the  expansion  of 
(1+x)-. 

The  coefficient  of  the  general  term  of  (1  +07)**  is  "C>  ;  and  we 
have  only  to  find  for  what  value  of  r  this  is  greatest. 

By  Art.  354,  when  n  is  even,  the  greatest  coefficient  is  '*(7„ ; 

■5" 

and  when  n  is  odd,  it  is  "C^n-i?  or  "(7„+i ;  these  two  coefficients 
being  equal. 

364.  To  fmd  the  greatest  term  in  the  expansion  of(x+aiY. 
We  have  (a;+a)"=^l  1  +  - j    ; 

therefore,  since  of*  multiplies  every  term  in  ( 1  +  -  )  ,  it  will  be 

sufficient  to  find  the  greatest  term  in  this  latter  expansion. 

Let  the  r"*  and  (r+1)*  be  any  two  consecutive  terms. 
The  (r+iy^  term  is  obtained  by  multiplying  the  r*  term  by 

tr±i  .  2 ;  that  is.  by  ( ?^  - 1 )«.  [Art.  359.1 

T  X  \     T  J  X 
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The  factor 1    decreases   as    r   increases :    hence    the 

r 

(r+1)*''  term  is  not  always  greater  than  the  r*^  term,  but  only 
until  f 1  )-  becomes  equal  to  1,  or  less  than  1. 

Now        1 1   ->1,  so  long  as 1>-  ; 

that  IS  >-  +  !>  or  ^ — r-^—>r .....(!>, 

If  '^'^   '^  be  an  integer,  denote  it  by  p  ;  then  if  r=p  the 

multiplying  factor  becomes  1,  and  the  {p  +  Vf"  term  is  equal  to 
the  p"' ;  and  these  are  greater  than  any  other  term. 

If  ^—^±—J—  be  not  an  integer,  denote  its  integral  part  by  q ; 

then  the  great^est  value  of  r  consistent  with  (1)  is  q  ]  hence  the 
{q-ir\y^  term  is  the  greatest. 

Since  we  are  only  conceined  with  the  numerically  greatest 
term,  the  investigation  will  be  the  same  for  (x  —  a)"  ;  therefore 
in  any  numerical  example  it  is  unnecessary  to  consider  the  sign 
of  the  second  term  of  the  binomial.  Also  it  will  be  found  best 
to  work  each  example  independently  of  the  general  formula. 

Example,  Find  the  greatest  term  in  the  expansion  of  (l+4a;)'', 
when  X  has  the  value  -. 

Denote  the  r*^  and  (r  + 1)*  terms  by  TV  and  Tr+i  respectively ;  then 

9  — r    4 

hence  TV+i  >  ^n  so  long  as  ^x  k  >  1 ; 

that  is,  36  -  4r  >  3r,  or  36  >  7r. 

The  greatest  value  of  r  consistent  with  this  is  5 ;  hence  the  greatest 
term  is  the  sixth,  and  its  value 


=nx(|)'='c7,.(iy= 


57344 
243  • 
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365.  To  jmd  the  sum  of  the  coeficients  in  the  expanticm 
0/(1 +  x)°. 

In  the  identity    {\+xY=\-{-C^x+C^+C^-\-  ,„  +  C„;xf^ 
put  x=\'j  thus 

=  sam  of  the  coefficients. 

Cor.  Ci  +  (72+(73+...  +  Cn=2«-l  ; 

that  is,  the  total  number  of  combinations  of  n  things  taking 
some  or  all  of  them  at  a  time  is  2**—  1. 

366.  To  prove  thai  in  the  expansion  of  (1  +x)°,  the  sum  of  the 
coefficients  of  the  odd  terms  is  equal  to  th£  sum  of  the  coefficients  of 
the  even  terms. 

In  the  identity     (1  +;i7)*'=l  +  G^x-^C^-\-C^-\- ,.,-\- C^y 
put  x=  —\  \  thus 

:.  I  +  C2  +  C4  + =  (7i  +  (73  +  C5+ 

367.  The  Binomial  Theorem  may  also  be  applied  to  expand 
expressions  which  contain  more  than  two  terms. 

Example.     Find  the  expansion  of  {a^+2x-  1)^ 

Regarding  'ir  -  1  as  a  single  term,  the  expansion 

=  {x^'^  +  S{x^)^{2x-l)  +  Sx^{2x-l)'^+(2x-l)> 
=xfi  +  6x^  +  9x^-^x^-9x^+6x-l,  on  reduction. 

368.  For  a  full  discussion  of  the  Binomial  Theorem  when 
the  index  is  not  restricted  to  positive  integral  values  the  student 
is  referred  to  the  Higher  Algebra,  Chap.  xiv.  It  is  there  shewn 
that  when  x  is  less  than  unity,  the  formula 

is  true  for  any  value  of  n. 

When  n  is  negative  or  fractional  the  number  of  terms  in  the 
expansion  is  unlimited,  but  in  any  particular  case  we  may  write 
down  as  many  terms  as  we  please,  or  we  may  find  the  coefficient 
of  any  assigned  term. 
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Example  1,     Expand  (1  +«)-'  to  four  terms. 


-1    <ix+j-^     1.2.3    ^••' 
=  l-3a:  +  6ar»-10x3+      . 

s 

Example  2.     Expand  (4  +  Sx)^  to  four  terms. 

{^+3xf=4^(l-i-^y =8(1  +  ^^1 

L      2     4^     1.2     U/^  1.2.3         V*/'      J 

"'^L      2*   4  "^8'  16     16*    64  '^•"J 
=^+^  +  1^-1^  +  -- 

369.     In  finding  the  general  term  we  must  now   use  the 

formula 

n(n-l){n-2) (n-r+l) 

■ 13/ 

written  infvU  \  for  the  symbol  "(7,.  cannot  be  employed  when  « 
is  fractional  or  negative. 

Example  1.     Find  the  general  term  in  the  expansion  of  (1  +  a;)*, 

The  (r+ 1)*  term='^^         ^^  ^ ^^ ^  vf 

_l(-l)(-3)(-5) (-2r  +  3)^ 

-  2^7  '^• 

The  number  of  factors  in  the  numerator  is  r,  and  r  - 1  of  these 
are  negative  ;  therefore,  by  taking  -  1  out  of  each  of  these  negative 
factors,  we  may  write  the  above  expression 

1,3.5         (2.-3)^ 

2^[r 
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Example  2.     Find  the  general  term  in  the  expanfiion  of  (1  -  x)-*. 

The  (r+D-  term=<::^^^-^><-^> ^-^Zltlh-^Y 

[r 

=<_l).3dLA:^.(r±2)(.l).^ 

-^     ^^        1.2,3 r  ^ 

_(r  +  l)(r  +  2) 

1.2       ^' 

by  removing  like  factors  from  the  numerator  and  denominator. 

370.     The  following  example  illustrates  a  useful  application 
of  the  Binomial  Theorem. 

Example.     Find  the  cube  root  of  126  to  five  places  of  decimals. 
(126)^=(5'+ 1)^=5  ^1  +  1) 

~^V      3*58    9-56  +  81*5»    •"•/ 

'^^3   52    9   55^81    6^    ••• 

1    2^1    ^,\_    ^ 
"^   "^S'lO^    i'lO^'^Sl'lO'"'" 

_-^-04     '00032  .  -0000128 
-^+"3  9~'*"~81  ••• 

=5+  -013333 ..."  -000035 ...  +  ... 

=5  "01329,  to  five  places  of  dedmala. 


EXAMPLES  XXXVIII.  b. 

In  the  following  expansions  find  which  is  the  greatest  term  : 
L     (a;  +  yP  when  aj=4,  y=3, 

2.  (x-yf^  when  aj=9,  y=4. 

2 

3.  (l  +  Jc)*  when  5P=«- 
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4.  («  -  46)«  when  a  =  12,  6  =  2. 

5.  Ox + 2y )^  when  x=8,y=U. 

5 

6.  (2«  +  3)«  when  a;=2,  n  =  15. 

7.  In  the  expansion  of  (l+x)^  the  coefficients  of  the  (2r  +  l)*^ 
and  (r  -j-  5)*^  terms  are  equal ;  find  r. 

8.  Find  n  when  the  coefficients  of  the  16""  and  26**"  terms  of 
(l  +  x)"  are  equal. 

9.  Find  the  relation  between  r  and  n  in  order  that  the  coefficients 
of  the  (r  +  S)***  and  (2r  -  S)"*  terms  of  (1  +  a;)'"  may  be  equal 

/   ^     i\am 

10.  Find  the  coefficient  of  a^  in  the  expansion  of  I  ar'  +  -  1     = 

11.  Find  the  middle  term  of  (1  +x)^  in  its  simplest  form. 

12.  Find  the  sum  of  the  coefficients  of  {x  +  y)^^. 

13.  Find  the  sum  of  the  coefficients  of  (3x  + 1/)'. 

14.  Find  the  r*^  term  from  the  beginning  and  the  ''^^  term  irom 
the  end  of  (a  +  2x)". 

15.  Expand  {a^  +  2a  +  lf  and  (x^  -  4a;+ 2)3. 
Expand  to  4  t^nns  the  foliowing  expressions  : 

16.  (l  +  a:)i  17.    {l  +  x)^.  18,     (1  +  x)^ 
19.     (l  +  3a;)-2.              20.     {l-x^)-^  21.     {l  +  3x)-^, 
22.     (2  +  x)-».                23.     (l  +  2xri                24.     (a-2a-ri 

Write  down  and  simplify  : 

25.  The  5*^  term  and  the  10^  t^erm  of  (l+a:)"^. 

26.  The  3^  term  and  the  ll"'  term  of  (1  +2a;)^. 

27.  The  4*^  term  and  the  (r  + 1)**  term  of  (1  -t-  x}-^. 

28.  The  T**  term  and  the  (r  + 1)'*'  term  of  (1  -  x)^. 

29.  The  (r  + 1)*  term  erf  (a  -  bx)-^,  and  of  (1  -  nx)«. 
Find  to  four  places  of  decimals  the  value  of 

3U=    n/1^.  31,    ^/&.  32c    4^=  33.    1^\^. 


CHAPTER  XXXIX. 

Logarithms. 

371.  Definition.  The  logarithm  of  any  number  to  a  given 
base  is  the  index  of  the  power  to  which  the  base  must  be  raised 
in  order  to  equal  the  given  number.  Thus  if  a*=N,  x  is  called 
the  logarithm  of  iV  to  the  base  a. 

Examples.     (1)  Since  3^=81,  the  logarithm  of  81  to  base  3  is  4. 

(2)  Since  10i=10,  102=100,  103=1000, 

the  natural  numbers  1,  2,  3,  ...  are  respectively  the  logarithms  of  10, 
iOO,  1000,  ...  to  base  10. 

372.  The  logarithm  of  3' to  base  a  is  usually  written  Xqq^^N, 
so  that  the  same  meaning  is  expressed  by  the  two  equations 

Example.     Find  the  logarithm  of  32^/4  to  base  2sJ% 

Let  X  be  the  required  logarithm  ;  then 
by  definition,  (2  J2)* = 32  ^/4  ; 

.-.    (2.2^=2^.2^; 

2^'=2^"^; 

hence,  by  equating  the  indices,  ^x=^i 

a;=^=3-6. 
5 

373.  When  it  is  understood  that  a  particular  system  of 
logarithms  is  in  use,  the  suffix  denoting  the  base  is  omitted. 
Thus  in  arithmetical  calculations  m  which  10  is  the  base,  we 
usually  write  log  2,  log  3, instead  of  log,o2,  logj^S, 
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Logarithms  to  the  base  10  are  known  as  Common  Loga- 
rithms ;  this  system  was  first  introduced  in  1615  bv  Briggs, 
a  contemporary  of  Napier  the  inventor  or  Logarithms,  Before 
discussing  the  properties  of  common  logarithms  we  shall  prove 
some-  general  propositions  which  are  true  for  ail  logarithms 
independently  of  any  particular  base. 

374.  The  logarithm  of  1  is  0. 

For  a^  =  \  for  all  values  of  a;  therefore  log  1  =  0,  whatever 
the  base  may  be. 

375.  The  logarithm  of  the  base  itself  is  1. 
For  a^=a  ;  therefore  logaa  =  l. 

376=     To  jirui  the  logarithm  of  a  product. 

Let  MN  be  the  product ;  let  a  be  the  base  of  the  eyatem, 
and  suppose 

M=a\  N=ay; 

so  that  ^=logaJ/,     3/  =  log^.V. 

Thus  the  product  JAV=  a^  x  a^  =  a^^^  ; 

whence,  by  definition,  \ogaM]S''=x+y 

Similarly.  logai/lVP = log^i/  +  log.iV>  log^ ; 

and  so  on  for  anv  number  of  factors. 


Example,     log  42 = log  (2  x  3  x  7) = log  2  +log  3  +  log  7. 

377.     To  fmd  the  logarithm  of  a  fraction. 

M 

Let  -^  be  the  fraction,  and  suppose 


so  that 

Thus  the  fraction 


M=a\  N=a^; 

X  =  \0ga^I,      3/  =  l0gaiV. 

M 


whence,  by  definition,    ^oga^=^—y 


E.A. 


=  icg.iA-l0gaJ^. 

z 
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1  15 

Example,     log  (2y)  =  log  -=-  =  log  15  -  log  7 

=  log  (3  X  5)  -  log  7  =  log  3  +  log  5  -  log  7. 

378.     To  find  the  logarithm  of  a  number  raised  to  any  jHyw€ir^ 
integral  or  fractional. 

Let  loga(JP')  be  required,  and  suppose 

Jf  =  a%  so  that  x  =  logai/" ; 

then  M^  =  {a'y  =  a'*\ 

whence,  by  definition,      \oga{M^)^px  ; 

that  is,  log  a  {M^)  ^p  log  «  M. 

-      1 

Similarly,  log  „  ( J/**)  =  -  log  a  M. 

Example,     Express  the  logarithm  of  -^^^  in  terms  of  log  a,  log  5, 
and  log  c. 

3 

log  ^  =  log  ^  =  log  a*-^  -  log  (c562) 

3  3 

=  ^  log  a  -  (log  c^  +  log  6^) = p  log  a  -  5  log  c  -  2  log  6. 


Common  Logarithms. 

379.  From  the  equation  10*=^,  it  is  evident  that  common 
logarithms  will  not  in  general  be  integral,  and  that  they  will 
not  always  be  positive. 

For  instance,  3154>103  and  <10^; 

,',   log  3154= 3  4-  a  fraction. 
Again,  •06>10-2  and  <10-i; 

.*.    log  '06  =  —  2  +  a  fraction. 

380.  Definition.  The  integral  part  of  a  logarithm  is  called 
the  characteristic,  and  the  fractional  part  when  expressed  as  a 
decimal  is  called  the  mantissa. 
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381.  The  characteristic  of  the  logarithm  of  any  number  to 
base  10  can  be  written  down  by  inspection,  as  we  shall  now 
shew. 

(i)  To  deterTTiine  the  characteristic  of  the  logarithm  of  any 
number  greater  than  unity. 

It  is  clear  that  a  number  with  two  digits  in  its  integral  part 
lies  between  10^  and  10^  ;  a  number  with  three  digits  in  its  in- 
tegral part  lies  between  lO^  and  10^  ;  and  so  on.  Hence  a  number 
with  n  digits  in  its  integral  part  lies  between  lO'*"^  and  10". 

Let  ^  be  a  number  whose  integral  part  contains  n  digits  ; 
then 

TyT—- 1Q(n—l)+a  fraction  . 

.•.    log  N=  (ti  -  1 )  +  a  fraction. 

Hence  the  characteristic  is  ?i  - 1  ;  that  is,  the  charax^teristic  of 
the  logarithm  of  a  number  greater  than  unity  is  less  by  one  than 
the  number  of  digits  in  its  integral  part^  and  is  positive. 

Example.     The  characteristics  of 

log  314,    log  87 -263,    log  2 -78,    log  3500 
are  respectively  2,  1,  0,  3. 

(ii)  To  determine  the  characteristic  of  the  logarithm  of  a  number 
less  than  unity. 

A  decimal  with  one  cipher  immediately  after  the  decimal 
point,  such  as  •0324,  being  greater  than  "01  and  less  than  "l,  lie* 
between  10"^  and  10~^  ;  a  number  with  two  ciphers  after  the 
decimal  point  lies  between  10"^  and  10"^ ;  and  so  on.  Hence 
a  decimal  fraction  with  n  ciphers  immediately  after  the  decimal 
point  lies  between  10~<"+^'  and  10~". 

Let  i)  be  a  decimal  beginning  with  n  ciphers  ;  then 

j[)__  ]^Q-(n+l)+a  fraction  . 

,'.    log i)=—  (7i  +  l)  +  a vf raction. 

Hence  the  characteristic  is  — (n+1)  ;  this  is,  the  characterutie 
of  the  logarithm  of  a  number  less  than  one  is  n^ative  and  one  mort 
than  the  number  of  ciphers  immediately  after  the  decimal  point. 

Example.     The  characteristics  of 

log -4,    lc^-3748,    log -000135,    log -08 
are  respectively  -1,  -1,  -4,  -2. 
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382.  The  mantisscB  are  the  same  for  the  logarithms  of  all 
numbers  which  have  the  same  significant  digits. 

For  if  any  two  numbers  have  the  same  sequence  of  digits, 
differing  only  in  the  position  of  the  decimal  point,  one  must  be 
equal  to  the  other  multiplied  or  divided  by  some  integral  power 
of  10.  Hence  their  logarithms  must  differ  hy  an  integer.  In 
other  words,  their  decimal  parts  or  mantissae  are  the  same. 

Examples,     (i)        log  32700 = log  (3  -27  x  10*)  =  log  3  -27  +  log  10* 

=  log  3 -27 +  4. 

(ii)        log  -0327  =  log (3 -27  X  10-2)  =  log  3 -27  + log  10-3 

=  log  3 -27 -2. 

(iii)    log  -000327 = log  (3  -27  x  10-*) = log  3  -27  +  log  10"* 

=  log3-27-4. 

Thus,  log  32700,  log  -0327,  log  -000327  differ  from  log  3-27  only  in 
the  integral  part ;  that  is  the  mantissa  is  the  same  in  each  case. 

Note.  The  characteristics  of  the  logarithms  are  4,  -  2,  -  4  respec- 
tively. The  foregoing  examples  shew  that  by  introducing  a  suitable 
integral  power  of  10,  all  numbers  can  be  expressed  in  one  standard 
form  in  which  the  decimal  point  always  stands  after  tht  first  significant 
digit,  and  the  characteristics  are  given  by  the  powers  of  10,  without 
using  the  rules  of  Art.  381. 

383.  The  logarithms  of  all  integers  from  1  to  20000  have 
been  found  and  tabulated.  In  Chambers'  Mathematical  Tables 
they  are  given  to  seven  places  of  decimals,  but  for  many  prac- 
tical purposes  sufiQcient  accuracy  is  secured  by  using  four-figure 
logarithms  (available  for  all  numbers  from  1  to  9999),  such  as 
are  contained  in  the  Tables  given  on  pages  348d  to  348(j. 

384.  Advantages  of  Common  Logarithms.  It  will  now 
be  seen  that  it  is  unnecessary  to  tabulate  the  characteristics, 
since  they  can  always  be  written  down  by  inspection  [Art.  381]. 
Also  the  Tables  need  only  contain  the  mantissa  of  the  logarithms 
of  integers  [Art.  382]. 

In  order  to  secure  these  advantages  it  is  convenient  always  to 
Jceep  the  mantissa  positive,  and  it  is  usual  to  write  the  minus  sign 
over  a  negative  characteristic  and  not  before  it,  so  as  to  indicate 
that  the  characteristic  alone  is  negative.  Thus  4-30103,  which 
is  the  logarithm  of  -0002,  is  equivalent  to  -4 +  '30103,  and  must 
be  distinguished  from  -4-30103,  in  which  both  the  integer  and 
the  decimal  are  negative. 
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385.  In  the  course  of  work  we  sometimes  have  to  deal  with 
a  logarithm  which  is  wholly  negative.  In  such  a  case  an  arith- 
metical artifice  is  necessary  in  order  to  write  the  logarithm  with 
mantissa  positive.  Thus  a  result  such  as  —3 "69897  may  be 
transformed  by  subtracting  1  from  the  integral  part  and  adding 
1  to  the  decimal  part.     Thus 

-  3-69897  =-3-1+ (1-  -69897) 
=  -4  + -30103  =  4-30103. 

Example  1.     Required  the  logarithm  of  •000-243*2. 

In  the  Tables  we  find  that  3S59636  is  the  mantissa  of  log '2432 
(the  decimal  point  as  well  aa  the  characteristic  being  omitted) ;  and, 
by  Art.  382,  the  characteristic  of  the  logarithm  of  the  given  number 

^  ~  ^  '  .-.    log  -0002432  =  i  -3859636. 

Example  2.     Find  the  value  of  v^^00000l65,  given 
logl65  =  2-217o,    log  6974 =3 -8430. 
Let  X  denote  the  value  required  ;  then 

1     1  1  - 

log  a;  =  log  (-00000165) 5=^  log  (-00000165)  =-(6 •2175); 

the  mantissa  of  log  •000(X)165  being  the  same  as  that  of  log  165,  and 
the  characteristic  being  prefixed  by  the  rule. 

Now  ^(6-2175)  = -(To +  4-2175)  =  2-8435 

o  o 

and  -8435  is  the  mantissa  of  log  6974 ;  hence  a;  is  a  number  con- 
sisting of  these  same  digits  but  with  one  cipher  after  the  decimal 
pomt.     [Art.  38-2.] 

Thus  a:  =-06974. 

■*"386.  It  is  sometimes  necessary  to  transform  logarithms 
from  one  base  to  another. 

Suppose  for  example  that  the  logarithms  of  all  numbers  to 
base  a  are  known  and  tabulated,  it  is  required  to  find  the 
logarithms  to  base  h. 

Let  N  be  any  number  whose  logarithm  to  base  h  is  required. 

Let  y=log6iV^,  so  that  lf=N',  "  • 

that  is,                                  y  \ogJ)  =  logaA"" ; 
.-.   y = ^ T  X  loga^^'f 
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Now  since  N  and  b  are  given,  loga^  and  loga&  are  known  from 
the  Tables,  and  thus  logjxV  may  be  found. 

Hence  it  appears  that  to  transform  logarithms  from  base  a 

to  base  h  we  have  only  to  multiply  them  all  by  , r  ;  this  is  a 

constant  quantity  and  is  given  by  the  Tables  ;  it  is  known  as  tho 
modulus. 

CJoR.     If  in  equation  (1)  we  put  a  for  iV,  we  obtain 
log6a  =  :j T  X  logaa  =  i J  ; 

^  \0ga0  ^  log.6 

.-.    logjax  logo  6=1. 

387.  In  the  following  examples  all  necessary  logarithms 
i^ill  be  given.  The  use  of  four-figure  Tables  will  be  explained 
in  a  future  section. 

Example  1.     Given  log  3  =  -4771213,  find  log{(2-7)2  x  (-SI)* -r(90)^}. 

The  required  value  =  3  log  ?^  +  ^  log  ^i.  -  §  log  90 

10    5         100    4 

=  3(log33-l)+|(log3^-2)-|(log32  +  l) 

=  (..^-i)lo.3-(3.?.i) 

Q7 
= J5  log  3  -  5|^ = 4  -6280766  -  5  -85 

=  2-7780766. 

Ohs.  The  student  should  notice  that  the  logarithm  of  5  and 
its  powers  can  always  be  obtained  from  log  2  ;  thus 

log5  =  log  — =  log  10-log2  =  l  -log 2. 

A 

Example  2.     Find  the  number  of  digits  in  875^*,  given 
log  2  =-301,   log  7  =-845. 
Iog(87oi6)=l61og{7xl25)  =  16(log7  +  31og5) 
=  16(log  7  +  3 -3  log  2)  =  16x2-942 
=  47-072; 
h«nce  the  number  of  digits  is  48.     [Art,  381.] 
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E-xcvmple  3.     Given  log  2=  'SOI  and  log  3=  '477,  find  to  two  plfwe* 
of  decimals  the  vaJue  of  x  from  the  equation 

Taking  logarithms  of  both  sides,  we  have 

(3-4a:)log6  +  (a;  +  5)log4  =  log8; 

.-.    (3-4x)(log2  +  log3)  +  (2r^5)21og2=31og2; 

.-.  ar(-41og2-41og3  +  21og2)  =  31og2-31og2-31og3-101og2; 

101o2  2-f31o2  3 


x  = 


21og2-4log3 


_4-44_     „ 
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1.  Find  the  logarithms  of  ^/32  and  •03125  to  base  ^2,  and  lOO 
and  00001  to  base  -01. 

2.  Find  the  value  of  log4512,  logs -0016,  logsio^>  log^34r3. 

3.  Write  down  the  numbers  whose  logarithms 
to  base  25,       3,    "02,  1,  -4,  1-7,  1000 

1  ■'' 

are  -,    -2,    -3,  5,  -1,      2,    -^  respectively. 

Simplify  the  expressions  : 

6.  Find  by  inspection  the  characteristics  of  the  logarithma  of 
3174,  625-7,  3-502,  -4,  -374,  -000135,  •23-22065. 

7.  The    mantissa   of    log  37-203    is    -5705780 :    write   down   the 
logarithms  of  37  203,   -000037-203,  372030000. 

8.  The  logarithm  of  7623  is  3-8821-259 :  write  down  the  numbers 
whose  logarithms  are  '8821259,  6-8821259,  7 '8821259. 

Given  log  2  =  -3010300,  log  3  =  -4771213,  log  7  = -8450980,  find 
the  valne  of 

9.  log  729.  10.     log  8400.  11.     log -256. 
12.     log 5 -832            13.     log4'392.  14.     log -3041 
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15.  Shew  that  log  jl  +  log  .^  -  2  log  -^  =  log  2. 

16.  Find  to  six  decimal  places  the  value  of 

,      225     „,       20     ,      512 

log^-21ogjgg  +  log-g^. 

17.  Simplify  log{  (lO'S)^  x  (■24)^-f  (90)-2},  and  find  its  numerical 
value. 

18.  Find  the  value  of 

log  (\'l26  .  vl08  -r  N^IOOS".  <^I62). 

19.  Find  the  value  of  log  . /5S8  x  768^ 

\  686x972 

20.  Find  the  number  of  digits  in  42*2. 

/Q|  \1000 

21.  Shew  that  f^j       is  greater  than  100000. 

22.  How  many  ciphers  are  there  between  the  decimal  point  and 
the  first  significant  digit  in  (  k  )       ? 

23.  Find  the  value  of  v^ -01008,  having  given 

log  398742  =  5-6006921. 

24.  Find  the  seventh  root  of  '00792,  having  given 

log  11  =  1-041.3927  and  log  500 -977  =  2 -6998179 

25.  Find  the  value  of  2  log  ^  +  log  -^  -  3  log  ^. 

Find  the  numerical  value  of  x  in  the  following  equations,  using 
the  values  of  log  2  and  log  3  given  in  Ex.  3  of  Art.  387. 

26.  3^+2^405.  27.     105-3^  =  27-2*. 

28.     5^-3  =  8.  29.     123^-M87-2*=1458. 

Use  of  Four-Figure  Tables. 
387;^.    Tojlnd  the  loganthm  of  a  given  number  from  the  Tables. 

Example  1.     Find  log  .38,    log  380,    log  '0038. 

We  first  find  the  number  38  in  the  left  hand  cohimn  on  page  348d- 
Opposite  to  this  we  find  the  digits  5798.  This,  with  the  decimal 
point  prefixed,  is  the  mantissa  for  the  logarithms  of  all  numbers 
whose  significant  digits  are  38.  Hence,  prefixing  the  characteristics 
we  have 

log  38  =  1  -5798,   log  380 = 2  -5798,   log  "0038 = 3-5798. 
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Example  2.     Find  log  3 '86,    log  "0386,   log  386000. 

The  same  line  as  before  will  give  the  mantissa  of  the  logarithms 
of  all  numbers  which  begin  with  38-  From  this  line  we  choose  the 
mantissa  which  stands  in  the  column  headed  6.  This  gives  '5866 
as  the  mantissa  for  all  numbers  whose  significant  digits  are  386. 
Hence,  prefixing  the  characteristics,  we  have 

log  3  -86  =  -5866,   log  -0386  =  2-5866,    log  386000  =  5  -5866. 

387b.  Similarly  the  logarithm  of  any  number  consisting  of 
not  more  than  3  significant  digits  can  be  obtained  directly  from 
the  Tables.  "WTien  the  number  has  4  significant  digits,  use  is 
made  of  the  principle  that  when  the  difference  between  two 
numbers  is  small  compared  with  either  of  them,  the  difference 
between  their  logarithms  is  very  nearly  proportional  to  the 
difference  between  the  numbers.  It  would  be  out  of  place  to 
attempt  any  demonstration  of  the  principle  here.  It  will  be 
sufficient  to  point  out  that  differences  in  the  logarithms  corre- 
sponding to  small  differences  in  the  numbers  have  been 
calculated,  and  are  printed  ready  for  use  in  the  difference  columns 
at  the  right  hand  of  the  Tables.  The  way  in  which  these 
differences  are  used  is  shewn  in  the  following  example. 

Example.     Find  (i)  log  3*864  ;  (ii)  log  -003868. 

Here,  as  before,  we  can  find  the  mantissa  for  the  sequence  of 
digits  386.  This  has  to  be  corrected  by  the  addition  of  the  figures 
which  stand  underneath  4  and  8  respectively  in  the  difference 
columns. 

(i)     log3-86  =-5866  (ii)     log -00386  =3-5866 

diff.  for         4 5  diff.  for  8    9 

.-.   log  3-864= -5871  .-.   log  •00.3868  =  3-5875 

Note.  After  a  little  practice  the  necessary  '  correction '  from  the 
difference  columns  can  be  performed  mentally. 

387^.  The  number  corresponding  to  a  given  logarithm  is 
called  its  antilogarithm.  Thus  in  the  last  example  3-864  and 
•003868  are  respectively  the  numbers  wiiose  logarithms  are  "5871 
and  3-5875. 

Hence     antilog -5871=3-864  ;   antilog  3-5875  =  -003868. 

387^.      To  find  the  antilogarithm  of  a.  given  logarithm. 

In  using  the  Tables  of  antilogarithms  on  pages  348p,  348^,  it 
is  important  to  remember  that  we  are  seeking  numbers  corre- 
sponding to  given  logarithms.     Thus  in  the  left  hand  column 
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we  have  the  first  two  digits  of  the  given  mantissce,  with 
the  decimal  point  prefixed.  The  characteristics  of  the  given 
logarithms  will  fix  the  position  of  the  decimal  point  in  the 
numbers  taken  from  the  Tables. 

Example.     Fiud  the  antilogarithm  of  (i)  1-583;   (ii)  2-8249. 

(i)  We  first  find  -58  in  the  left  hand  column  and  pass  along  the 
horizontal  line  and  take  the  number  in  the  vertical  column  headed 
by  3.  Thus  -583  is  the  mantissa  of  the  logarithm  of  a  number  whose 
significEint  digits  are  3S28. 

Hence  antilog  1  -583  =  38  -28. 

(ii)     antilog  2-824  =-06668 

diff".  for        9     14 

.-.   antilog  2 -8249  =-06682 

Here  corresponding  to  the  first  3  digits  of  the  mantissa  we  find 
the  sequence  of  digits  6668,  and  the  decimal  point  is  inserted  in  the 
position  corresponding  to  the  characteristic  2.  To  the  number  so 
found  we  add  14  from  the  difi"erence  column  headed  9,  placing  it 
nnder  the  fourth  digit  of  the  given  mantissa. 

387£.  The  following  examples  illustrate  the  use  of  logarithms 
in  abbreviating  arithmetical  calculations. 

3  -'^74  X  '0059 
Example  1.     Find  the  value  of      7.qo — :7v=^  ^°  ^^'^^  significant 

digits. 
By  Art.  377,  log  fraction  =  log  numerator -log  denominator. 

Numerator.  Denominator. 

log  3-27  =    -5145  log  14-8  =1-1703 

diff.  for          4             5  diff.  for        3    _        9 

log -0059  =3-7709  log -077  =2 -8860 

log  numerator = 2  *2859  log  denominator  =   '0577 

2-2859  antilog  2 -228  =-01690 

subtract      -0577  diff.  for  2    1 

logfraction  =  2  2282  antilog  2-2282  =  -01691 

^,       3 -274  X -0059      __„, 
^^^^    14-83  X -077=^^^^^- 
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Example  2.     Find  the  value  of  (1"05)^'  to  four  significant  digits. 

log  ( 1  -OS)!"  =  1 7  log  1  -05  [Art.  378] 

=  -0212  X  17,  from  the  Tables, 
=  -3604. 
And  antilog  -SeOi  =  2  293 ; 

thus  (1  •05)1"  =  2 -293. 

Note.  Since  '0212  is  only  the  approximate  logarithm  of  1  'Oo,  the 
error  (which  may  be  in  excess  or  defect)  is  increased  when  we 
multiply  by  17.  Hence  there  is  a  corresponding  error  in  the  final 
result.  By  using  seven-figure  logarithms  it  can  be  shewn  that  to 
four  decimal  figures  the  correct  result  is  2 '2922. 

Example  3.     Find  a  mean  proportional  between  27  "23  and  3  •276. 
Let  X  denote  the  mean  proportional ;  then 

X  =  \/27-23x  3-276  ;  [Art.  297] 

.-.    log  x  =  I- (log  27 -23  + log  3 -276). 
From  the  Tables, 

log  27 -23  =1-4351  antilog '975  =9-441 

log  3 -276=    -5153  diff.  for       2    4 

2 : 1-9504  antUog  -9752  =  9  '445 
logx=    -9752 

.'.  x  =  9-445. 

EXAMPLES  XXXIX.  b. 
[For  Logarithms  and  Antilogarithms  see  pages  348d  to  348g.] 

Find  tlie  values  of  the  following  products  to  four  significant 
figures  : 

1.     1927  X -2501.  2.     175-6  X -2632.  3.     -0035x39-87. 

i.     -231  X  2-394  x  -0157.  5.     5-2  x  3-81  x  17-31. 

6.     7  -302  X  -7302  x  -007302.  7.     23  x  1  -7  x  3  '35  x  -062. 

Divide 
8.     2-803  by  '0634,  9.     16-83  by  24-76.        10.     30-56  by  4-105. 

11.     -01254  by  -4105.      12.     2417  by  719.  13.     2391  by  3072. 

[Continued  on  page  348a. 
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4298 

2 

3 

5 

7  8  10 

11  13  15 

27 

4314 

4330  4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

2 

3 

5 

6  8  9 

11  13  14 

28 

4472 

4437 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

2 

3 

5 

6  8  9 

11  12  14 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

1 

3 

4 

6  7  9 

10  12  13 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

3 

4 

6  7  9 

10  11  13 

31 

4914 

492S 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

3 

4 

6  7  8 

10  11  12 

32 

5051 

5065 

5ii79 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

3 

4 

5  7  8 

9  1112 

33 

51S5 

519S 

5211 

5224 

5237  i  5250 

5263 

5276 

5289 

5302 

3 

4 

5  6  8 

9  10  12 

34 

5315 

5328  !  5340 

5353 

5366  j  5378 

5391 

5403 

5416 

5428 

3 

4 

5  6  8 

9  10  11 

35 

5441 

5453  5465 

5478 

5490  '  5502 

5514 

5527 

5539 

5551 

2 

4 

5  6  7 

9  10  11 

36 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

2 

4 

5  6  7 

8  10  11 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

2 

3 

5  6  7 

8  9  10 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5S99 

2 

3 

5  6  7 

8  9  10 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

2 

3 

4  5  7 

8  9  10 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

2 

3 

4  5  6 

8  9  10 

41 

6128 

6133 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

2 

3 

4  5  6 

7  8  9 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

o 

3 

4  5  6 

7  8  9 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

2 

3 

4  5  6 

7  8  9 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

2 

3 

4  5  6 

7  8  9 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

C609 

6618 

2 

3 

4  5  6 

7  8  9 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

2 

3 

4  5  6 

7  7  8 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

2 

3 

4  5  5 

6  7  8 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

2 

3 

4  4  5 

6  7  8 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

2 

3 

4  4  5 

6  7  8 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

2 

3 

3  4  5 

6  7  8 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

2 

3 

3  4  5 

6  7  8 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235) 

2 

2 

3  4  5 

6  7  7 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

2 

2 

3  4  5 

6  6  7 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

73S8 

7396 

2 

2 

3  4  5 

6  6  7 
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Logarithms. 
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No. 

0 

1    2 

3 

4 

5  I  6 

7 

8 

9 

1 

2 

3 

4 

5 

6 

7 

8  9 

55 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

2 

2 

3 

4 

5 

5 

6  7 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

0 

2 

3 

4 

5 

5 

6  7 

57 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

2 

2 

3 

4 

5 

5 

6  7 

58 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

2 

3 

4 

4 

5 

6  7 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

2 

3 

4 

4 

5 

6  7 

60 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

2 

3 

4 

4 

5 

6  6 

61 

7853 

7860 

7868 

7875 

7882 

7889 

789G 

7903 

7910 

7917 

2 

8 

4 

4 

5 

6  6 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

2 

3 

3 

4 

5 

6  6 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041  i  8C48 

8055 

2 

3 

3 

4 

5 

5  6 

64 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

81.? 

8122 

2 

3 

3 

4 

5 

5  6 

65 

8129 

8136 

8142 

8149 

1 
8156  j  8162 

8169 

8176 

81S2  81S9 

2*3 

3 

4 

5 

5  6 

66 

8195 

8202 

8209 

8215 

8222  8228 

8235 

8241 

824S  8254 

1 

2  3 

3 

4 

5 

5  6 

67 

8261 

8267 

8274 

8280 

8287  8293 

8299 

8306 

8312  '  8319 

2 

3 

3 

4 

5 

5  6 

68 

8325 

8331 

8338 

8344 

8351  8357 

8363 

8370 

8376  1  8382 

0 

3 

3 

4 

4 

5  6 

69 

8388 

8395 

8401 

8407 

8414 

M20 

8426 

8432 

8439 

8445 

2 

2 

3 

4 

4 

5  6 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

2 

2 

3 

4 

4 

5  6 

71 

8513 

8519 

8525 

8531 

S537  8543 

8549 

8555 

8561 

8567 

2 

2 

3 

4 

4 

5  5 

72 

8573 

8579 

8585 

8591 

8597  8603 

8609 

8615 

8621 

8627 

2 

2 

3 

4 

4 

5  5 

73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

866r 

2 

2 

3 

4 

4 

5  5 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

2 
o 

3 

4 

4 

5  5 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

0 

3 

3 

4 

5  5 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

2 

0 

3 

3 

4 

5  5 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

2 

2 

3 

3 

4 

4  5 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

2 

2 

3 

3 

4 

4  5 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9C15 

9020 

9025 

2 

2 

3 

3 

4 

4  5 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

2 

2 

3 

3 

4 

4  5 

81 

9085 

9090 

9096 

9101 

9106 

9112  9117 

9122 

9128 

9133 

2 

2 

3 

3 

4 

4  5 

82 

9138 

9143 

9149 

9154 

9159 

9165  9170 

9175 

9180 

9186 

f) 

2 

3 

3 

4 

4  5 

83 

9191 

9196 

9201 

9206 

9212 

9217  9222 

9227 

9232 

9238 

2 

0 

3 

3 

4 

4  5 

84 

9243 

9248 

9253 

9258 

9263 

9269  9274 

9279 

9284 

9289 

2 

2 

3 

3 

4 

4  5 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

2 

2 

3 

3 

4 

4  5 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

2 

2 

3 

3 

4 

4  5 

87 

9395 

9400 

9405 

9410 

9415  1  9420 

9425 

9430 

9435 

9440 

0 

1 

2 

2 

3 

3 

4  4 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

0 

1 

2 

2 

3 

3 

4  4 

89 

9494 

9499  9504 

9509 

9513 

9518 

9523 

9528 

95*53 

9538 

0 

1 

2 

2 

3 

3 

4  4 

90 

9542 

9547  9552  9557 

9562 

9566 

9571 

9576 

9581 

9586 

0 

1 

2 

2 

3 

3 

4  4 

91 

9590 

9595  '  9600  |  9605 

9609 

9614 

9619 

9624 

9628 

9633 

0 

1 

2 

2 

3 

3 

4  4 

92 

9638 

9643  ;  9647  |  9652 

9657 

9661 

9666 

9671 

9675 

9680 

0 

1 

2 

2 

3 

3 

4  4 

93 

9685 

9689 

9694  9699 

9703 

9708 

9713 

9717 

9722 

9727 

0 

1 

o 

2 

3 

3 

4  4 

94 

9731 

9736 

9741  9745 

9750 

9754 

9759 

9763 

9768 

9773 

0 

1 

2 

2 

3 

3 

4  4 

95 

9777 

9782 

9786  9791 

9795 

9800 

9805 

9809 

9814 

9818 

0 

1 

2 

2 

3 

3 

4  4 

% 

9823 

9827 

9832  9836 

9841  1  9845 

9850 

9854 

9859 

9863 

0 

1 

2 

2 

3 

3 

4  4 

97 

9808 

9872 

9877  9881 

9SS6  9890 

9894 

9899  i  9903 

9908 

0 

1 

2 

2 

3 

3 

4  4 

98 

9912 

9917 

9921  9926 

9930  1  9934 

9939 

9943 

9948 

9952 

0 

1 

2 

2 

3 

3 

4  4 

99 

9956 

9961 

9965  9969 

9974  j  9978 

1 

9983 

9987 

9991 !  9996 

0 

1 

2 

2 

3 

3 

3  4 
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ALGEBRA. 

Antilogarithms. 
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Log. 

0 

1 

2 

3 

4         5 

6 

7 

8 

9 

12    3 

4   5    617    8    9 

00 
•01 
•02 
•03 
•04 

1000 
1023 
1047 
1072 
1096 

1002 
1026 
1050 
1074 
1099 

1005 
1028 
1052 
1076 
1102 

1007 
1030 
1054 
1079 
1104 

1009 
1033 
1057 
1081 
1107 

1012 
1035 
1059 
1084 
1109 

1014 
1038 
1062 
1086 
1112 

1016 
1040 
1064 
1089 
1114 

1019 

1042 
1067 
1091 
1117 

1021 
1045 
1069 
1094 
1119 

0    0    1 
0    0    1 
0    0    1 
0    0    1 

oil 

111 
111 
1    1    1 
111 
1    1    2 

2    2    2 
2    2    2 
2    2    2 
2    2    2 
2    2    2 

•05 

•06 
•07 
•08 
•09 

1122 
1148 
1175 
1202 
1230 

1125 
1151 
1178 
1205 
1233 

1127 
1153 
1180 
1208 
1236 

1130 
1156 
1183 
1211 
123r 

1132 
1159 
1186 
1213 
1242 

1135 
1161 
1189 
1216 
1245 

1138 
1164 
1191 
1219 
1247 

1140 
1167 
1194 
1222 
1250 

1143 
1169 
1197 
1225 
1253 

1146 
1172 
1199 
1227 
1256 

oil 
oil 

0    1    1 
0    1    1 
0    1    1 

112 
112 
112 
1    1    2 
112 

2    2    2 
2    2    2 
2    2    2 
2    2    3 
2    2    3 

•10 
•11 
•12 
•13 
•14 

1259 

1288 
1318 
1349 
1380 

1262 
1291 
1321 
1352 
1384 

1265 
1294 
1324 
1355 
1387 

1^68 
1297 
1327 
1358 
1390 

1271 
1300 
1330 
1361 
1393 

1274 
1303 
1334 
1365 
1396 

1276 
1306 
1337 

1368 
1400 

1279 
1309 
1340 
1371 
1403 

1282 
1312 
1343 
1374 
1406 

1285 
1315 
1346 
1377 
1409 

oil 
oil 
oil 

0    1    1 
0    1    1 

112 
12    2 
12    2 
12    2 
12    2 

2    2    3 
2    2    3 
2    2    3 
2    3    3 
2    3    3 

•15 
•16 
•17 
•18 
•19 

1413 
1445 
1479 
1514 
1549 

1416 
1449 
1483 
1517 
1552 

1419 
1452 
1486 
1521 
1556 

1422 
1455 
1489 
1524 
1560 

1426 
1459 
1493 
1528 
1563 

1429 
1462 
1496 
1531 
1567 

1432 
1466 
1500 
1535 
1570 

1435 
1469 
1503 
1538 
1574 

1439 
1472 
1507 
1542 
1578 

1442 
1476 
1510 
1545 
1581 

0    1    1 
0    1    1 

oil 
oil 
oil 

12    2 
12    2 
12    2 
12    2 
12    2 

2    3    3 
2    3    3 
2    8    3 

2  8    3 

3  3    3 

•20 

■21 
22 
•23 
•24 

1585 
1622 
1660 
1698 
1738 

1589 
1626 
1663 
1702 
1742 

1592 
1629 
1667 
1706 
1746 

1596 
1633 
1671 
1710 
1750 

1600 
1637 
1675 
1714 
1754 

1603 
1641 
1679 
1718 
1758 

1607 
1644 
1683 
1722 
1762 

1611 
1648 
1687 
1726 
1766 

1614 
1652 
1090 
1730 
1770 

1618 
1656 
1694 
1734 
1774 

oil 
oil 

0    1    1 
0    1    1 

oil 

12    2 
2    2    2 
2    2    2 
2    2    2 
2    2    2 

3    3    3 
3    3    3 
3    3    3 
3    3    4 
3    3    4 

•25 

•26 
•27 
•28 
•29 

1778 
1820 
1862 
1905 
1950 

1782 
1824 
1866 
1910 
1954 

1786 
1828 
1871 
1914 
1959 

1791 
1832 
1875 
1919 
1%3 

1795 
1837 
1879 
1923 
1968 

1799 
1841 
1884 
1928 
1972 

1803 
1845 
1888 
1932 
1977 

1807 
1849 
1892 
1936 
1982 

1811 
1854 
1897 
1941 
1986 

1816 
1858 
1901 
1945 
1991 

oil 
oil 
oil 
oil 
oil 

2    2    2 
2    2    3 
2    2    3 
2    2    3 
2    2    3 

3    3    4 
3    3    4 
3    3    4 
3    4    4 
3    4    4 

•30 
•31 
•32 
•33 
•34 

1995 
2042 
2089 
2138 
2188 

2000 
2046 
2094 
2143 
2193 

2004 
2051 
2099 
2148 
2198 

2009 
2056 
2104 
2153 
2203 

2014 
2061 
2109 
2158 
2208 

2018 
2065 
2113 
2163 
2213 

2023 
2070 
2118 
2168 
2218 

2028 
2075 
2123 
2173 
2223 

2032 
2080 
2128 
2178 
2228 

2037 
2084 
2133 
2183 
2234 

oil 
oil 
oil 
oil 

112 

2    2    3    3    4    4 
2    2    3    3    4    4 
2    2    3    3    4    4 
2    2    3    3    4    4 
2    3    3    4    4    5 

35 

•36 
•37 
•38 
•39 

2239 
2291 
2344 
2399 
2455 

2244 
2296 
2350 
2404 
2460 

2249 
2301 
2355 
2410 
2466 

2254 
2307 
2360 
2415 
2472 

2259 
2312 
2366 
2421 

2477 

2265 
2317 
2371 

2427 
2483 

2270 
2323 
2377 
2432 
2489 

2275 
2328 
2382 
2438 
2495 

2280 
2333 
2388 
2443 
2500 

2286 
2339 
2393 
2449 
2506 

112 
112 
112 
1    1    2 
1    1    2 

2    3    3    4    4    5 
2    3    3    4    4    5 
2    3    8    4    4    5 
2    3    3    4    4    6 
2    3    3    4    5    5 

•40 

•41 
•42 
•43 
•44 

2512 
2570 
2630 
2692 
2754 

2518 
2576 
2636 
2698 
2761 

2523 
2582 
2642 
2704 
2767 

2529 
2588 
2649 
2710 
2773 

2535    2541 
2594  1  2600 
2655  j  2661 
2716    2723 
2780  •  2786 

2547 
2606 
2667 
2729 
2793 

2553 
2612 
2673 
2735 
2799 

2559 
2618 
2679 
2742 
2805 

2564 
2624 
2685 
2748 
2812 

1    1    2 
1    1    2 
112 
1    1    2 
1    1    2 

2    3    4 
2    3    4 

2  3    4 

3  3    4 
3    3    4 

4    5    5 
4    5    5 
4    5    6 
4    5    6 
4    5    6 

•45 

•46 
•47 
•48 
•49 

2818 
2884 
2951 
3020 
3090 

2825 
2891 
2958 
3027 
3097 

2831 
2897 
2965 
3034 
3105 

2838 
2904 
2972 
3041 
3112 

2844  '  2851 
2911  •  2917 
2979    2985 
3048    3056 
3119    3126 

2858 
2924 
2992 
3062 
3133 

2864 
2931 
2999 
3069 
3141 

2871    2877 
2938    2944 
3006    3013 
3076    3083 
3148    3155 

1    1    2 
1    1    2 
112 
1    1    2 
1    1    2 

3    3    4 
3    3    4 
3    3    4 
3    4    4 
3    4    4 

5    5    6 
5    5    6 
5    5    6 
5    6    6 
5    6    6 

XXXIX.] 
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Log. 

0 

12    3 

4    5 

6 

7    8,9 

1 

2 

3  4 

5 

6 

7 

8  9 

•50 

3162 

3170  :  3177  31S4 

3192 

3199 

32CtD 

3214  3221  3-228 

1 

2  [3 

4 

4 

5 

6  7 

•51 

3236 

3243  3251  1  325S 

3266 

3-273 

3281 

3289  3296  3304 

2 

2  3 

4 

5 

5 

6  7 

52 

3311 

3319  3327  [  3334 

3342 

3350  33-57 

3365  3373  3381 

2 

■2  !3 

4 

5 

5 

6  7 

53 

33S3 

3396  3404  3412 

3420 

3428 

3436 

3443  3451  3459 

9 

2}3 

4 

5 

6 

6  7 

54 

3467 

3475  34S3  3491 

3499 

3508 

3516 

3524  3532  3540 

2 

J.il 

4 

5 

6 

6  7 

55 

354  S 

3556  '  3565  !  3573 

3581 

3589 

S597 

3606  3614  3622 

2 

2,3 

4 

5 

6 

-     - 

56 

3631 

3639  :  364S  ;  3656 

3664 

3673 

3681 

3690  3698  3707 

2 

3  13 

4 

5 

6 

7  8 

57 

3715 

3724  1  3733  3741 

37.50 

3758 

3767 

3776  3784  3793 

2 

3  !3 

4 

5 

6 

7  8 

•58 

3S02 

3811  :  3S19  3S2S 

3S37 

3846 

3855 

SS^    3873  '  3S82 

2 

3  4 

4 

5 

6 

7  8 

59 

3S90 

3899  3908  '  3917 

3926 

3936  3945 

39-54  3963  i  3972 

2 

3 

4 

5 

5 

6 

"     V 

■60 

39S1 

3990  3999  4009 

4018 

40-27 

4036 

4046  4055 

4064 

2 

3 

4 

5 

6 

6 

7  8 

61 

4074 

4083  1  4093  '  41t)2 

4111 

4121 

4130 

4140  1  4150 

41-59 

2 

3 

4 

5 

6 

7 

8  9 

62 

4169 

4178  i  41SS  419S 

4207 

4217 

4227 

4236  1  4246 

42-56 

2 

3i4 

5 

6 

7 

8  9 

■63 

4266 

4276  42S5  4295 

4305 

4315 

4325 

4335  i  4345 

4355 

2 

3^4 

5 

6 

7 

8  9 

'64 

4365 

4375  4S85  4395 

44'06 

4416 

4426 

4436  j  4446  i  4457 

2 

3^4 

5 

6 

7 

8  9 

•65 

4467 

4477  ;  4487  4498 

4508 

1 
4519  1  4529 

f 
: 4539  4550 

4560 

o 

3;4 

5 

6 

T 

8  9 

66 

4571 

45S1  4.592  4.303 

4613 

46-24  4634 

4645  4656 

4o67 

2 

3  4 

5 

6 

7 

9  10 

•67 

4677 

468S  4699  i  4710 

4721 

4732  4742 

4753  4764 

4775 

•T 

3  4 

5 

1 

8 

9  10 

•68 

47S6 

4797  4808  4-519 

4S31 

4S42  4S53 

4864  4875 

4837 

2 

3  4 

6 

7 

8 

9  10 

•69 

4Sys 

4909  4920  |  4932 

4943 

4955  ^  4966 

4977  4989 

50«>:i 

2 

3  5 

6 

J 

8 

9  10 

■70 

5012 

5023  5035 

5047 

5058 

5070 

5082 

.5093  5105 

5117 

2 

4  !5 

6 

7 

8 

9  11 

•71 

5129 

5140  1  5152 

5164 

5176 

5188 

52>X) 

5212  5224 

5236 

2 

4j5 

6 

7 

S  10  111 

72 

5-243 

5260  5272  1  5284 

5297 

5309 

5321 

5333  5346 

5358 

2 

■ih 

6 

7 

9  10  11^ 

■73 

5370 

5383  5395  5408 

5420 

5433 

.5445 

.5458  i  5470 

5483 

3 

4  5 

6 

8 

9 

10  11 

■74 

5495 

5508  5521  5534 

5546 

5-559 

5572 

5.585  559S 

-5610 

3 

4 

5 

6 

8 

9 

10  12 

■75 

5623 

5636  1  5649  5662 

5675 

5689 

5702 

5715  5728 

5741 

3 

4 

5 

- 

8 

9 

10  12 

•76 

5754 

5768  '  5781 

5794 

5S0S 

5821 

5834 

5848  5861 

5S75 

3 

4 

5 

7 

8 

9 

11  12 

■77 

5SS3 

5902  -5916 

5929 

5943 

5957 

5970 

5984  599S 

6012 

3 

4 

5 

7 

8 

10 

11  12 

•78 

6026 

6<339  6053 

6067 

6081 

6095 

6109 

61-24  6138 

6152 

3 

4  6 

1 

S 

10 

11  13 

•79 

6166 

6180  6194 

620*9 

6223 

6237 

6252 

6266  I  6281 

6295 

3 

4  ;  6 

7 

9 

10 

11  13 

■80 

6310 

6324  '  6339 

6353 

6368 

6383 

6397 

6412 

^427 

6442 

1 

3 

4 

6 

7 

9 

10 

12  13 

•81 

6457 

6471 

6486  6-501 

6516  I  6531 

6646 

6-561 

6577 

6592 

2 

3 

5 

6 

8 

9 

11 

12  14 

•8-2 

6607 

6622 

6637  6653 

6668  1  6683 

6d9'9 

6714  j  6730 

6745 

2 

3 

5 

6 

8 

9 

11 

12  14 

83 

6761 

6776 

6792  1  6-808 

6823  ;  6S39 

6855 

6871  '  6887 

6902 

o 

3 

5 

6 

8 

9 

11 

13  14 

■84 

d91S 

6934 

6950  [  6966 

6982  6998 

7015 

7031  1  7047 

7063 

2 

3 

5 

6 

8 

10 

11 

13  15 

•85 

7079 

7096 

7112  :  7129 

714-5  ;  7161 

7178 

7194 

7211 

7228 

2 

3 

5 

7 

8 

10 

12 

13  15 

86 

7244 

7261  i  7278  7295 

7311  1  7328 

7345 

7362 
7534 

1379 

7396 

2 

3 

5 

/ 

8  10 

12 

13  15 

•87 

7413 

7430  7447  7464 

7482  }  7499 

7516 

7551 

7-568 

2 

3 

5 

7 

9  10 

12 

14  16 

•88 

75  S6 

7603  7^21  7638 

7656  ;  7t)(4 

7691 

7709 

7727 

7745 

2 

4 

5 

7 

9 

11 

12 

14  16 

•89 

7762 

77S0  7793  7816 

1 

7834  I  7852 

7870 

7889 

7907 

79-25 

2 

4 

5 

7 

9 

11 

13 

14  16 

•90 

7943 

7962  7980  |  7998 

SOir  1  8035 

8054 

8072;  8091 

8110 

2 

4 

6 

T 

9  11 

13  15  17 1 

•91 

S12S 

8147  8166  8185 

8204  i  8222  8241 

8-260  8279- 

8-299 

2 

4 

6 

8 

9 

11 

13 

15  17 

•92 

531S 

8337  8356  ,  8375 

8395  '  8414  8433 

8453  1  8472  1  8492 

2 

4 

6  ' 8  10  12 

14 

15  17 

•93 

Soil 

8531  8551  8570 

S590  i  8610  1  8630 

8650 

8670 

8690 

2 

4 

6  8  10 

12 

14 

16  IS 

-94 

S710 

8730  8750  8770 

8790 

8810 

8831 

8851 

8872 

8892 

2 

4 

6  18  10 

12 

14 

16  IS 

•95 

S913 

8933  89.54  '  8974 

8995 

9016 

9036 

90-57 

9078 

9099 

2 

4 

6  8  10 

12 

15 

17  19 

•96 

9120 

9141  1  9162  9183 

9-204 

i  9226  1  9-247 

926-S 

9290 

9311 

2 

4 

6  8  11 

13 

15 

17  19 

•97 

9333 

93.54  ;  9376  9397 

9419  :  9441 ;  9462 

9484 

9506 

95-28 

2 

4 

7  9  11 

13 

15 

17  20 

•98 

9550 

9572  ;  9594  9616 

9638  9661 i  9683 

9705 

9727 

9750 

2 

4 

7  ,9  11 

13 

16 

18  20 

•99 

9772 

9795  1  9817  9S40 

9863  9886  9908 

9931 

9954  !  9977 

2 

5 

7  19  11 

14 

16 

IS  20 

348h  algebra.  [chap.  XXXIX, 

Evaluate  the  following  expressions  to  four  significant  figures : 

^.      2.38  X  3-901  ,p-      14-72  X  38-05 

^*-  4^83  387-9       * 

,P      925-9  X  1-597  -,7      15-38  x  0137 

^^-  74-03       '  276  X -0038' 

18.     (097)^  19.    (1-73)11.  20.    sf^.  21.     v^sj^ 

22.     <^I27:  23.     N/2=r2.  24.    ''^1772:  25.     N'2'r82: 

26.     Find  a  mean  proportional  between  2*87  and  30-08  ;  and  a  third 
proportional  to  -0238  and  7  -805. 

Evaluate 

^^       3|7294^I25V  28.     ^'''^^^* 


42  X  32  J  '  i'<22  X  70 

29      Find  the  value  of  A/'^'^^L^'^^  to  the  nearest  integer. 
\       -0234 

30.  Find  a  mean  proportional  between 

4/347^    and    4^256 -4. 

31.  Find  a  fourth  proportional  to 

^3278;   \/S5rS,    s/iWQ. 

[Before  attempting  the  following  Examples  the  stvxlent  should 
reacZ  Arts.  40a-405.] 

32.  Find  to  the  nearest  pound  the  amount  of  £35  in  25  years  at 

3  p.  c.  Compound  Interest. 

33.  Find  to  the  nearest  pound  the  Present  Value  of  £1000  due  17 

years  hence  at  4  p.  c.  Compound  Interest. 

34.  Find  in  how  many  years  £1130  will  amount  to  £3000  at  5  p.c. 

Compound  Interest. 

35.  If  a  farthing  is  put  out  at  Compound  Interest  for  1000  years  at 

5  p.c.,  how  many  digits  will  be  required  to  express  the  amount 
in  pounds  ? 

36.  A  train  starts  with  velocity  "OOl  ft.  per  second,  and  at  the  end 

of  each  second  its  velocity  is  greater  by  one-third  than  at  the 
end  of  the  preceding  second  ;  find  to  two  places  of  decimals 
the  rate  of  the  trainin  miles  per  hour  at  the  end  of  25  seconds. 


CHAPTEE    XL. 
Scales  of  Notation. 

388.  The  ordinary  numbers  with  which  we  are  acquainted 
in  Arithmetic  are  expressed  bj  means  of  multiples  of  powers  of 
10 ;  for  instance 

25  =  2  X  10+5  ; 
4705  =  4x103  +  7x102+0x10  +  5. 

This  method  of  representing  numbers  is  called  the  common 
or  denary  scale  of  notation,  and  ten  is  said  to  be  the  radix 
of  the  scale.  The  symbols  employed  in  this  system  of  notation 
are  the  nine  digits  and  zero. 

In  like  manner  any  number  other  than  ten  may  be  taken  as 
the  radix  of  a  scale  of  notation  ;  thus  if  7  is  the  radix,  a  number 
expressed  by  2453  represents  2x7^ +  4x7- +  5x7  +  3;  and  in 
this  scale  no  digit  higher  than  6  can  occur. 

389.  The  names  Binary,  Ternary,  Quaternary,  Quinary, 
Senary,  Septenary,  Octenary,  Nonary,  Denary,  Undenary,  and 
Duodenary  are  used  to  denote  the  scales  corresponding  to  the 
values  tico,  three^ . . .  twelve  of  the  radix. 

In  the  undenary,  duodenary, . . .  scales  we  shall  requii-e  symbols 
to  represent  the  digits  which  are  greater  than  nine.  It  is 
unusual  to  consider  any  scale  higher  than  that  with  radix 
twelve  ;  when  necessary  we  shall  employ  the  symbols  ?,  e,  T  as 
digits  to  denote  '  ten,'  '  eleven '  and  '  twelve.' 

It  is  especially  worthy  of  notice  that  in  every  scale  10  is  the 
symbol  not  for  '  ten ',  but  for  the  radix  itself. 

390.  The  ordinary  operations  of  Arithmetic  may  be  per- 
formed in  any  scale  ;  but,  bearing  in  mind  that  the  successive 
powers  of  the  radix  are  no  longer  powers  of  ten,  in  determining 
the  carrying  figures  we  must  not  divide  by  ten,  but  by  the  radix 
of  the  scale  in  question. 

E.A.  2  a 
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Becampie  1,  In  the  scale  of  eight  subtract  371532  from  530225, 
and  maltiply  the  difference  by  7. 

530225                                                 136473 
371532  7 

136473  1226235 

Bh^lanation.  After  the  first  figure  of  the  subtraction,  since  we 
oannot  take  3  from  2  we  add  8  ;  thus  we  have  to  take  3  from  ten, 
which  leaves  7 ;  then  6  from  ten,  which  leaves  4  ;  then  2  from  eight 
which  leaves  6  ;  and  so  on. 

Again,  in  multiplying  by  7,  we  have 

3  X  7  =  twenty-one  =  2  x  8  +  5  j 
we  therefore  put  down  5  and  carry  2. 

Next  7x7  +  2^fifty-one  =  6x8  +  3: 

put  down  3  and  carry  6  ;  and  so  on. 

Exam/pie  2.     Divide  ISe^O  by  9  in  the  scale  of  twelve. 

9 )  15e/20 

lee96..,a 

Expiomation.     Since  lo  =  lx?^+5= seventeen =1x9+8, 
we  put  down  1  and  carry  8. 

Also  8  X  7^+e  =  one  hundred  and  seven=e  x  9  +  8  ; 
we  therefore  put  down  e  and  carry  8 ;  and  so  on. 

39 1.     To  express  a  given  integral  PMniber  in  any  'proposed  scale. 

Let  N  be  the  given  number,  and  r  the  radix  of  the  proposed 
scale. 

Let  a^  Qfj,  a2> '  •  •  ^n  ^®  ^^^  required  digits  by  which  N  is  to  be 
expressed,  beginning  with  that  in  the  unit's  place  ;  then 

iV = a^r"  +  a„  _ir"- ^  + . . .  +  cKar^ + air + «()• 
We  have  now  to  find  the  values  of  «<),  ai,  02,  ...  a„. 
Divide  N  by  r,  then  the  remainder  is  a^,  and  the  quotient  ia 

arf^  +  an-\r^~^  + . . .  +  ao^  +  «i. 
If  this  quotient  is  divided  by  r,  the  remainder  is  a-^ '. 

if  the  next  quotient 02  ? 

and  so  on,  until  there  is  no  further  quotient. 

Thus  all  the  required"  digits  a^,  ai,  aoj-.^n  are  determined 
by  successive  divisions  by  the  radix  of  the  proposed  scale. 
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Example  1.  Express  the  denary  number  5213  in  the  scale  of 
seven. 

7 )  5213 
7)  744.. .5 
7)006.. .2 
7)_15...1 
2...1 
Thus  5213  =  2x7^  +  1x73  +  1x7^  +  2x7  +  5; 

and  the  number  required  is  21125. 

Example  2.     Transform  21125  from  scale  seven  to  scale  eleven. 

e  )  21125 
e)1244...< 
e)61  ...O 
Z...t 
.'.  the  required  number  is  Ztdt. 

Explanation.     In  the  first  line  of  work 

21=2x7  +  l=fifteen  =  lxe  +  4; 
therefore  on  dividing  by  e  we  put  down  1  and  carry  4. 

Next  4x7  +  1  =  twenty-nine  =  2  x  e  +  7  ; 
therefore  we  put  down  2  and  carry  7  ;  and  so  on. 

392.  Hitherto  we  have  only  discussed  whole  numbers  ;  but 
fractions  may  also  be  expressed  in  any  scale  of  notation  ;  thus 

•25  in  scale  ten  denotes 1 . : 

10^102' 

2      5 
•25  in  scale  six  denotes  -  +  __  ; 

6     62  ' 

2     5 
'25  in  scale  r  denotes  --| — -.. 
r    7^ 

Fractions  thus  expressed  in  a  form  analogous  to  that  of 
ordinary  decimal  fractions  are  called  radix-fractions,  and  the 
point  is  called  the  radix-point.  The  general  type  of  such 
fractions  in  scale  r  is 


where  J^,  63,  63,  ...  are  integers,  all  less  than  r,  of  which  any  one 
or  more  may  be  zero. 
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393.     To  express  a  given  radix-fraction  in  any  proposed  scale. 

Let  F  be  the  given  fraction,  and  r  the  radix  of  the  scale. 

Let  61,  60,  ftg, ...  be  the  required  digits  beginning  from  the 
left  ;  then 

TT    &i     &9     ho 

i^=-^+j+-i+ 

r     •T'     -r" 

We  have  now  to  find  the  values  of  61,  63,  63, , 

Multiply  both  sides  of  the  equation  by  r  ;  then 

rF^h^^^-^^h^ 

Hence  61  is  equal  to  the  integral   part  of  rF\   and,   if  we 
denote  the  fractional  part  by  F-^^  we  have 

i^l  =  -+J+ 

Multiply  again  by  r;  then  63  ^  ^-^^  integral  part  of  rFy 
Similarly  by  successive  multiplications  by  r,  each  of  the 
digits  may  be  found,  and  the  fraction  expressed  in  the  proposed 
scale. 

Example,  1.     Express  ^  as  a  radix-fraction  in  scale  lix. 
7    ^    7x3     .1. 

.•.  the  required  fraction = 5 + s  +  el  "=  '^^3. 

Example  2.     Transform  16067  from  scale  eight  to  scale  five. 
Treating  the  integral  and  the  fractional  parts  separately,  we  have 

5)1606  -7 

5)^.„2  _5 

5)44...0  .     4-3 

5)7...  1  _5 

1...2  1-7 

After  this  the  digits  in  the  fractional  part  recur ;    hence  the 
required  number  is  12102 '41. 
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Example  3.  In  what  scale  is  the  septenary  number  2403  repre- 
sented by  735  ? 

Let  r  be  the  radix  of  the  scale  reqtured  ;  then 

7r2  +  3r  +  5  =  2  X  7^  +  4  X  7-4-3  =  885  ; 

SO 
that  is,  7r2-f3r- 880=0;  whence  r=ll  or  -y. 

Thus  the  scale  is  the  undenary. 

394.  In  any  scale  of  notation  of  which  the  radix  is  r,  the  sum 
of  the  digits  of  any  whole  number  divided  by  r  —  l  icill  leave  the 
same  remainder  as  the  whoh  number  dvcided  by  r  -  1. 

Let  N  denote  the  number,  otq,  ai,  a^, a^  the  digits  be- 
ginning with  that  in  the  unit's  place,  and  S  the  sum  of  the 
digits ;  then 

S = flo  +  air  +  a'^'T  + +  a^-ir""^  -f  a^r" ; 

5=ao+ai-f  a.2+ +a„_i  +  «„. 

.-.    N-S=a^{r-\)+a^{r'-l)-\- +  a,_i(r"-i- l)  +  a„(r--i> 

Now  every  term  on  the  right-hand  side  is  divisible  by  r  —  1  j 

..     1-= an  mt€ger  =  i  suppose; 

N  S  ' 

th*t  is, =I-\ ;  "which  proves  the  proposition. 

r—l  r—l 

Hence  a  number  in  scale  r  will  be  divisible  by  r  - 1  when  the 
sum  of  its  digits  is  divisible  by  r—l.  For  example^  in  the 
ordinary  scale  a  number  is  divisible  by  9  when  the  sum  of  its 
digits  is  divisible  by  9. 


EXAMPLES  XL. 

1.  Add  together  352,  21435,  3505,  35  in  the  scale  of  six. 

2.  From  35260013  take  7471235  in  the  scale  of  eight. 

3.  Multiply  31044  by  4302  in  the  quinary  scale, 

4.  Find  the  product  of  the  undenary  numbers  9^83  and  3;7. 
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5.  Divide  S1964435  by  &541  in  the  scale  of  seven. 

6.  Find  the  square  of  3024  in  the  quinary  scale. 

7.  Express  75013  in  the  nonary,  and  5210  in  the  quaternary 
ocale. 

8.  Transform  987504  to  the  scale  of  twelve. 

9.  Express  the  octenary  number  76543  in  the  denary  scale. 

10.  Transform  54321  from  scale  six  to  scale  Beven. 

11.  Express  the  duodenary  number  te  in  the  binary  scale. 

12.  Express  a  thousand  and  one  in  powers  of  two,  and  one 
hundred  thousand  in  powers  of  eleven. 

13.  Express  the  sum  of  the  septenary  numbers  532,  2106,  3261, 
53  in  the  uadenary  scale  ;  also  express  the  difference  of  the  ternary 
numbers  2021 121  and  1221212  in  the  same  scale,  and  find  the  product 
oi  the  two  results. 

14.  Find  the  di£Ference  between  53774  in  the  scale  of  8  and  32875 
in  the  scale  of  9,  expressing  the  result  in  the  denary  scale. 

15.  Express  131  -890625  in  scale  eight. 

16.  Transform  1001*12211  from  the  ternary  to  the  nonary 
scale. 

17.  Express  the  octenary  fraction  '2037  in  the  scale  of  4. 

18.  Express  ^  and  =^  as  radix  fractions  in  scale  6- 
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19.  Reduce  the  undenary  fraction  =^0  ^  i^  lowest  terms. 

20.  In  what  scale  is  a  hundred  denoted  by  400  ? 

21.  In  what  scale  is  647  the  square  of  25  ? 

22.  In  what  scale  are  the  numbers  denoted  by  432,  566,  708  in 
arithmetical  progression  ? 

23.  In  what  scale  are  the  numbers  denoted  by  22,  2*6,  34  in 
geometrical  progression  ? 

24.  Find  the  square  root  of  443001  in  the  scale  of  5 ;  2434624  in 
the  scale  of  7  :  and  ^985679  in  the  scale  of  eleven. 


CHAPTER   XLI. 
Exponential  and  Logaritedviic  Series. 

395.  The  advantages  of  common  logarithms  have  been  ex- 
plained in  Art,  383,  and  in  practice  no  other  system  is  used- 
But  in  the  first  pia<;e  these  logarithms  are  calculated  to  another 
base  and  then  transformed  to  the  base  10. 

In  the  present  chapter  we  shall  prove  certain  formula 
known  as  the  Exponential  and  Logarithmic  Series,  and 
give  a  brief  explanation  of  the  waj  in  which  thej  are  used 
Id  constructing  a  table  of  logarithms. 

396.  To  expand  a^  in  ascending  powers  of  x. 
Bj  the  Binomial  Theorem,  if  n>l, 

1\'^ 


\      nj 


,  ,  1  ,  njc(nx  —  l)    1   ,  /ixCna^-iy^na-^)    1   , 

n  \2         ir  [8  n^ 


°^^-+-^l2^-^    '  iV        "'^ (^)- 


— [1~ 

By  putting  x=l,  we  obtain 
hence  the  series  (1)  is  the  x^^  power  of  tlie  series  (2)  ;  that  is, 


'+*+^ir- +■ 
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and  this  is  true  however  great  n  may  be.     If  therefore  n  be 
indefinitely  increased  we  have 

1+-+I+I+ =(1+1+4+11+ 

The  series  ''^'^^"^12  ^Ts  "''14  "*" ' 

is  usually  denoted  by  e  ;  hence 

^v^        y*o        /**€ 

Write  ex  for  .r,  then 


Now  let  6"  =  a,  so  that  c=log«a;   by  substituting  for  C  we 
obtain 


This  is  the  Exponential  Theorem^ 
397.     The  series 

l  +  l+iT+!T+|I  + 


which  we  have  denoted  by  e,  is  very  important  as  it  is  the  base 
to  which  logarithms  are  first  calculated  Logarithms  to  this 
base  are  known  as  the  Napierian  system,  so  named  after  Napier 
their  inventor.  They  are  also  called  natural  logarithms  from 
the  fact  that  they  are  the  first  logarithms  which  naturally  come 
into  consideration  in  algebraical  investigations. 

When  logarithms  are  used  in  theoretical  work  it  is  to  be 
remembered  that  the  base  e  is  always  understood,  just  as  in 
arithmetical  work  the  base  10  is  invariably  employed. 

From  the  series  the  approximate  value  of  e  can  be  determined 
to  any  required  degree  of  accuracy ;  to  10  places  of  decimals  it 
is  found  to  be  2-7182818284. 
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Examplt  1.     Find  the  sum  of  the  infinite  series 

111 

We  have  e=i  +  l+;p-  +  r3 +^-+....^  ; 

smd  by  putting  x=  - 1  in  the  series  for  e*,  we  obtain 
1     1     1      1       1       1 


•■•    «+«-^=2(^-^^  +  !T  +  r^-^ )' 


hence  the  sum  of  the  series  is  ^(e  +  g-^). 

t -, 

E-Joampii  2.     Find  the  coefficient  of  ^  in  the  expansion  of . 

— z — =  (a  -  ox)  e~' 

,  ,  r,       x^   x^        i-iyx'-      ) 

=  (a  -  6x)  |1  -  a;  +  ^  -  rg  +  ...  +  ^— ^-f  ...  |, 

The  coefficient  reauired  =  — .  a r—  .  b 

r  •/■  -  1 

J-^{a  +  rb). 


398.     To  expand  log,  (1  +x)  in  asceriding  powers  of-L. 
From  Art.  396, 

a*  =  1+3/  logjaH ^ \ :o f" ■ 


In  this  series  write  \  ■{■  x  ior  a  ;  thus  (1  +.r)> 
=  l4-i/log,(l+a')  +  ^{iog,(l+Jr)}2  +  ^{log,(l+:r)}3+ (1). 

Also  by  the  Binomial  Theorem,  when  a;<  1  we  have 


358  ALGEBRA.  [OHAP. 

Now  in  (2)  the  coefficient  of  y  is 

^1.2      ^    1.2.3        ^       1.2.3.4  ^ ' 

o(^    xf^    a^ 


Equate  this  to  the  coefficient  of  ?/  in  (1)  ;  thus  we  have 

'*^     ^     .r* 
log,(l+^)=^-V  +  -Q--T  + 


2  ■   3      4 

This  is  known  as  the  Logarithraic  Series. 

399,  Except  when  x  is  very  small  the  series  for  loge(l  +«) 
is  of  little  use  for  numerical  calculations.  We  can,  however, 
deduce  from  it  other  series  by  the  aid  of  which  Tables  of  Logar- 
ithms may  be  constructed. 


400.     In  Art.  398  we  have  proved  that 

log,(l+^) 
replacing  ^  by  —x,  we  have 

By  subtraction, 


log,(l+^)=^--2-+"3 -—  » 


loge(l-^)=-.a?--s--^-... 


Put :; = ,  so  that  x== — — =- ;  we  thus  obtain 

1-^       n   '  2?i+l 

log>+l)-log.;.=2{^  +  g^2^+5(2^'+-}- 

From  this  formula  by  putting  n=\  we  can  obtain  log,  2. 
Again,  by  putting  7i  =  2  we  obtain  log^3  — log,2;  whence  log,3 
is  found,  and  therefore  also  logg9  is  known. 

Now  by  putting  n=9  we  obtain  Ioggl0-loge9 ;  thus  the 
ralue  of  log,  10  is  found  to  be  2-30258509... . 

To  convert  Napierian  logarithms  into  logarithms  to  base  10 
we  multiply  by  ^ j^,  which  is  ihe  modul^is  [Art.  386]  of  the 
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common  svstem,  and  its  value  is       _     q^„q — ,  or  *43429448...  ; 
we  shall  denote  this  modulus  by  /x. 

Bj  multiplying  the  last  series  throughout  by  /x  we  obtain  a 
formula  adapted  to  the  calculation  of  common  logarithms.     Thus 


that  is, 

log:o(«+l)-logio«=2{2;;^+3(2^+5(2;^+-}- 

From  this  result  we  see  that  if  the  logarithm  of  one  of  two 
consecutive  numbers  be  known,  the  logarithm  of  the  other  may 
be  found,  ar.d  thus  a  table  of  logarithms  can  be  constructed 

EXAMPLES  XLI 
1,    Shew  that 

,     ,     23     2*     25 

<2)  '-^=i^i+j|4+ 


2.     Expand  log  -Jx  +  x  in  ascending  powers  of  x. 
2  "'"12  "^30  "^56 


3.     Prove  that  bg,  2=5 +  rT5  +  4^  +  ^  + 


1     Shew  that 


5.  Prove  that 

log^^=ix  +  ix'  +  ^a^  +  20a^-i- 

6.  Shew  that  if  a;  >  1, 

log  \^a^  -  J  =  log  X  -  ;r-o  -  -J— i  -  5-5.  -....„. 

^  *        20^!    4ar*    6a:^ 

7.  Shew  that 
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^     &=    6»     &*  . 

8.  If  '*  =  ^"2'''3~4     • 

express  b  in  ascending  powers  of  a. 

9.  Calculate  the  value  of  ,^e  to  4  places  of  decimals. 

10.  Prove  that 

loge(l+a;-2x2)  =  a;--2-  +  -2 1-  + , 

and  find  the  general  t^rm  of  the  series. 

/  1       2      3  \ 

11.  Prove  that     e-i  =  2( -g+|g-  +  Ty  + j. 

12.  Prove  that  log« 3  =  l-rg-gs +  5724 ■^772«'*' 

13.  Shew  that 

fW^              17a:* 
loge(l-3a;  +  2x2)-i=3a.  +  ^  +  3a:3+_L_+ 

and  find  the  general  term  of  the  series. 

14.  Prove  that  the  expansion  of  log«  {l-z+3^)  im 

a^     2x^     X*     x^     3^ 
~^+2"'^"3'  +  T~"5""3'~ 


15.     K  «  >  1,  prove  that 


rr^+ 


1. 


1     _1_     J_  __1_ 

x"^  2x2+3x3'^ ''a;-l"2(a;-l)^'^3(x-l)» 


CHAPTEE    XLH 

Miscellaneous  Equations. 

401.  Many  kinds  of  miscellaneous  equations  may  be  solved 
by  the  ordinary-  rules  for  quadratic  equations  as  explained  in 
Art  202 ;  but  others  require  some  special  artifice  for  their 
solution.     These  will  be  illustrated  in  the  present  chapter. 

ExamvU  1.     Solve      H — = — =  =  6. 

X        ar-o 

Write  y  for ;  thus 

y+^=6,  or  y2_&y+5=0; 
whence  y=5,  or  1. 

.-.    —-—  =  0,  or  =1  ; 

X  X 

that  is,  2^2-5.^-6  =  0,  or  ar2_ a; -6=0. 

Thus  2;  =  6,  -1;  or  x  =  3,   -2. 

Example  2.     Solve  3^+3  -  55 = 28  (3^  -  2). 

This  equation  may  be  written  3^  3^  -  28  .  3'  -r  1  =  0. 

By  writing  y  for  3',  we  obtain  ' 

27y2-283/-fl=0;  that  is,  (272/- l)(y-l)=0  ; 

whence  V  =  ^;=.  or  1. 

Thus  3^  =  ^  =  3-3,  or  3'-^  =  l=3». 

and  therefore  a:  =-3,  or  0. 
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Example  3.     Solve      2a:2  _  3  ^i2x^-'jx  +  7= 7a;  -  3. 


On  transposition,  {2a^-'lx)-S\'2a^-7x  +  7=  -o. 

By  putting  \/2x^ -Ix  +  l-y,  so  that  2x2-7a;  +  7=y^  we  obtain 

(y2-7)-3y=-3,  or  y^-^y-^=Q; 

whence  y=4,  or  -1. 

Thus  v^2ar2-7a;  +  7=4,  or  ;^/2^^^^7xT7=  - 1 ; 

that  is,  2x2 -72; -9=0,  q^     2^2 -7a; +6=0. 

9 
From  the  first  of  these  quadratics  we  obtain  .r  =  x*  or  - 1,  and  from 

3 

the  second  a; =2,  or  5. 

It  should  be  noticed  that  in  this  solution  wehavetacitly  assumed 
y  to  be  the  positive  value  of  the  expression  s^2x^-7x  +  7,  so  that  the 
roots  obtained  from  the  solution  of  \'2a^  -  7a;  +  7  =  -  1  will  only 
satisfy  the  original  equation  in  the  modified  form  obtained  by 
changing  the  sign  of  the  radical. 

Tbusa;=|,  or  -1  satisfies  2a;2_  3^23^2  .7^;  + 7=73;  _  3, 


and        a;=2,  or     5  satisfies  2a^  +  3>/23c^-lx  +  7=7X'  3. 


EXAMPLES  XLn.  a. 

Solve  the  following  equations  : 
*        o  1        42  _         a;     .  a;2_i       . 


a     f^  +  j)  -H^  +  z)=^-  4-     Sit* +  65^'  + 8=0. 


'•     (-1) 


+  4a;-— =5.  10.     27a;^- l=26a;^. 


11.    7  \/«^  -  \/21x  +  12=2  v^3.     12.     4^1  +  16=65.4*. 
IS,    a;-r2='v/4+W8^  14.     3^  +  3"^=2. 
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15.     2se^-2x  +  2s2xr^-lx  +  6  =  ox-6. 


16.  «2  +  6v'a:2_  2^  +  5  =  11 +2a:. 

17.  2'j2^^^6x  +  2  +  4j;  +  l  =  x^-2x. 

18.  'J^^T2x  +  l  =  12x^  +  6x-nd. 

19.  Sx{3-x)  =  ll-4:'s.'x^-dx  +  5. 


X     - 


20.  ^-x  +  3s'2x'-Sx  ^2  =  ^  +  7. 

oi  12 -X        I  3x      3                    oo          /a        1^    ^^-^ 

^'  y^-y2^x=2            22.   y--^/-=_-, 

23.  (a-6)a:2  +  (6-c)x-i-c-a  =  0. 

24.  a(fe-c)a:2  +  5(c_a)a:  +  c(a-&)=0. 

25.  \^a-a:  +  \^6-a:  =  \/a  +  6-2a;. 
1111 


26. 


a-a;     fe-ar     a-c&-c' 


75 


27=     V;g-p  +  \'.g-g  =  ^=^=+  pi — ' 
\x-q    \x-p 

28.  s^z-2){x-3)^5^J^^=•J3r^-{-6x  +  8, 

29.  V2r2  +  4:c-4  +  va:2^4^_10  =  6. 

Oft  3/ 3/ T        3^;: 

30.  \'X-a-  sjx -o=\o-a. 

402.  No  general  methods  can  be  given  for  the  solution 
of  simultaneous  equations  containiDg  two  or  more  unkno"vrns. 
The  simpler  cases  have  been  considered  in  Chapter  xxvi. ;  the 
following  examples  illustrate  useful  artifices  to  be  emplored  in 
special  cases. 

Example  1.     Solve  sr  +  y  =  4  (1), 

(ar'  +  y2^{a:3^.y3)^280  » (2). 

We  have         x^^y-  =  {x-^yf-2xy=lQ-2xy', 
and  x^  +  y^^ix-ryf  -Zxy{x  +  y)  =  %4i-\2xy. 

By  substituting  in  (2),  we  obtain 

{\Q-2xy){U-\2xy)  =  2Sf)}   that  is,  S^try- -  40;i7  -  93  =  0  ; 

31 
whence  xy  =  Z,    or   — . 
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x+y=4,  \      ^  ,     .     x=S,  or  1  -A 

Thus  }  whence  we  obtain        ,        ^    > 

xi/=3;)  y  =  l,0T3'J 

19  ^ 
or  31    J-  whence 


xy=-o' 


r-}        .=2.V^.J 


Example  2.     Solve    x'^y'h  =  225,   a;yV=7o,   xh/z^=A5. 

By  multiplying  the  three  equations  together,  we  have 
ar^/25=225  x  75  x  45=5^  x  3^ ; 
whence  xyz  =  5  x3  =  l5. 

By  squaring  this  equation  and  dividing  by  each   of  the  given 
equations  in  succession,  we  obtain 

2=1,   x=Sf   y=5. 

Example  3.     Solve  the  equations 

a^+xy  +  xz=iS,   xy  +  y^+yz=il2,    xz+yz  +  z^  =  S4. 

These  equations  may  be  written 

x{x+y  +  z)  =  ^8,    y{x  +  y+z)  =  l2,    2(a;+t/+z)=84. 
By  addition,  {x  +  y  +  z){x+y+z)  =  l44; 

whence  x+y+z=  ±12. 

On  dividing  each  of  the  given  equations  in  turn   by  this   !ast 
equation,  we  obtain 

a;=±4,   y=±h   2=  ±7. 

It  is  clear  that  the  roots  must  be  taken  either  all  positively  cr  all 
negatively. 

Example  4.     Solve  x  +  y-z  =  l4: -..(l)* 

2/2  +  22.^2^46  ^  .....(2), 

2/^  =  9 (3). 

From  (2)  and  (3),  {y  -  zf  -x^  =  28. 

Put  u  for  y  -  z  ;  then  this  equation  becomes 

Alfic  from  (1),  w  +  x  =  14  ; 

by  division,  u-x—2\ 

whence  a:  =  6,  and  ?i  =  8. 

Thus  y-z  =  S,  and  yz  =  9  ;  whence  y  =  Q,  or  -1;2  =  1,  or-9;  and 
tee  solution  is  a;=6,  y=9,  2  =  1 ;  or  x=Q,  y=  -1,  2=  -9. 
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EXAMPLES  XLII.  b. 

1.     3x  -2y  =  il,  2.     a^   +   2^=91,  2     x^   -   y^  =  S3o, 

9a;2-4y2  =  209.  xh/  +  xy^  =  S4.  x^y-xy^=  70. 

1     x2+    xy  +  y2  =  84,  5.     ar-f-    xj^  +  y^^lSQ, 

X  +s/xy-\-y  =14.  a;  -^Jxy^y  =     9. 

e3122  „232,^ 


a;"^     xy    y"^  9  '     x?    xy    xp- 

3     2    4  12 

-  +  -  =  -,  : 

x    y    '6  X    y 


8.     a;V  +  2/2x=20,  9.     a:--7xy  +  4y2=34, 

L    +1    =§.  2a;  +  y    a;-3y_g2 

a;       y       4*  a;-3y    2a;  +  y    *'^' 

10.     x2-xy  +  x  =  35,  11.     (x  +  ?/)2  +  3(x-y)  =  30, 

xy-y^  +  y=lo.  xy  +  3{x-y)  =  ll. 

12.            (a;-2/)2=3-2a;-2.y,  13.     3,-3+ 1  =  81  (Z  +  y), 

y{x-y  +  l)  =  xyy  -x  +  i).  x^  +  x—  9{y^  +  l). 

14.  Find  the  rational  roots  of 

(1)                       x  +  y^     5\  (2)                       x-y=     2\ 

{x'^  +  y^){x^  +  f)  =  4:Ooy  {x^  +  y^){x^-y^)  =  260j' 

15.  J-+a/-=^'  16.     \l^+\[^=  ~. 
Vy      \a;       *  ^x-y      ^  x  +  y       15 

— +  -^=i6i.  -^=L+    ^~y  ^^^^. 

v^y      v^-*^  slx-y       six  +  y     15 

17.  x'h/z  =  72,     xyh  =  ^,     xyz^=96. 

18.  xyz  =  30,     xy?f  =  r20,     xzu  =  20,  yzu  =  24. 

19.  yz  +  zx=l3,     zx  +  xy  =  2o,  xy  +  yz  =  20. 

E.A.  2b 
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20.  y{x+z)  =  n2,    z{x+y)  =  lS2,    a;(y+s)=90. 

21.  {x  +  a){y-b)=2,     {y-b)(z  +  c)=3,     (z  +  c)(a;  +  a)=6. 

22.  (a;  +  y)(a-  +  z)  =  63,     (y  +  z)(y  +  a?)=42,     (2  +  a;)(z+y)  =  54. 

23.  jc^ - a^ - arz  =  14,     xy-f/^-i/z=6f    xz-  yz-z^='k 

24.  r(3z-2y)  =  42,     y(x-2z)  =  4,     z(a:  +  5y)  +  34=0 

25.  a;y  +  a;  +  y=ll,    yz  +  2/+2  =  3,    2a;+z  +  a;=2. 

26.  (a;+y)2-z2=65,     x^-{y  +  zf =13,    x+y-z=b, 
211,  z  +  x=dxyz,     x  +  y=5xyz,     y+z=8xyzc 

28.  x^+y^  +  z^=S4:,     a;+y+z=14,    xy=z\ 

29.  a:  +  y-z=l,    x^-y^  +  z^=l5,    xz=VL 

30.  y+z-a;=9,    a~»-y2_22-:i5^    2/2=3. 

31.  a;2+y2+22_i33^    y^^_^-^^    yz=af^. 

32.  3^=9»'-i,     163-^=8^-2. 

1      1         

33.  2*-i  =  lS*-S    3*  =9%     ^^-^=^^-\ 

34.  a:»-(y-«)«=a2,    y^—iz-xf^V',    z^-ix-^yf^cK 


CHAPTER  XLHI. 

Interest  and  Annuities. 

403.  Questions  involving  Simple  Interest  are  eaisily  solved 
by  the  ordinary  rules  of  Arithmetic  ;  but  in  Compound  Interest 
the  calculations  are  often  extremely  laborious.  We  shall  now 
shew  how  these  arithmetical  calculations  may  be  simplified  by 
the  a.id  of  logarithms.  Instead  of  taking  as  the  rate  of  in- 
terest the  interest  on  £100  for  one  year,  it  will  be  found  more 
convenient  to  take  the  interest  on  £1  for  one  year.  If  this  fee 
denoted  by  £r,and  the  amount  of  £1  for  1  year  bv  £^,  we  have 
E=l  +  r. 

404.  To  find  the  interest  and  atnount  of  a  given  sum  in  a 
given  time  at  com'pound  interest. 

Let  P  denote  the  principal,  R  the  amount  of  £l  in  one  year, 
n  the  number  of  years,  /  the  interest,  and  M  the  amount. 

The  amount  of  P  at  the  end  of  the  first  year  is  PR ;  and, 
since  this  is  the  principal  for  the  second  year,  the  amount  at  the 
end  of  the  second  year  is  PR  x  R  or  PR-.  Similarly  the  amount 
at  the  end  of  the  third  year  is  PR%  and  so  on ;  hence  the  amount 
in  n  years  is  PR"  j  that  is, 

M=PR^; 

and  therefore  / = P{R^  - 1 ). 

Example.  Find  the  amount  of  £100  in  a  hundred  years,  allowing 
compound  interest  at  the  rate  of  5  per  cfint. ,  payable  quarterly  j 
having  given 

log  2= -3010300,    log  3= -4771213,     log  14*3906=1  15808. 
The  amount  of  £1  in  a  quarter  of  a  year  is  £  (  1  +  -r .  j^r^  )  or  £-^, 
The  number  of  payments  is  400.     If  J/  be  the  amount,  we  have 
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/.    log  M=\og  100+400(log  81  -  log  80) 
=  2  +  400(41og3-l-31og2) 
= 2  +  400  { -0053952) =415808  ; 
whence  M=  14390-& 

Thus  the  amount  is  £14390.  12s. 
Note.     At  simple  interest  the  amount  is  £600. 

405.  To  Jmd  the  present  value  and  discovm  of  a  given  sim, 
due  in  a  given  time,  alloioing  compound  interest. 

Let  P  be  the  given  sum;,  V  the  present  value,  D  the  discount^ 
R  the  amount  of  £1  for  one  year,  n  the  number  of  years. 

Since  V  is  the  sum  which,  put  out  to  interest  at  the  present 
time,  will  in  n  years  amount  to  P,  we  have 

.-.     V=PR-^, 
and  Z>=P-  ^=P(l-2^"). 

Annuities. 

406.  An  annuity  is  a  fixed  sum  paid  periodically  undei 
certain  stated  conditions  ;  the  payment  may  be  made  either  once 
a  year  or  at  more  frequent  intervals.  Unless  it  is  otherwise 
stated  we  shall  suppose  the  payments  annual. 

407.  To  jmd  the  amount  of  an  annuity  left  unpaid  f<yr  a 
given  number  of  years  allowing  compound  interest. 

Let  A  be  the  annuity,  R  the  amount  of  £1  for  one  year,  n 
the  number  of  years,  M  the  amount. 

At  the  end  of  the  first  year  A  is  due,  and  the  amount  of  this 
sum  in  the  remaining  n  —  l  years  is  AB^~^ ;  at  the  end  of  the 
second  year  another  A  is  due,  and  the  amount  of  this  sum  in  the 
remaining  n  —  2  years  is  AR^~^  ;  and  so  on. 

.-.    M=AR^-^-{-AR^-''+ +  ARr'  +  AR+A 

=  A(\+R+R^-\- tow  terms) 


=  A 


R-\ 


408.  To  fmd  the  present  value  of  an  annuity  to  continue  for 
a  given  number  of  years  allowing  compound  interest. 

Let  A  be  the  annuity,  R  the  amount  of  £1  in  one  year,  n 
the  number  of  years,  V  the  required  present  value. 


XLiii.]  ANNUITIES.  369 

The  present  value  of  A  due  in  1  year  is  AR~^  | 

the  present  value  of  A  due  in  2  jears  is  AIl~^ ; 

the  present  value  of  A  due  in  3  years  is  Ali~^ ;  and  so  on. 

[Art.  405.] 

Now  F  is  the  sum  of  the  present  values  of  the  different  pay- 
ments ; 

V=AR-^  +  AR-^+AE-^  + to  n  terms 


=  AR-^ 

=  A 


1-/2-1 

1-R-" 
R-l   ' 


Note.     This  result  may  also  be  obtained  by  dividing  the  value  of 
M,  given  lq  Art.  407,  by  B".     [Art.  404.] 

Cor.     If  we  make  n  infinite  we  obtain  for  the  present  value 
of  a  perpetual  annuity 

R-\     r' 

409.     If  mA  is  the  present  value  of  an  annuity  A,  the  annuity 
is  said  to  be  worth  m  years'  purchase. 

In  the  case  of  a  perpetual  annuity  mA  =^^  ;  hence 

1  100 


r     rate  per  cent. 

that  is,  the  number  of  years'  purchase  of  a  perpetual  annuity  is 
obtained  by  dividing  100  by  the  rate  per  cent. 

A  good  test  of  the  credit  of  a  Goverament  is  furnished  by 
the  number  of  years'  purchase  of  its  Stocks  ;  thus  the  2^^  p.c. 
Consols  at  92^  are  worth  37  years'  purchase  ;  Russian  4  p.c. 
Stock  at  96  is  worth  24  years'  purchase  ;  while  Austrian  5  p.c. 
Stock  at  80  is  only  worth  16  years'  purchase. 

410.  A  freehold  estate  is  an  estate  which  yields  a  perpetual 
annuity  called  the  re)it ;  and  thus  the  value  of  the  estate  is  equal 
to  the  present  value  of  a  perpetual  annuity  equal  to  the  rent. 

It  follows  from  Art.  409  that  if  we  know  the  number  of 
years'  purchase  that  a  tenant  pays  in  order  to  buy  his  farm, 
we  obtain  the  rate  per  cent,  at  which  interest  is  reckoned  by 
dividing  100  by  the  number  of  years'  purchase. 
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EXAMPLES  XLIII. 

[Tlf.e  Examples  marked  *  may  he  solved  directly  by 
tise  of  the  Tables.] 

1.  If  in  the  year  1600  a  sum  of  £1000  had  been  left  to  accumu- 
late for  300  years,  find  its  amount  in  the  year  1900,  reckoning 
compound  interest  at  4  per  cent,  per  annum.     Given 

log  104  =  2-0170333  and  log  12885 '5  =  4-10999. 

*2.  Find  in  how  many  years  a  sum  of  money  will  amount  to 
one  hundred  times  its  value  at  5^  per  cent,  per  annum  compound 
interest.     Given  log  1055  =  3  023.  " 

3.  Find  the  present  value  of  £6000  due  in  20  years,  allowing 
compound  interest  at  8  per  cent,  per  annum.     Given 

log2= -30103,  log3=-47712,  and  log  12875  =  4-10975. 

4.  Find  at  what  rate  per  cent,  per  annum  £1200  will  amount 
to  £20000  in  15  years  at  compound  interest.     Given 

log2= -30103,  log3= -47712,  and  log  12063  =  4-08145. 

5.  Find  the  amount  of  an  annuity  of  £100  in  15  years,  allowing 
compound  interest  at  4  per  cent,  per  annum.     Given 

log  1-04= -0170.3,  and  log  180075  =  5-25545. 

6.  A  freehold  estate  worth  £280  a  year  is  sold  for  £7000 ;  find 
the  rate  of  interest. 

■*7.  If  a  perpetual  annuity  is  worth  40  years'  purchase,  find  what 
an  annuity  of  £300  will  amount  to  in  10  years  at  the  same  rate  of 
interest.     Given  log  10-25  =  1-01072,  and  log  1280  =  3-1072. 

8.  Find  the  present  value  of  an  annuity  of  £900  to  continue  for 
20  years  at  4-|-  per  cent,  compound  interest.     Given 

log  1-045= -01912,  and  log 41458  =  4-6176. 

*2.  A  man  borrows  £20000  at  5  per  cent,  compound  interest.  If 
the  principal  and  interest  are  to  be  paid  by  20  equal  annual  instal- 
ments, find  the  amount  of  each  of  these  ;  having  given 

log  105  =  2  0212,  and  log  3767  =  3  576. 

•*10.  A  man  has  a  capital  of  £100000,  for  which  he  receives 
interest  at  3|-  per  cent.  ;  if  he  spends  £7000  a  year,  find  in  what 
time  he  will  be  ruined.     Given 

log  2=  -301,  log  3=  -477,  and  log  23  =  1  -362. 


CHAPTER  XLIV. 
Graphical  Representation  of  Functions, 

[A  considerable  portion  of  this  chapter  may  he  taken  at  an  early 
stage.  For  example^  Arts.  411-416  may  be  read  as  soon  as 
the  Student  has  had  sufficient  practice  in  substitutions  in- 
volving 7iegative  quantities.  Arts.  417-424  may  he  read  in 
connection  with  Easy  Simidtaneov^  Equations.  With  the 
exception  of  a  feio  articles  the  rest  of  the  chapter  should  he 
postponed  until  the  student  is  acquainted,  with  quadratic 
equations."] 

411.  Definition.  Any  expression  "wliicli  involves  a  variable 
quantity  x,  and  'wliose  value  is  dependent  on  that  of  x,  is  called 
a  function  of  x. 

Thus  3.17+8,  S.r^  +  Gjr— 7,  x^  —  3x^ ■{•  x^  —  9  are  functions  of  x  of 
the  first,  second,  and  fourth  degree  respectively.     [Art.  24.] 

412.  The  symbol  f{x)  is  often  used  to  briefly  denote  a 
function  of  x.  If  y=f(x),  by  substituting  a  succession  of 
numerical  values  for  x  we  can  obtain  a  corresponding  successioa 
of  values  for  y  which  stands  for  the  value  of  the  function. 
Hence  in  this  connection  it  is  sometimes  convenient  to  caU  x 
the  independent  variable,  and  y  the  dependent  variable. 


413.     Consider 
represented  by  y. 

Then,  when 

the  funct 
x=0, 

ion  x(9-x^),  and  let  its  value  b€ 
y=0x9^  0, 

5) 

x=l, 

3^=1x8=  8, 

» 

x=2, 

y  =  2x5  =  10, 

» 

x=3, 

y  =  3x0=  0, 

and  so  on. 

x=4, 

3/=4x(-7)=  -28j 
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By  proceeding  in  this  way  we  can  find  as  many  values  of  tliQ 
function  as  we  please.  But  we  are  often  not  so  much  concerned 
with  the  actual  values  which  a  function  assumes  for  difierent 
values  of  the  variable  as  with  the  way  in  which  the  value  of  the 
function  changes.  These  variations  can  be  very  conveniently 
represented  by  a  graphical  method  which  we  shall  now  explain^ 

414.  Two  straight  lines  XOX\  TO  Y'  are  taken  intersecting 
at  right  angles  in  0,  thus  dividing  the  plane  of  the  paper  into- 
four  spaces  XOY^  YOX\  X'OY\  Y'OX^  which  are  known  as  the 
first,  second,  third,  and  fourth  quadrants  respectively. 

Y 


Q 


X' 


o 


R 


.P 


Y' 
Fig.  I. 

The  lines  X'OX,  YOY'  are  usually  drawn  horizontally  and 
vertically  ;  they  are  taken  as  lines  of  reference  and  are  known 
as  the  axis  of  x  and  y  respectively.  The  point  0  is  called  the 
origin.  Values  of  x  are  measured  from  0  along  the  axis  of  x, 
according  to  some  convenient  scale  of  measurement,  and  are 
called  abscissae,  positive  values  being  di'awn  to  the  right  of  0 
along  OX,  and  negative  values  to  the  left  of  0  along  OX'. 

Values  of  y  are  drawn  (on  the  same  scale)  parallel  to  the  axis 
of  ?/,  from  the  ends  of  the  corresponding  abscissae,  and  are 
called  ordinates.  These  are  positive  when  drawn  above  JT'JT, 
negative  when  drawn  helow  X'X. 

415.  The  abscissa  and  ordinate  of  a  point  taken  together 
are  known  as  its  coordinates.  A  point  whose  coordinates  are 
X  and  y  is  briefly  spoken  of  as  "  the  point  (.r,  y)." 

The  coordinates  of  a  point  completely  determine  its  position 
ia  the  plane.      Thus  if  we  wish  to  mark  the  point  (2,  3),  we 
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take  x=2  units  measured  to  the  right  of  0,  y=3  units  measured 
perpendicular  to  the  ^-axis  and  above  it.  The  resulting  point 
P  is  in  the  first  quadi-ant.  The  point  (  —  3,  2)  is  found  by  taking 
s  =  3  units  to  the  left  of  0,  and  y  =  2  units  above  the  .r-axis.  The 
resulting  point  Q  is  in  the  second  quadrant.  Similarly  the 
points  (  -  3,  -  4),  (5,  -  5)  are  represented  by  R  and  S  in  Fig.  1, 
in  the  third  and  fourth  quadrants  respectively. 

This  process  of  marking  the  position  of  a  point  in  reference 
to  the  coordinate  axes  is  kno-^vai  as  plotting  the  point. 

416.  In  practice  it  is  convenient  to  use  squared  paper  ; 
that  is,  paper  ruled  into  small  squares  by  two  sets  of  equi- 
distant parallel  straight  lines,  the  one  set  being  horizontal  and 
the  other  vertical  After  selectincr  two  of  the  intersecting:  lines 
as  axes  (and  slightly  thickening  them  to  aid  the  eye)  one  or 
more  of  the  di^^sions  may  be  chosen  as  our  unit,  and  point-s 
may  be  readily  plotted  when  their  coordinates  are  known. 
Conversely,  if  the  position  of  a  point  in  any  of  the  quadrants  is 
marked,  its  coordinates  can  be  measured  by  the  diAdsions  on 
the  paper. 

In  the  following  pages  we  have  used  paper  ruled  to  tenths  of 
an  inch,  but  a  larger  scale  will  sometimes  be  more  convenient. 
See  Art.  436. 


Example.  Plot  the  pomts  (5,  2),  (-3,  2),  (-3,  -4),  (5,  -4^  on 
squared  paper.  Find  the  area  of  the  figure  determined  by  these 
points,  assuming  the  divisions  on  the  paper  to  be  tenths  of  an  inch. 


Taking  the  points  in  the 
order  given,  it  is  easily 
seen  that  they  are  repre- 
sented by  P,Q,  R,  S  in 
Fig.  2,  and  that  they  form 
a  rectangle  which  contains 
48  squares.  Each  of  these 
IS  one-hundredth  part  of  a 
square  inch.  Thus  the  area 
of  the  rectangle  is  "48  of  a 
square  inch. 
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EXAMPLES  XLIV.  a. 

\Tke  following  examples  are  intended  to  he  done  mainly  by  actual 
measurem£nt  on  squared  paper ;  where  possible^  they  should 
also  he  verified  hy  calculation.^ 

Plot  the  following  pairs  of  points  and  draw  the  line  which  joins 
them  : 

1.     (3,0),  (0,6).  2.     (-2,0),  (0,  -8). 

3.     (3,  -8),  (-2,6).  4.     (5,5),  (-2,  -2). 

5.     (-2,6),  (1,  -3).  6.     (4,5),  (-1,5). 

7.  Plot  the  points  (3,  3),  (-3,  3),  (-3,  -3),  (3,  -3),  and  find 
the  number  of  squares  contained  by  the  figure  determined  by  these 
points. 

8.  Plot  the  points  (4,  0),  (0,  4),  ( -  4,  0),  (0,  -  4),  and  find  the 
number  of  units  of  area  in  the  resulting  figure. 

9.  Plot  the  points  (0,  0),  (0,  10),  (5,  5),  and  find  the  number  of 
units  of  area  in  the  triangle. 

10.  Shew  that  the  triangle  whose  vertices  are  (0,  0),  (0,  6),  (4,  3) 
contains  12  units  of  area.  Shew  also  that  the  points  (0,  0),  (0,  6), 
(4,  8)  determine  a  triangle  of  the  same  area. 

11.  Plot  the  points  (5,  6),  (  -  5,  6),  (5,  -  6),  (  -  5,  -  6).  If  one 
millimetre  is  taken  as  unit,  find  the  area  of  the  figure  in  square 
centimetres. 

12.  Plot  the  points  (1,  3),  (  -  3,  -  9),  and  shew  that  they  lie  on  a 
line  passing  through  the  origin.  Name  the  coordinates  of  other 
points  on  this  line. 

13.  Plot  the  eight  points  (0,  5),  (3,  4),  (5,0),  (4,  -3),  (-5,  0), 
(0,  -  5),  ( -  4,  3),  ( -  4,  -  3),  and  shew  that  they  are  all  equidistant 
from  the  origin. 

14.  Plot  the  two  following  series  of  points  : 

(i)     (5,0),  (5,2),  (5,5),  (5,  -1),  (5,  -4); 
(ii)     (-4,  8),  (-1,8),  (0,8),  (3,8),  (6,8). 

Shew  that  they  lie  on  two  lines  respectively  parallel  to  the  axis  of  y, 
and  the  axis  of  x.  Find  the  coerdinates  of  the  point  in  which  they 
Intersect. 
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15.  Plot  the  points  (13,  0),  (0,  -  13),  (12,  5),  (  -  12,  5),  (  -  13,  0), 
(-5,  -12),  (5,  -12).  Find  their  locus,  (i)  by  measurement,  (ii)  by 
calculation. 

16.  Plot  the  points  (2,2),  (-3,  -3),  (4,  4), (-5,  -5),  shewing 
that  they  all  lie  on  a  certain  line  through  the  origin.  Conversely, 
shew  that  for  every  point  on  this  line  the  abscissa  and  ordinate  are 
equal. 


Graph  of  a  Function. 

41 7.  Let  f{x)  represent  a  function  of  x,  and  let  its  value  be 
denoted  by  y.  If  we  give  to  x  a  series  of  numerical  values  we 
get  a  corresponding  series  of  values  for  y.  If  these  are  set  oflf 
as  abscissEe  and  ordinates  respectively,  we  plot  a  succession  of 
points.  If  all  such  points  were  plotted  we  should  arrive  at  a 
line,  straight  or  curved,  which  is  known  as  the  graph  of  the 
function  fix)  ^  or  the  graph  of  the  equation  y=f{x).  The  varia- 
tion of  the  function  for  different  values  of  the  variable  x  is 
exhibited  by  the  variation  of  the  ordinates  as  we  pass  from 
point  to  point. 

In  practice  a  few  points  carefully  plotted  will  usually  enable 
us  to  draw  the  graph  with  sufficient  accuracy. 

418.  The  student  who  has  worked  intelligently  through  the 
preceding  examples  will  have  acquired  for  himself  some  useful 
preliminary  notions  which  will  be  of  service  in  the  examples  on 
simple  graphs  which  we  are  about  to  give.  In  particular, 
before  proceeding  further  he  should  satisfy  himself  with  regard 
to  the  following  statements  : 

(i)    The  coordinates  of  the  origin  are  (0,  0). 

(ii)     The  abscissa  of  every  point  on  the  axis  of  y  is  0. 

(iii)    The  ordinate  of  every  point  on  the  axis  of  x  is  0. 

(iv)     The  graph  of  all  points  which  have  the  same  abscissa  is 
a  line  parallel  to  the  axis  of  y.     {e.g.  .r=2.) 

(v)     The  graph  of  all  points  which  have  the  same  ordinate  is 
a  line  parallel  to  the  axis  of  x.     {e.g.  y  =  d.) 

(vi)    The  distance  of  any  point  P(x,  y)  from  the  origin  is 
given  by  OF^=x^+y^ 
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Example,  1.     Plot  the  graph  oi  y  =  x. 

When  a;  =  0,  y  =  0  ;  thus  the  origin  is  one  point  on  the  graph. 

Also,  when  x=\,  2,  3,  ...  - 1,  -2,  -3,  ... , 

y=l,  2,  3,  ...  -1,  -2,  -3.  .... 

Thus  the  graph  passes  through  0,  and  represents  a  series  of  points 
each  of  which  has  its  ordinate  equal  to  its  abscissa,  and  is  clearly 
represented  by  POP'  in  Fig.  3. 

Example  2.     Plot  the  graph  of  y  =  a;  +  3. 
Arrange  the  values  of  x  and  y  as  follows  : 


X 

3 

2 

1 

0 

-1 

-2 

-3 

y 

6 

5 

4 

3 

2 

1 

0 

By  joining  these  points  we 
obtain  a  line  MN  parallel  to 
that  in  Example  1. 

The  results  printed  in 
larger  and  deeper  type 
should  be  specially  noted 
and  compared  with  the 
graph.  They  shew  that  the 
distances  ON,  OM  (usually 
called  the  intercepts  on  the 
axes)  are  obtained  by  separ- 
ately putting  x  =  0,  y  =  0  in 
the  equation  of  the  graph. 


Note.  By  observing  that  in  Example  2  each  ordinate  is  3  units 
greater  than  the  corresponding  ordinate  in  Example  1,  the  graph 
of  y  =  x  +  S  may  be  obtained  from  that  of  y  =  x  by  simply  producing 
each  ordinate  3  units  in  the  positive  direction. 

In  like  manner  the  equations 

y=zx  +  5,     y  =  x-5 

represent  two  parallel  lines  on  opposite  sides  of  y=x  and  eqm< 
distant  from  it,  as  the  student  may  easily  verify  for  himself. 


XLIV.] 


LINEAR   GRAPHS. 


377 


Example  3.     Plot  the  graphs  represented  by  the  followiDg  ecjua- 
UoDS : 

{i)y=2x',     (ii)  y  =  2x  +  4;     (iii)  2/  =  2r-5. 


Fig.4 


Here  we  only  give  the  diagram  which  the  student  should  verify 
in  detail  for  himself,  following  the  method  explained  in  the  two 
preceding  examples. 


EXAMPLES  XLIV.  b. 

[/n  the  following  examples  Xos.  1-18  are  arranged  in  groups  of 
three  ;  each  group  should  be  represented  on  the  same  diagram 
so  as  to  exhibit  clearly  the  position  of  the  three  graphs  rela- 
tively to  each  other.'\ 

Plot  the  graphs  represented  by  the  following  equations  : 


1.     y  =  ox. 

2.     y  =  5x-4. 

3. 

y  =  ox  +  6. 

4.      y=-Sx. 

5.     y=-Sx  +  Z. 

6. 

y=  -3a;-2. 

7.     y  +  x  =  0. 

8.     y  +  x  =  S. 

9. 

y  +  4:  =  x. 

10.     ix  =  Sy. 

11.     33/  =  4x  +  6. 

12. 

^y  +  3x  =  S. 

13.     a: -5  =  0. 

14.     3/ -6  =  0. 

15. 

5y  =  6a:. 

16.     3a: +  47/  = 

10. 

17.     4:x~-y  =  9. 

18. 

5x-2y  =  S. 

19.     Shew  by  careful  drawing  that  the  three  la^t  j 
common  point  whose  coordinates  are  2,  1. 

^aphs  have  b 

20.     Shew  by 
represent  two  Rt 

careful  drawing  that  the  equations 

x  +  y=lO,     y  =  x-4: 
raight  lines  at  right  angles. 
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21.  Draw  on  the  same  axes  the  graphs  ofa;  =  5,a;  =  9, 2/  =  3,  y  =  ll. 

Find  the  number  of  units  of  area  enclosed  by  these  lines. 

22.  Taking  one-tenth  of  an  inch  as  the  unit  of  length,  find  the 
area  included  between  the  graphs  of  a:  =  7,  a;=  -3,  y=  -2,  y=S. 

23.  Find  the  area  included  by  the  graphs  of 

y  =  x  +  6,     y  =  x-6,     y=-x  +  6,     y=-x-Q. 

24.  With  one  millimetre  as  linear  unit,  find  in  square  centimetres 
the  area  of  the  figure  enclosed  by  the  graphs  of 

y  =  2x  +  8,     y  =  2x-S,     y=-2x  +  S,     y=~2x-S. 


419.  The  student  should  now  be  prepared  for  the  following 
statements  : 

(i)  For  all  numerical  values  of  a  the  equation  i/  =  ax  re- 
presents a  straight  line  through  the  origin. 

(11)  For  all  numerical  values  of  a  and  h  the  equation 
y  =  ax-\-h  represents  a  line  parallel  to  y  =  ax^  and 
cutting  off  an  intercept  h  from  the  axis  of  y. 

420.  Conversely,  since  every  equation  involving  x  and  y 
only  in  the  first  degree  can  be  reduced  to  one  of  the  forms 
y  =  ax^  y  =  ax  +  b,  it  follows  that  every  simple  equation  connecting 
two  variables  represents  a  straight  line.  For  this  reason  an 
expression  of  the  form  ar  4-  6  is  said  to  be  a  linear  function  of  x, 
and  an  equation  such  SlS  y=^aj:->rh^0T  ax-\-by-\-c  =  0^  is  said  to  be 
a  linear  equation. 

Example.  Shew  that  the  points  (3,  -4),  (9,  4),  (12,  8)  lie  on  a 
straight  line,  and  find  its  equation. 

Assume  y  =  ax  +  h  as  the  equation  of  the  line.  If  it  passes  through 
tiie  first  two  points  given,  their  coordinates  must  satisfy  the  above 
equation.     Hence 

-4  =  3a  +  &,     4  =  9a  +  &. 

4 
These  equations  give        a  =  -^,     6  =  -  8. 

4 

Hence  y=-^x-8,     or     A:X-Zy  =  2Ay 

o 

is  the  equation  of  the  line  passing  through  the  first  two  points. 
Since  a;=  12,  y  =  8  satisfies  this  equation,  the  line  also  passes  through 
(12,  8).  This  example  may  be  verified  graphically  by  plotting  the 
line  which  joins  any  two  of  the  points  and  shewing  that  it  p^ssGS 
tiirough  the  third. 


xuv.]     APPLICATION   TO   SIMULTANEOUS    EQUATIONS. 
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Application  to  Simultaneous  Equations. 

421.  It  was  slie^vTi  in  Art.  100  that  in  the  case  of  a  simple 
equation  between  x  and  y.  it  is  possible  to  find  as  many  pairs  of 
values  of  X  and  _y  as  we  please  which  satisfy  the  given  equation. 
We  now  see  that  this  is  equivalent  to  saying  that  we  may  find 
as  many  points  as  we  please  on  any  given  straight  line.  If, 
however,  we  have  two  simultaneous  equations  between  x  and  ?/, 
there  can  only  be  one  pair  of  values  which  will  satisfy  both 
equations.  This  is  equivalent  to  saying  that  two  straight  lines 
can  have  only  one  common  point. 

Example.     Solve  graphically  the  equations  : 
3a:-r7y  =  27,     5x  +  2i/=16. 


If  carefully  plotted  it  will  be  found  that  these  two  equations 
represent  the  lines  in  the  annexed  diagram.  On  measurincr  the 
coordinates  of  the  point  at  which  they  intersect  it  will  be  found  that 
x=2,  2/  =  3.  thus  verifying  the  solution  given  in  Art.  103,  Ex.  1. 

^  422.     It  will  now  be  seen  that  the  process  of  solving  two 

simultaneous  equations  is  equivalent  to  finding  the  coordinates 
of  the  point  (or  points)  at  which  their  graphs  meet. 

423.  Since  a  straight  line  can  always  be  drawn  by  joining 
any  two  points  on  it,  in  solving  linear  simultaneous  equations 
graphically,  it  is  only  necessary  to  plot  two  points  on  each  line. 
The  points  where  the  lines  meet  the  axes  will  usually  be  ths 
most  convenient  to  select: 
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424.  Two  simultaneous  equations  lead  to  no  finite  solution 
if  they  are  inconsistent  with  each  other.  For  example,  the 
equations 

a;  +  3y  =  2,     3jp+9y  =  8 

are  inconsistent,  for  the  second  equation  can  be  written 
:r4-3y  =  2§,  which  is  clearly  inconsistent  with  .jr  +  3;y  =  2.  The 
graphs  of  these  two  equations  will  be  found  to  be  two  parallel 
straight  lines  which  have  no  finite  point  of  intersection. 

Again,  two  simultaneous  equations  must  be  independent. 
The  equations 

4r  +  3j/  =  l,     16^  +  123/  =  4 

are  not  independent,  for  the  second  can  be  deduced  from  the 
first  by  multiplying  throughout  by  4.  Thus  any  pair  of  values 
which  will  satisfy  one  equation  will  satisfy  the  other.  Graphi- 
cally these  two  equations  represent  two  coincident  straight  linea 
which  of  course  have  an  unlimited  number  of  common  points. 


EXAMPLES  XLIV.  c. 

Solve  the  following  equations,  in  each  case  verifying  the  solution 

graphically  : 

1.     y  =  2x  +  ^,  ^2.     y  =  3a;  +  4,  3.     2/  =  4x, 

y  +  x  =  Q.  y  =  x  +  ^.  2a;  +  y  =  18. 

1     1x-y  =  B>,  5.     3x  +  2y  =  16,  6.     6y-5a;=18, 

4a;  +  3y  =  6.  5a;-3y=14.  4a;=3y. 

7.     2a:  +  i/  =  0,  8.     2x-?/  =  3,  9.     2y  =  5a;+15, 

4,       ,,  3x-5y=15.  3y-4x=12. 

y  =  ^{x  +  5).  ^  ^ 

10.  Prove  by  graphical  representation  that  the  three  points  (3,  0), 
(2,  7),  (4,  -7)  lie  on  a  straight  line.  Where  does  this  line  cut  the 
axis  of  y  ? 

11.  Prove  that  the  three  points  (1,  1),  (-3,  4),  (5,  -2)  lie  on  a 
straight  line.  Find  its  equation.  Draw  the  graph  of  this  equation, 
shewing  that  it  passes  through  the  given  points. 

12.  Shew  that  the  three  points  (3,  2),  (8,  8),  ( -  2,  -  4)  he  on  a 
straight  line.  Prove  algebraically  and  graphically  that  it  cuts  the 
axis  of  a;  at  a  distance  1^  from  the  origin. 
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425.     ^e  shall  now  give  some  graplis  of  functions  of  higher 
degree  than  the  first. 

Example  1.     Plot  the  graph  of  2y  =  x'^. 

Corresponding  values  of  x  and  y  may  be  tabulated  as  follows  : 


X 

3    1    2-5       2 

1 

1-5 

1 

1               • 
0      -1  1  -2    -3     ... 

1 

y 

4-5  1  3-125     2 

1-125 

•5 

0-5       2      4-5     ... 

Here,  in  order  to  obtain  a  figure  on  a  sufiiciently  large  scale,  it 
will  be  found  convenient  to  take  two  divisions  on  the  paper  for  ou.r 
twit. 


\ 

Y 

Ill/ 

\ 

> 

Q 

\j 

v^ 

O 

\, 

/  i 

\ 

1 

'  /!  !   i 

i  yi  j  1  i 

1 

lA  1  1   i 

1 

X' 

O     1        2    ,    3    i  X 

, 

'     1     1     !     t     ' 

i     !     !      i           1 

1 

1   1   1 

;          I 

1 

Y 

' 

1 

■^M 

?• 

6. 

If  the  above  points  are  plotted  and  connected  by  a  line  drawn 
freehand,  we  shall  obtain  the  curve  shewn  in  Fig.  6.  This  curve 
is  called  a  parabola. 

There  are  two  facts  to  be  specially  noted  in  this  example. 

(i)  Since  from  the  equation  we  have  x=±\^2y,  it  follows  that 
for  every  value  of  the  ordinate  we  have  two  values  of  the  abscissa, 
eqval  in  7na</nitvde  and  opposite  in  sign.  Hence  the  graph  is  sym- 
metrical with  respect  to  the  axis  of  y  ;  so  that  after  plotting  with 
care  enough  points  to  determine  the  form  of  the  graph  in  the  first 
quadrant,  its  form  in  the  second  quadrant  can  be  inferred  without 
actually  plotting  any  points  in  this  quadrant.  At  the  same  time,  in 
this  and  similar  cases  beginners  are  recommended  to  plot  a  few 
points  in  each  quadrant  through  which  the  graph  passes. 

E,A,  2C 
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(ii)  We  observe  that  all  the  plotted  points  lie  above  the  axis  of  x. 
This  is  evident  from  the  equation ;  for  since  x^  must  be  positive  for 

all  values  of  x,  every  ordinate  obtained  from  the  equation  y  =  -n 
must  be  positive.  ^ 

In  like  manner  the  student  may  shew  that  the  graph  of  1y=  -x^ 
\s  a  curve  similar  in  every  respect  to  that  in  Fig.  6,  but  lying  entirely 
below  the  axis  of  x. 

Note.  Some  further  remarks  on  the  graph  of  this  and  the  next 
example  will  be  foiind  in  Art.  431. 

Example  2.     Find  the  graph  of  y  =  2x  +  —. 


Here  the 

following  arrangement  will  be  found  convenient : 

1 

X 

3 

2 

1 

0 

-1 

-2 

-3 

-4 

-5 

-6 

-7 

-8 

2x     6 

4 

2 

0 

-2 

-4 

-6 

-8 

-10 

-12 

-14 

-16 

X2 

4 

2-25  1 

•25    0 

•25 

1 

2-25 

4 

6-25 

9 

12  25 

16 
0 

y 

8-25  5  2-25  0 

-1-75 

-3 

-375 

-4 

-375 

-3 

-\-1b 

Figi?  ^ 


From  the  form  of  the  equation  it  is  evident  that  every  positive 
value  of  x  will  yield  a  positive  value  of  y,  and  that  as  x  increases  y 
also  increases.  Hence  the  portion  of  the  curve  in  the  first  quadrant 
lies  as  in  Fig.  7,  and  can  be  extended  indefinitely  in  this  quadrant, 
la  the  present  case  only  two  or  three  positive  values  of  x  and  y  need 
be  plotted,  but  more  attention  must  be  paid  to  the  results  arising 
out  of  negative  values  of  x. 
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2^2 

When  y  =  0,  we  have  -j-  +  2x=0;  thus  the  two  values  of  a:  in  the 
graph  which  correspond  to  y  =  0  furnish  the  roots  of  the  equation 
^  +  2a:=0. 

426.  If  f{x)  represent  a  function  of  ^,  an  approximate 
solution  of  the  equation  /(x)  =  0  may  be  obtained  by  plotting 
the  graph  of  y=f{x\  and  then  measuring  the  intercepts  made 
on  the  axis  of  x.  These  intercepts  are  values  of  x  which  make 
y  equal  to  zero,  and  are  therefore  roots  of  f{x)  —  0. 

427.  If  f{x)  gradually  increases  till  it  reaches  a  ^alue  a, 
which  is  algebraically  greater  than  neighbouring  values  on 
either  side,  a  is  said  to  be  a  maximum  value  of  f{x). 

If  f{x)  gradually  decreases  till  it  reaches  a  value  &,  which  is 
algebraically  less  than  neighbouring  values  on  either  side,  h  is 
said  to  be  a  minimum  value  of  f{x). 

When  y  =  f{x)  is  treated  graphically,  it  is  now  evident  that 
maximum  and  minimum  values  of  f{x)  occur  at  points  where 
the  ordinates  are  algebraically  greatest  and  least  in  the  im- 
mediate vicinity  of  such  points. 

Example.  Solve  the  equation  a:^  -  7a:  + 11  =  0  graphically,  and  find 
the  minimum  value  of  the  function  a;^  -  7a:  + 11. 

Put  y  =  a;^  -  7a;  -f  11,  and  find  the  graph  of  this  equation. 


X 

0       1 

2    1    3        3-5 

1 

4 

5    ^    6    ,    7    1 

y 

11      5 

1    1-1  '-1-25 

-1 

1 

5    '  11 

1 

The  values  of  x  which  make  the 
function  x^-1x-\-\\  vanish  are 
those  which  correspond  to  y  =  0. 
By  careful  measurement  it  will  be 
found  that  the  intercepts  OM  and 
ON  are  approximately  equal  to 
2-38  and  4-62. 

The  algebraical  solution  of 

a:2-7a;+ll=0 


gives 


x  =  ^{l±^b). 


If  we  take  2  •236  as  the  approximate 
value  of  ^5,  the  values  of  x  will 
be  found  to  agree  with  those  ob- 
tained from  the  graph. 


Fii.8. 
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Again,  x^-'lx+ll  =  (x -^j  --.    Now  (x-^j    must  be  positive 
for  all  real  values  of  x  except  x  =  t^,  in  which  case  it  vanishes,  and 


the  value  of  the  function  reduces  to  -  -,  which  is  the  least  value  it 

4 

can  have. 

The  graph  shews  that  when  x  =  3*5,  y=  -l*2o,  and  that  this  is 
the  algebraically  least  ordinate  in  the  plotted  curve. 

428.  The  following  example  shews  that  points  selected  for 
graphical  representation  must  sometimes  be  restricted  within 
certain  limits. 

Example.     Find  the  graph  of  x'^  +  y'^  =  3Q. 

The  equation  may  be  written  in  either  of  the  following  forms  : 
(i)    y=±V36^^2.        (ii)    a;=±\/36-y2. 


Hig:? 


In  order  that  y  may  be  a  real  quantity  we  see  from  (i)  that  36  -  a^ 
must  be  positive.  Thus  x  can  only  have  values  between  -  6  and  +  6. 
Similarly  from  (ii)  it  is  evident  that  y  must  also  lie  between  -  6  and 
+  6.  Between  these  limits  it  will  be  found  that  all  plotted  points 
will  lie  at  a  distance  6  from  the  origin.  Hence  the  graph  is  a  circle 
whose  centre  is  O  and  whose  radius  is  6. 

This  is  otherwise  evident,  for  the  distance  of  any  point  P{x,y) 
from  the  origin  is  given  by  OP  =  s^x^  +  y^.  [Art.  418.]  Hence  the 
equation  a:-  +  y^  =  36  asserts  that  the  graph  consists  of  a  series  of 
points  all  of  which  are  at  a  distance  6  from  the  origin. 
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Note.  To  plot  the  curve  from  equation  (ii),  we  should  select  a 
succession  of  values  for  y  and  then  find  corresponding  values  of  x. 
In  other  words  we  make  y  the  inde-pendent  and  x  the  dependent 
variable.  The  student  should  be  prepared  to  do  this  in  some  of  the 
examples  which  follow. 


EXAMPLES  XLIV.  d. 

1.  Draw  the  graphs  of  y  =  x-,  and  x  =  y'^,  and  shew  that  they 
have  only  one  common  chord.     Find  its  equation. 

x^ 

2.  From  the  graphs,  and  also  by  calculation,  shew  that  y=-Q- 

cuts  a:  =  -  2/^  in  only  two  points,  and  find  their  coordinates. 

3.  Draw  the  graphs  of 

(i)     y^=-4:x;         (ii)     y  =  2x-j;         (iii)     y=j^x-2. 

4.  Draw  the  graph  of  y  =  x  +  x^.  Shew  also  that  it  may  be 
deduced  from  that  of  y  =  x~,  obtained  in  example  1. 

5.  Shew  (i)  graphically,  (ii)  algebraically,  that  the  line  y  =  '2x-3 

X' 

meets  the  curve  y  =  —  ^x-2m  one  point  only.    Find  its  coordinates, 

6.  Find  graphically  the  roots  of  the  following  equations  to  2 
places  of  decimals  : 

(i)     j  +  a:-2  =  0;         (ii)     x'-2x  =  4:;        (iii)     4a;2- 16a;-f  9  =  0 ; 

and  verify  the  solutions  algebraically. 

7.  Find  the  minimum  value  of  x^  -  2x  -  4,  and  the  maximum 
value  of  5  +  4a;  -  2x'^, 

8.  Draw  the  graph  of  y  =  [x-\){x-2)  and  find  the  minimum 
value. of  [x  -\){x- 2).  Measure,  as  accurately  as  you  can,  the  values 
of  X  for  which  [x-\){x-  2)  is  equal  to  5  and  9  respectively.  Verify 
algebraically. 

9.  Solve  the  simultaneous  equations 

ar2  +  y2=ioo,         cc  +  t/=14; 

and  verify  the  solution  by  plotting  the  graphs  of  the  equations  and 
measuring  the  coordinates  of  their  common  points. 

10.  Plot  the  graphs  of  x--j-?/-  =  25,  3x  +  42/  =  2o,  and  examine 
their  relation  to  each  other  where  they  intersect.  Verify  the  resulli 
algebraically. 
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429.  Infinite  and  zero  values.     Consider  the  fraction  - 

X 

in  which  the  numerator  a  has  a  certain  fixed  value,  and  the 
denominator  is  a  quantity  subject  to  change  ;  then  it  is  clear  that 
the  smaller  x  becomes  the  larger  does  the  value  of  the  fraction 

-  become.     For  instance 

l.  =  lOa,   -^= 1000a,    — 2 —  =  1000000a. 
To  1000  1000000 

By  making  the  denominator  x  sufficiently  small  the  value  of 
the  fraction  -  can  be  made  as  large  as  we  please ;  that  is,  if  a;  ifl 

X 

made  less  than  any  quantity  that  can  he  namedy  the  value  of  - 

X 

will  become  greater  than  any  quantity  that  can  be  named. 

A  quantity  less  than  any  assignable  quantity  is  called  zero 
and  is  denoted  by  the  symbol  0. 

A  quantity  greater  than  any  assignable  quantity  is  called 
infinity  and  is  denoted  by  the  symbol  co . 

We  may  now  say  briefly 

when  X  =  0,  the  value  of  -  is  co. 

X 

Again  if  ^  is  a  quantity  which  gradually  increases  and  finally 
becomes  greater  tJutn  any  assignable  quantity  the  fi*action  becomes 
smaller  than  any  assignable  quantity.     Or  more  briefly 

o 

when  X  =  00 ,  the  value  of  -  is  0. 

'  -^  X 

430.  It  should  be  observed  that  when  the  symbols  for  zero 
and  infinity  are  used  in  the  sense  above  explained,  they  are 
subject  to  the  rules  of  signs  which  afi'ect  other  algebraical 
symbols.  Thus  we  shall  find  it  convenient  to  use  a  concise 
statement  such  as  "when  ^=  +0,  y=  +  oo  "  to  indicate  that  when 
a  very  small  and  positive  value  is  given  to  x,  the  corresponding 
value  of  y  is  very  large  and  positive. 

431.  If  we  now  return  to  the  examples  worked  out  in  Art. 
425,  in  Example  1,  we  see  that  when  x=  ±od ,  y= +  (c  ;  hence 
the  curve  extends  upwards  to  infinity  in  both  the  first  and 
second  quadrants.  In  Example  2,  when  :r=-fco,  y=  +  co. 
Again  y  is  negative  between  the  values  0  and  —  8  of  jf.     For  all 
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negative  values  of  x  numerically  great-er  than  8,  v  is  positive, 
ana  when  x=  -x,3/=  +  x.  Hence  the  curve  extends  to  infinity 
in  both  the  first  and  second  quadrants. 

The  student  should  now  examine  the  nature  of  the  graphs  in 
Examples  XLIV.  d.  when  x  and  2/  are  infinite. 

Example,     Find  the  graph  of  xy  =  'i. 
The  equation  may  be  written  in  the  form 

4 

y=x' 

f?«3a  which  it  appears  that  when  x  =  (),  y=x  and  when  a"=x,  y  =  0. 
Alec  y  is  positive  when  x  is,  positive,  and  negative  when ;:  is  negative. 
Hence  the  graph  must  lie  entirely  in  the  first  and  third  quadrants, 

It  will  be  convenient  in  this  case  to  take  the  positive  and  negative 
fftlues  of  the  variables  separately. 

(1)     Positive  vaiues  : 


X 

0 

1 

2 

3 

4 

5   \   6 

... 

00 

y 

CO 

* 

2 

U 

1 

•«      f 

... 

0 

Graphically  these  values  shew  that  as  we  recede  further  and 
further  from  the  origin  on  the  x-axis  in  the  positive  direction,  the 
values  of  y  are  positive  and  became  smaller  and  smaller.     That  L? 


388 


ALGEBRA. 


[chap. 


the  graph  is  continually  approaching  the  x-axis  in  such  a  way  that 
by  taking  a  sufficiently  great  positive  value  of  x  we  obtain  a  point 
on  the  graph  as  near  as  we  please  to  the  x-axis  but  never  actually 
reaching  it  until  a:  =  00.  Similarly,  as  x  becomes  smaller  and  smaller 
the  graph  approaches  more  and  more  nearly  to  the  positive  end  of 
the  y-axis,  never  actually  reaching  it  eis  long  as  x  has  any  finite 
positive  value,  however  small. 

(2)    Negative  values : 


X 

-0 

-1 

-2 

-3 

-4 

-5     ...  j-oo 

y 

-  QO 

-4 

-2 

-1ft 

-1 

-•8    ...     -0 

The  portion  of  the  graph  obtained  from  these  values  is  in  the  third 
quadrant  as  shewn  in  Fig.  10,  and  exactly  similar  to  the  portion 
already  traced  in  the  first  quadrant.  It  should  be  noticed  that  as 
X  passes  from  +0  to  -0  the  value  of  y  changes  from  +x  to  -  ao. 
Thus  the  graph,  which  in  the  first  quadrant  has  run  away  to  an 
infinite  distance  on  the  positive  side  of  the  ?/-axis,  reappears  in  the 
third  quadrant  coming  from  an  infinite  distance  on  the  negative  side 
of  that  axis.  Similar  remarks  apply  to  the  graph  in  its  relation  to 
the  X-axis. 

432.  When  a  curve  continually  approaches  more  and  more 
nearly  to  a  line  without  actually  meeting  it  until  an  infinite 
distance  is  reached,  such  a  line  is  said  to  be  an  asymptote  to 
the  curve.     In  the  above  case  each  of  the  axes  is  an  asymptote. 

433.  Every  equation  of  the  form  y  =  -,  ot  xy  =  c,  where  c  is 

constant,  will  give  a  graph  similar  to  that  exhibited  in  the 
example  of  Art.  431.  The  resulting  curve  is  known  as  a 
rectangular  hyperbola,  and  has  many  interesting  properties. 
In  particular  we  may  mention  that  from  the  form  of  the 
equation  it  is  evident  that  for  every  point  (jr,  y)  on  the  curve 
there  is  a  corresponding  point  {  —  x^  —y)  which  satisfies  the 
equation.  Graphically  this  amounts  to  saying  that  any  line 
through  the  origin  meeting  the  two  branches  of  the  curve  in 
P  and  P'  is  bisected  at  0. 

434.  In  the  simpler  cases  of  graphs,  sufficient  accuracy  can 
usually  be  obtained  by  plotting  a  few  points,  and  there  is  little 
difficulty  in  selecting  points  with  suitable  coordinates.  But  in 
other  cases,  and  especially  when  the  graph  has  infinite  branches, 
more  care  is  needed.  The  most  important  things  to  observe 
are  (1)  the  values  for  which  the  function  f{x)  becomes  zero  or 
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infinite  :  and  (2)  the  values  which  the  function  assumes  for 
zero  and  infinite  values  of  x.  In  other  words,  vre  determine 
the  general  character  of  the  curve  in  the  neighbourhood  of  the 
origin,  the  axes,  and  infinity.  Greater  accuracy  of  detail  can 
then  be  secured  by  plotting  points  at  discretion.  The  selection 
of  such  points  will  usually  be  suggested  by  the  earlier  stages  of 
our  work. 

The  existence  of  symmetry  about  either  of  the  axes  should 
also  be  noted.  When  an  equation  contains  no  odd  powers  of  x, 
the  graph  is  symmetrical  with  regard  to  the  axis  of  3/.  Similarly 
the  absence  of  odd  powers  of  ^  indicates  symmetry  about  the 
axis  of  X.     Compare  Art.  425,  Ex.  1. 

2x  +  7 
•  Example.     Draw  the  graph  of  y  = —.     [See  fig.  on  next  page.] 

2+1 

We  have  y  = j-=         ,  the  latter  form  being  convenient  for 

infinite  values  of  x.  x 

(i)     When  y  =  0,      x=-^,\ 

„  y  =  co,     x  =  4;     J 

.*.    the  curve  cuts  the  axis  of  a;  at  a  distance  -  3  "5  from  the  origin, 
and  meets  the  line  a;  =  4  at  an  infinite  distance. 

If  X  is  positive  and  very  little  greater  than  4,  y  is  very  great  and 
positive.  If  a;  is  positive  and  very  little  less  than  4,  y  is  very  great 
and  negative.  Thus  the  infinite  points  on  the  graph  near  to  the  line 
a;  =  4  have  positive  ordinates  to  the  right,  and  negative  ordinates  to 
the  left  of  this  line. 

(ii)     When  x  =  0,      y=-l"7o,  ^ 

x=<x>,     y  =  2;  J 

.'.    the  curve  cuts  the  axis  of  y  at  a  distance  -  1  15  from  the  origin, 
and  meets  the  line  y  =  2  at  an  infinite  distance. 

By  taking  positive  values  of  y  very  little  greater  and  very  little 
less  than  2,  it  appears  that  the  curve  lies  above  the  line  y  =  2  when 
2;=  +  oc,  and  below  this  line  when  ar=  -  00. 

The  general  character  of  the  curve  is  now  determined  :  the  line*> 
PO' P'  (a;  =  4)  and  QO'Q'  (?/  =  2)  are  asymptotes  ;  the  two  branches  of 
the  curve  lie  in  the  compartments  PO'Q,  P'C/Q',  and  the  lower 
branch  cuts  the  axes  at  distances  -3'5  and  - 1"75  from  the  origin. 
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To  examine  the  lower  branch  in  detail  values  of  x  may  be  selected 
between  -  oo  and  -35  and  between  -3  "5  and  4. 


X 

—  00 

... 

-16 

-8 

-6 

-3-5 

-1 

0 

2 

3 

... 

4 

y 

2 

1-25 

•75 

•5 

0 

-1 

-1-75 

-5-5 

-13 

... 

—  on 

P 

V 

, 

\ 

\ 

[ 

\ 

\ 

\ 

\ 

N 

^ 

■^ 

— 

- 
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o 

Q 

~~ 

— 

— 

—i 

X 
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^^ 
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X 

X 

\ 

\, 

\ 

1 

\ 

\ 

\ 

Y 

1    1    1 

1 

F 

'fe 

I 

L 

I 

p 

1 

i    i   1 

The  upper  branch  may  now  be  dealt  with  in  the  same  way, 
selecting  values  of  x  between  4  and  oo.  The  graph  will  be  fouad  to 
be  as  represented  iu  Fig.  11. 

435.  TVTien  the  equation  of  a  curve  contains  the  square  or 
higher  power  of  y,  the  calculation  of  the  values  of  y  correspond- 
ing to  selected  values  of  a;  will  have  to  be  obtained  by  evolution, 
or  else  bj  the  aid  of  logarithms.  We  give  one  example  to 
illustrate  the  way  in  which  a  table  of  four-figure  logarithms 
may  be  employed  in  such  cases. 
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Exam/pie.     Draw  the  graph  oi  x^  =  x{^^-3p). 

For  the  sake  of  brevity  we  shall  confine  our  attention  to  that  part 
of  the  curv^e  which  lies  to  the  right  of  the  axis  of  y,  leaving  the  othei 
half  to  be  traced  in  like  manner  by  the  student. 

When  x  =  0,  y  =  0  :  therefore  the  curve  passes  through  the  origin. 
Again,  y  is  positive  for  all  values  of  x  between  0  and  3,  and  vanishes 
when  x  =  3  ;  for  values  of  x  greater  than  3,  y  is  negative  and  con- 
tinually increases  numerically. 


X 

0 

I 

2 

3 

4 

5 

6 

... 

x" 

0 

1 

4 

9 

16 

25 

36 

9-ar2 

9 

8 

5 

0 

-7 

-16 

-27 

... 

y" 

0 

8 

10 

0 

-28 

-80 

-162 

log  2/3 

1 

1-4472 

1^9031  j  2-2095 

... 

logy 

•3333 

•4824 

•6344      -7365 

... 

y 

0 

2 

215 

0 

-3-04 

-4-31 

-5-45 

... 

The.se  points  will  be  suf- 
ficient to  give  a  rough  ap- 
proximation to  the  curve. 
For  greater  accuracy  a  few 
intermediate  values  such  as 
ar=l-5,  2'5,  3 "5  ...  should 
be  taken,  and  the  resulting 
curve  Avill  be  as  in  Fig.  12, 
in  which  we  have  taken 
tico-tenths  of  an  inch  as  cnir 
linear  unit. 


Fig-.  12. 


*  In  taking  logarithms  of  the  successive  values  of  y^,  the  negative 
sign  is  disregarded,  but  care  must  be  taken  to  insert  the  proper 
signs  in  the  last  line  which  gives  the  successive  values  of  y. 
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Measurement  on  Different  Scales. 

436  For  convenience  on  the  printed  page  we  have  supposed 
the  paper  to  be  ruled  to  tenths  of  an  inch,  generally  using  one 
of  the  divisions  as  our  linear  unit.  In  practice,  however,  it  will 
often  be  advisable  to  choose  a  unit  much  larger  than  this  in 
order  to  get  a  satisfactory  graph.  For  the  sake  of  simplicity 
we  have  hitherto  measured  abscissae  and  ordinates  on  the  same 
scale,  but  there  is  no  necessity  for  so  doing,  and  it  will  often  be 
found  convenient  to  measure  the  variables  on  different  scales 
suggested  by  the  particular  conditions  of  the  question. 

As  an  illustration  let  us  take  the  graph  of  y  =  -^^  given  m 

Art.  425.  If  with  the  same  unit  as  before  we  plot  the  graph 
oi  y=x'^,  it  will  be  found  to  be  a  curve  similar  to  that  drawn  on 
page  11,  but  elongated  in  the  direction  of  the  axis  of  y.  In  fact, 
it  will  be  the  same  as  if  the  former  graph  were  stretched  to 
twice  its  length  in  the  direction  of  the  y-axis. 

A37.  Anv  equation  of  the  form  y  =  ax'^^  where  a  is  constant, 
will  represent  a  parabola  elongated  more  or  less  according  to  the 
value  of  a  ;  and  the  larger  the  value  of  a  the  more  rapidly  will 
y  increase  in  comparison  with  x.  We  might  have  very  large 
ordinates  corresponding  to  very  small  abscissae,  and  the  graph 
might  prove  quite  unsuitable  for  practical  applications.  In 
such  a  case  the  inconvenience  is  obviated  by  measuring  the 
values  of  y  on  a  considerably  smaller  scale  than  those  of  x. 

Speaking  generally,  whenever  one  variable  increases  much 
more  rapidly  than  the  other,  a  small  unit  should  be  chosen  for 
the  rapidly  increasing  variable  and  a  large  one  for  the  other. 
Further  modifications  will  be  suggested  in  the  examples  which 
follow. 

438.     On  the  opposite  page  we  give  for  comparison  the  graphs 

^^  y  =  a;2(Fig.  13),   and  y  =  Qx'^{Yig.  14). 

In  Fig.  13  the  unit  for  x  is  twice  as  great  as  that  for  y. 

In  Fig.  14  the  ^-unit  is  ten  times  the  y-unit. 

It  will  be  useful  practice  for  the  student  to  plot  other  similar 
graphs  on  the  same  or  a  larger  scale.  For  example,  in  Fig.  14 
the  graphs  of  y^lQx^  and  y=^a^  may  be  drawn  and  compared 
with  that  of  y  =  ^x\ 
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EXAMPLES  XLIV.  e 

1.  Plot  the  graph  of  y=o(?.  Shew  that  it  consists  of  a  con- 
tinuous curve  lying  in  the  first  and  third  quadrants,  crossing  the 
axis  of  X  at  the  origin.     Deduce  the  graphs  of 

(i)    y=-3(?',        (ii)    y=^^. 

2.  Plot  the  graph  of  y  =  x-y?.  Verify  it  from  the  graphs  of 
y=a:,  and  y  =  x^. 

3.  Plot  the  graph  of  y  =  -^,  shewing  that  it  consists  of  two 

branches  lying  entirely  in  the  first  and  second  quadrants.  Examine 
and  compare  the  nature  and  position  of  the  graph  as  it  approaches 
the  axes. 

4.  Discuss  the  general  character  of  the  graph  oiy  =  —^  where  a 

has  some  constant  integral  value.  Distinguish  between  two  cases 
in  which  a  has  numerical  values,  equal  in  magnitude  but  opposite 
an  sign. 

5.  Plot  the  graphs  of 

(i)    2/=  1+1,        (ii)     y=2  +  ^. 

1  10 

Verify  by  deducing  them  from  the  graphs  of  y  =  -,  and  y=-^- 

^  6.  Plot  the  graph  of  y  =  oc^-Sx.  Examine  the  character  of  the 
curve  at  the  points  (1,  -2),  ( - 1,  2),  and  shew  graphically  that  the 
roots  of  the  equation  x^-3x=0  are  approximately  -i*732,  0,  and 
1-732. 

7.  Solve  the  equations  : 

3x  +  2y=16,        xy=lO, 

and  verify  the  solution  by  finding  the  coordinates  of  the  points 
where  their  graphs  intersect. 

8.  Plot  the  graphs  of 

15-ar^  ....  10-y2 

(1)    y=—^,        (11)    a^=-^' 

and  thus  verify  the  algebraical  solution  of  the  equations  x^-i-xy=lEn, 
y^+xy=lO, 


1- 

-X 

{X 

-l)(x- 

2) 

x-d 

a:2- 

-  5x  -L  6 
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X 

9.     Trace  the  curve  ■whose  equation  is  y=^ ,  shewing  that  it 

has  two  branches,  one  lying  in  the  first  and  third  quadrants,  and  the 
other  entirely  in  the  fourth.     Find  the  equations  of  its  asjTnptot^s. 

Plot  the  graphs  of 
10.    y  =  j^.  11.    y  =  ^ 

12.   y=^-  13.   y  = 

-  x-  +  x-~l  - 

^     X--X+1  ■^'j.     V  aH-fl 

16.     y=x^-6a^+llx-6.  17.     l(h/  =  x^-ox^  +  x-5. 

io  20  -„  40x  --  x(8-x) 

18.   2/-^^-  19.   y=^r-io-  20.    y=^:^ 

21      ,,^(^-2)(a:-3)  (^-l)f^-2){x  +  l) 

^    ^  x-o  £>£>'    y  ^ 

23.     3/2  =  a:- -or +  4.  24.     4^  =  ^2(5  _  3.)^ 

oc        o_a;(3-a:)(a:-8)  ..2 -(^  +  7)  (a; -4)  (a; -10) 

^-    2^-       ^m:5  26.    y- ^^:^^ 

'^'-     ^  "        50       •  ^-2^  -  loo • 

29.     o^/3  =  a:(a:2-64).  30.     ^  =  x\Z^-x'''). 

31.  Plot  the  graphs  of  y^y?",  and  of  y  =  2x^-^x-2.     Hence  find 
the  roots  of  the  equation  7?  -  Ix^  -  x  +  2  =  0. 

32.  Find  graphically  the  roots  of  the  equation 

a:3_4a;2_52.^24  =  0 
to  three  significant  fi^ires. 
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439.  Besides  the  instances  already  given  there  are  several  of 
the  ordinary  processes  of  Arithmetic  and  Algebra  which  lend 
themselves  readily  to  graphical  illustration. 

For  example,  the  graph  of  y=x^  may  be  used  to  furnish 
numerical  square  roots.  For  since  x=s]y^  each  ordinate  and 
corresponding  abscissa  give  a  number  and  its  square  root. 
Similarly  cube  roots  may  be  found  from  the  graph  of  y =^.. 


Example 
decimals. 


1.     Find  graphically  the  cube  root  of  10  to  3  places  of 


The  required  root  is  clearly  a  little  greater  than  2.  Hence  it  will 
be  enough  to  plot  the  graph  oi  y  =  c^  taking  x=2'l,  2 "2,  ...  The 
corresponding  ordinates  are  9 '26,  10 '65,  ... 

When  x  =  2,  y  —  ^.  Take  the  axes  through  this  point  and  let  the 
units  for  x  and  y  be  10  inches  and  *5  inch  respectively.  On  this 
scale  the  portion  of  the  graph  differs  but  little  from  a  straight  line, 
and  yields  results  to  a  high  degree  of  accuracy. 


11 

M 

/^ 

' 

"' 

^ 

/ 

/ 

/ 

y 

10 

.z' 

/ 

y 

1 

/■ 

y 

/ 

1 

f 

y 

1 

9 

y 

1 

— 

y 

\ 

y 

\ 

^ 

/ 

y 

> 

8 

<^ 

y' 

j__ 

2-1  2- 

Fig-  15- 


154 


2-2     X 


When  2/ =  10,  the  measured  value  of  x  will  be  found  to  be  2*154. 

Example  2.  Shew  graphically  that  the  expression  4a;2  +  4x-3  is 
negative  for  all  real  values  of  x  between  '5  and  - 1  '5,  and  positive 
for  all  real  values  of  x  outside  these  limits.     [Fig.  16.] 

Put  y  =  4:x'^  +  4a;  -  3,  and  proceed  as  in  the  example  given  in  Art.  427, 
taking  the  unit  for  x  four  times  as  great  as  that  for  y.  It  will  be 
found  that  the  graph  cuts  the  axis  of  x  at  points  whose  abscissoe 
are  "5  and  - 1*5  ;  and  that  it  lies  below  the  axis  of  x  between  these 
points.  That  is,  the  value  of  y  is  negative  so  long  as  x  lies  between 
•5  and  -  1  '5,  and  positive  for  all  other  values  of  x. 
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Or  we  may  proceed  as  follows 


Put  yi  =  4x'^,  and  1/2=  -4x  +  3,  and  plot  the  graphs  of  these  two 
equations.  At  their  points  of  intersection  yi  =  y.2>  ^^^  ^^^  values 
of  X  at  these  points  are  found  to  be  "o  and  -1"5.  Hence  for  these 
values  of  x  we  have 

4:X'^-4:X  +  3,        or    4:X'-i-4:X-  3  =  0. 

Thus  the  roots  of  the  equation  4.r2  +  4x  -  3  =  0  are  furnished  by  the 
abscissae  of  the  common  points  of  the  graphs  of  4a;^  and  -  4a:  -i-  3. 

Again,  between  the  values  "5  and  - 1  "5  for  x  it  will  be  found 
graphically  that  yj  is  less  than  1/2,  hence  y^  -  y^,  or  4ar^  +  4a;  -  3  is 
negative. 
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Both  solutions  are  here  exhibited. 

The  upper  curve  is  the  graph  of  y  =  4^  ;  PQ  is  the  graph  of 
y=  -4x  +  3  ;  and  the  lower  curve  is  the  graph  of  y  =  4ar^  +  4a;  -  3. 

440.  Of  the  two  methods  in  the  last  Example  the  first  is  the 
more  direct  and  instructive  ;  but  the  second  has  this  advantage : 

If  a  number  of  equations  of  the  form  a^=-px-\-q  have  to  be 
solved  graphically,  y  =  x-  can  be  plotted  once  for  all  on  a  con- 
venient scale,  and  y=px-{-q  can  then  be  readily  drawn  for 
different  values  of  p  and  q. 

Equations  of  higher  degree  may  be  treated  similarly. 
E.A.  2d 
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For  example,  the  solution  of  such  equations  as 

a^=px-\-q^     or    a^=ax^-\-hx-\-c 

can   be   made   to   depend   on   the   intersection   of  y=x^   with 
other  graphs. 

Example.     Find  the  real  roots  of  the  equations 

(i)  x3_2-5x-3  =  0;       (ii)  a^-2x  +  2  =  0. 

Here  we  have  to  find  the  points  of  intersection  of 

(ii)  y  =  oc^, 
y  =  Zx-2. 


(i)  y^oc^, 

2/  =  2-5a;  +  3; 


Plot  the  graphs  of  these  equations,  choosing  the  unit  for  x  five 
times  as  great  as  that  for  y. 
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Fig.  17. 

It  will  be  seen  that  y  =  2"5a;  +  3  meets  y^ot?  only  at  the  point  for 
which  a; =2.     Thus  2  is  the  only  real  root  of  equation  (i). 

Again  y  =  3a;-2  touches  y  =  a^  Q.t  the  point  for  which  a;  =  l,  and 
cuts  it  where  x=  -2. 

Corresponding  to  the  former  point  the  equation  a:^-3a;+2=0  has 
two  equal  roots.     Thus  the  roots  of  (ii)  are  1,  1,  -2. 
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441.  In  Art.  421  we  have  given  the  graphical  solution  of 
two  linear  simultaneous  equations.  As  the  principle  is  the 
same  for  equations  of  any  degree,  the  few  examples  of  this  kind 
on  pages  385,  394  have  been  given  without  special  explanation. 
It  may,  however,  be  instructive  here  to  shew  the  graphical 
solution  of  some  of  the  equations  discussed  in  Chap.  xxvi. 

Example.     Solve  the  following  equations  graphically  : 

(i)  x-y=  2)  (ii)  x'^  +  y'^  =  1'^\ 

xy  =  Sof'  xy  =  35j' 

(Compare  Art.  203,  Ex.  2.)  (Compare  Art.  204,  Ex.  1.) 
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Fig.  18. 

Here  xy  =  35  is  represented  by  a  rectangular  hyperbola  [Art.  431] ; 
x-y  =  2  is  the  line  QS,  and  x^-k-y'^  —  l^:  is  represented  by  the  circle. 

The  roots  of  (i)  are  the  coordinates  of  Q  and  S ;  that  is, 

x  —  1^  y  —  o',     or  x=-b,  y=-l. 
The  roots  of  (ii)  are  the  coordinates  of  P,  Q,  R,  and  S ;  that  is, 
x=5,  y=7;    a;=7,  y=5;    a;=-7,  y=-5;    x=-5,i/=-7. 
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EXAMPLES  XLIV.  f. 

1.  Draw  the  graph  of  y  —  y?'  on  a  scale  twice  as  large  as  that  in 
Fig.  13,  and  employ  it  to  find  the  squares  of  "72,  1*7,  3  "4;  and  the 
square  roots  of  7  "56,  5  "29,  9 '61. 

2.  Draw  the  graph  of  y  =  >Jx  taking  the  unit  for  y  five  times  as 
great  as  that  for  x. 

By  means  of  this  curve  check  the  values  of  the  square  roots  found 
in  Example  1. 

3.  From  the  graph  oi  y  =  x^  (on  the  scale  of  the  diagram  of 
Art.  29)  find  the  values  of  ,^9  and  4/9 '8  to  4  significant  figures. 

4.  A  boy  who  was  ignorant  of  the  rule  for  cube  root  required 
the  value  of  Vli'll.  He  plotted  the  graph  of  y  =  x^,  using  for  x 
the  values  2*2,  2  "3,  2*4,  2'5,  and  found  2*45  as  the  value  of  the  cube 
root.  Verify  this  process  in  detail.  From  the  same  graph  find  the 
value  of  \/l3'8. 

5.  Find  graphically  the  values  of  x  for  which  the  expression 
x^  -  2x  -  8  vanishes.  Shew  that  for  values  of  x  between  these  limits 
the  expression  is  negative  and  for  all  other  values  positive.  Find 
the  least  value  of  the  expression. 

6.  From  the  graph  in  the  preceding  example  shew  that  for  any 
value  of  a  greater  than  1  the  equation  x"^  -2x  +  a  —  {)  cannot  have 
real  roots. 

7.  Shew  graphically  that  the  expression  a:^  -  4a:  +  7  is  positive 
for  all  real  values  of  x. 

8.  On  the  same  axes  draw  the  graphs  of 

y  =  x^,     y  =  x  +  Q,     y  =  x-6,     y=  -x  +  6,     y=  -x-6. 
Hence  discuss  the  roots  of  the  four  equations 

x^-x-6  =  0,     x'^-x  +  6  =  0,     a;2  +  a;-6  =  0,     x'^  +  x  +  6  =  0. 

9.  If  a;  is  real,  prove  graphically  that  5-Ax-st^  is  not  greater 
than  9  ;  and  that  4x'^  -  4a;  +  3  is  not  less  than  2.  Between  what 
values  of  x  is  the  first  expression  positive  ? 

10.  Solve  the  equation  a;'  =  3a;2  +  6a:-8  graphically,  and  shew 
that  the  function  x^-3x^-6x  +  8  is  positive  for  all  values  of  x 
between  -  2  and  1,  and  negative  for  all  values  of  x  between  1  and  4. 

11.  Shew  graphically  that  the  equation  x^+px  +  q  =  0  has  only 
one  real  root  when  p  is  positive. 
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12.  Trace  the  curve  whose  equation  is  y  =  2'^.  Find  the 
approximate  values  of  2^  "^  and  2^"^.  Express  12  as  a  power  of  2 
approximately. 

Prove  also  that  logs  26-9  +  logs  38  =  10. 

13.  By  repeated  evolution  find  the  values  of  10^,  10^,  10^  10^-. 

By  multiplication  find  the  values  of  10^,  10^^  10^,  10^'^  10^. 
Use  these  values  to  plot  a  portion  of  the  curve  2/=  10^  on  a  large 
scale.  Find  correct  to  three  places  of  decimals  the  values  of  log  3, 
log  1  "68,  log  2-24,  log  34*3.  Also  by  choosing  numerical  values  for 
a  and  h,  verify  the  laws 

log  ah  =  log  a  +  log  h  ;     log  -j-  =  log  a  -  log  b. 

[By  usinrj  paper  rvled  to  tenths  of  an  inch,  if  10  in.  and  1  in.  he 
taken  as  units  for  x  and  y  respectively,  a  diagonal  scale  u'ill  give  rvalues 
of  X  correct  to  three  decimal  places  and  values  of  y  correct  to  tv:o.'\ 

14.  Calculate  the  values  of  x(9-a;)-  for  the  values  0,  1,  2,  3,  ...  9 
of  X.     Draw  the  graph  of  x(9-a;)^  from  x  =  0  to  a;  =  9. 

If  a  very  thin  elastic  rod,  9  inches  in  length,  fixed  at  one  end, 
swings  like  a  pendulum,  the  expression  a:(9  -  xf'  measures  the 
tendency  of  the  rod  to  break  at  a  place  x  inches  from  the  point  of 
suspension.  From  the  graph  find  where  the  rod  is  most  likely  to 
break. 

15.  If  a  man  spends  22^.  a  year  on  tea  whatever  the  price  of  tea 
is,  what  amounts  will  he  receive  when  the  price  is  12,  16,  18.  20,  24, 
28,  33,  and  36  pence  respectively  ?  Give  your  results  to  the  nearest 
quarter  of  a  pound.  Draw  a  curve  to  the  scale  of  4  lbs.  to  the  inch 
and  10  pence  to  the  inch,  to  shew  the  number  of  pounds  that  he 
would  receive  at  intermediate  prices. 

16.  The  reciprocal  of  a  number  is  multiplied  by  2 '25  and  the 
product  is  added  to  the  number.  Find  graphically  what  the  number 
must  be  if  the  resulting  expression  has  the  least  possible  value. 

17.  Shew  graphically  that  the  expression  42;- -\-2x-  8 '75  is  positive 
for  all  real  values  of  x  except  such  as  lie  between  1*25  and  -1*75- 
For  what  value  of  x  is  the  expression  a  minimum  ? 

18.  Find  graphically  the  real  roots  of  the  equations  : 

(i)     oi^  +  x-2  =  Q.         (ii)     x^-1x  +  Q  =  Q. 

19.  Draw  the  graphs  of 

x  +  y  =  ^^,     xy  =  \2,     x'^-y^  =  Z2, 

on  the  same  axes.  Hence  find  the  solutions  of  the  following  pairs  of 
simultaneous  equations  : 

(i)     x  +  y  =  %\  (ii)     x2-2/2  =  321  (iii)     x'''-y''  =  Z2\ 

xy=\2y  x  +  y  =  ^\y  xy=12j" 
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20.  Draw  the  graphs  oi  y  =  x^  and  y  =  Zx^  -  4  on  the  same  axes, 
and  find  the  roots  of  the  equation  o(^  -  Zx-  +  4  =  0. 

Shew  that  the  expression  ar  -  Zx"^  4-  4  is  negative  for  values  of  x 
less  than  -  1,  and  positive  for  all  other  values  of  x. 

21.  From  a  graphical   consideration   of  the   following   pairs  of 
simultaneous  equations  : 

(i)     x2  +  2/2  =  a,         (ii)     x  +  y  =  a, 
xy  =  b,  xy  =  b, 

explain  why  (i)  has  either  four  solutions  or  none,  while  (ii)  has  two 
solutions  or  none. 

22.  Draw  the  graphs  of  y  =  x^  and  y  =  x^  +  Sx-Z  on  the  same  axes. 
Hence  find  the  roots  of  the  equation  x^ -x'^-Zx  +  S  =  0  to  three 

places    of    decimals,    and    discuss    the    sign     of    the    expression 
yi^-x'^-Sx  +  Z  for  diff"erent  values  of  x. 


Practical  Applications. 

442.  In  all  the  cases  hitherto  considered  the  equation  of  the 
curve  has  been  given,  and  its  graph  has  been  drawn  by  first 
selecting  values  of  x  and  y  which  satisfy  the  equation,  and  then 
drawing  a  line  so  as  to  pass  through  the  plotted  points.  We 
thus  determine  accurately  the  position  of  as  many  points  as  we 
please,  and  the  process  employed  assures  us  that  they  all  lie  on 
the  graph  we  are  seeking.  We  could  obtain  the  same  result 
without  knowing  the  equation  of  the  curve  provided  that  we 
were  furnished  with  a  suflBcient  number  of  corresponding  values 
of  the  variables  accurately  calculated. 

Sometimes  from  the  nature  of  the  case  the  form  of  the  equa- 
tion which  connects  two  variables  is  known.  For  example,  if 
a  quantity  y  is  directly  proportional  to  another  quantity  x  it 
is  evident  that  we  may  put  y  =  ax,  where  a  is  some  constant 
quantity.  Hence  in  all  cases  of  direct  proportionality  between 
two  quantities  the  graph  which  exhibits  their  variations  is  a 
straight  line  through  the  origin.  Also  since  two  points  are 
sufficient  to  determine  a  straight  line,  it  follows  that  in  the 
cases  under  consideration  we  only  require  to  know  the  position 
of  one  point  besides  the  origin,  and  this  will  be  furnished  by 
any  pair  of  simultaneous  values  of  the  variables. 

Example  1.  Given  that  5 '5  kilograms  are  roughly  equal  to  12  125 
pounds,  shew  graphically  how  to  express  any  number  of  pounds  in 
kilograms.    Express  7^  lbs,  in  kilograms,  and  4^  kilograms  in  pounds. 
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Here  measuripg  pounds  horizontally  and  kilograms  vertically,  the 
required  graph  is  obtained  at  once  by  joining  the  origin  to  the 
point  whose  coordinates  are  12  •125  and  5  "5. 
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10        12-125 


By  measurement  it  will  be  found  that  7^  lbs.  =3 '4  kilograms,  and 
4^  kilograms  =  9  "37  lbs. 

Example  2,  The  expenses  of  a  school  are  partly  constant  and 
partly  proportional  to  the  number  of  boys.  The  expenses  were 
£650  for  105  boys,  and  £742  for  128.  Draw  a  graph  to  represent 
the  expenses  for  any  number  of  boys;  find  the  expenses  for  115  boySj 
and  the  number  of  boys  that  can  be  maintained  at  a  cost  of  £710. 

If  the  expenses  for  x  boys  are  represented  by  £y,  it  is  evident 
that  X  and  y  satisfy  a  linear  equation  y  =  ax  +  h,  where  a  and  b  are 
constants.     Hence  the  graph  is  a  straight  line. 


800 


700 


600 


100 


105 


110 


115 
Fi^.  20. 


120 


128    X 


As  the  numbers  are  large,  it  will  be  convenient  if  we  begin 
measuring  ordinates  at  600,  and  abscissae  at  100.  This  enables  us 
to  bring  the  requisite  portion  of  the  graph  into  a  smaller  compass. 
The  points  P  and  Q  are  determined  by  the  data  of  the  question,  and 
the  line  PQ  is  the  graph  required. 

By  measurement  we  find  that  when  a;=115,  y  =  690;  and  that 
when  t/  =  710,  a:  =  120.  Thus  the  required  answers  are  £690,  and 
120  boys. 
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443.  Sometimes  corresponding  values  of  two  variables  are 
obtained  by  observation  or  experiment.  In  sucb  cases  the  data 
cannot  be  regarded  as  free  from  error  ;  the  position  of  the 
plotted  points  cannot  be  absolutely  relied  on ;  and  we  cannot 
correct  irregularities  in  the  graph  by  plotting  other  points  selected 
at  discretion.  All  we  can  do  is  to  draw  a  curve  to  lie  as  evenly 
as  possible  among  the  plotted  points,  passing  through  some 
perhaps,  and  with  the  rest  fairly  distributed  on  either  side  of 
the  curve.  As  an  aid  to  drawing  an  even  continuous  curve  a 
thin  piece  of  wood  or  other  flexible  material  may  be  bent  into 
the  requisite  curve,  and  held  in  position  while  the  line  is  drawn.* 
When  the  plotted  points  lie  approximately  on  a  straight  line, 
the  simplest  plan  is  to  use  a  piece  of  tracing  paper  or  celluloid 
on  which  a  straight  line  has  been  drawn.  When  this  has  been 
placed  in  the  right  position  the  extremities  can  be  marked  on 
the  squared  paper,  and  by  joining  these  points  the  approximate 
graph  is  obtained. 

Example  1.  The  following  table  gives  statistics  of  the  population 
of  a  certain  country,  where  P  is  the  number  of  millions  at  the 
beginning  of  each  of  the  years  specified. 


1 

Year 

1830 

1835 

1840 

1850 

1860 

1865 

1870 

1880 

P    20 



22-1 

23-5 

29  0 

34-2 

38-2 

41  0 

49-4 

Let  t  be  the  time  in  years  from  1830.  Plot  the  values  of  P 
vertically  and  those  of  t  horizontally  and  exhibit  the  relation  between 
P  and  i  by  a  simple  curve  passing  fairly  evenly  among  the  plotted 
points.  Find  what  the  population  was  at  the  beginning  of  the 
years  1848  and  1875. 

The  graph  is  given  in  Fig.  21  on  the  opposite  page.  The  popula- 
tions in  1848  and  1875,  at  the  points  A  and  B  respectively,  will  be 
foiind  to  be  27 '8  millions  and  45*3  millions. 

Example  2.  Corresponding  values  of  x  and  y  are  given  in  the 
following  table  : 


X          1 

4   6-8  j  8  1  9-5  j  12   14-4 

y 

4 

8 

12-2   13 

15-3  !  20  24-8 

1 

Supposing  these  values  to  involve  errors  of  observation,  draw  the 
graph,  approximately  and  determine  the  most  probable  equation 
between  x  and  y.     [See  Fig.  22  on  p.  406.] 

*  One  of  "  Brooks'  Flexible  Curves  "  will  be  found  very  useful 
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After  carefully  plotting  the  given  points  we  see  that  a  straight 
line  can  be  drawn  passing  through  three  of  them  and  lying  evenly 
among  the  others.     This  is  the  required  graph. 
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Assuming  y  =  ax  +  h  for  its  equation,  we  find  the  values  of  a  and  6 
by  selecting  two  pairs  of  simultaneous  values  of  x  and  y. 

Thus  substituting  a?  =  4,  y  =  8,  and  a:  =12,  y  =  20  in  the  equation,  we 
obtain  a  =  1  -5,  h  =  2.     Thus  the  equation  of  the  graph  is  y  =  1  '5x  +  2. 

444.  In  the  last  Example  as  the  graph  is  linear  it  can  be 
produced  to  any  extent  within  the  limits  of  the  paper,  and  so 
any  value  of  one  of  the  variables  being  determined,  the  corre- 
sponding value  of  the  other  can  be  read  off.  When  large  values 
are  in  question  this  method  is  not  only  inconvenient  but  unsafe, 
owing  to  the  fact  that  any  divergence  from  accuracy  in  the 
portion  of  the  graph  drawn  is  increased  when  the  curve  is 
produced  beyond  the  limits  of  the  plotted  points.  The  follow- 
ing Example  illustrates  the  method  of  procedure  in  such  cases. 

Example.  In  a  certain  machine  P  is  the  force  in  pounds  required 
to  raise  a  weight  of  W  pounds.  The  following  corresponding  values 
of  P  and  W  were  obtained  experimentally  : 


1      * 
P  1  3-08 

3-9 

6-8 

8-8 

9-2 

* 
11 

13  3 

W      21 

36-25 

66-2 

87-5 

103-75 

120 

152-5 

By  plotting  these  values  on  squared  paper  draw  the  graph  con- 
necting P  and  W,  and  read  ofi"  the  value  of  P  when  ir=70.  Also 
determine  a  linear  law^  connecting  P  and  W  ;  find  the  force  necessary 
to  raise  a  weight  of  310  lbs.,  and  also  the  weight  which  could  be 
raised  by  a  force  of  180-6  lbs. 
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As  the  page  is  too  small  to  exhibit  the  graphical  work  on  a 
convenient  scale  we  shall  merely  indicate  the  steps  of  the  solution, 
which  is  similar  in  detail  to  that  of  the  last  example. 

Plot  the  values  of  P  vertically  and  the  values  of  W  horizontally. 
It  will  be  found  that  a  straight  line  can  be  drawn  through  the  points 
corresponding  to  the  results  marked  with  an  asterisk,  and  lying 
evenly  among  the  other  points.  From  this  graph  v,e  find  that  when 
W=10,  P  =  l. 

Assume  P  =  a  W-r  h,  and  substitute  for  P  and  W  from  the  values 
corresponding  to  the  two  points  through  which  the  line  passes. 
By  solving  the  resulting  equations  we  obtain  a  =  '08,  &  =  1'4.  Thus 
the  linear  equation  connecting  P  and  W  is  P=  "08  Jr+ 1*4. 

This  is  called  the  Law  of  the  Machine. 

From  this  equation,  when  Tr=310,  P  =  26-2,  and  when  P=  180-6, 
If =2240. 

Thus  a  force  of  26 "2  lbs.  will  raise  a  weight  of  310  lbs.;  and  when 
a  force  of  180'6  lbs.  is  applied  the  weight  raised  is  2240  lbs.  or  1  ton. 

Note.  The  equation  of  the  graph  is  not  only  useful  for  determin- 
ing results  difficult  to  obtain  graphically,  but  it  can  always  be  used 
to  check  results  found  by  measurement. 

445.  The  example  in  the  last  article  is  a  simple  illustration 
of  a  method  of  procedure  which  is  common  in  the  laboratory  or 
workshop,  the  object  being  to  determine  the  law  connecting  two 
variables  when  a  certain  number  of  simultaneous  values  have 
been  determined  by  experiment  or  observation. 

Though  we  can  always  draw  a  graph  to  lie  fairly  among  the 
plotted  points  corresponding  to  the  observed  values,  unless 
the  graph  is  a  straight  line  it  may  be  difficult  to  find  its 
equation  except  by  some  indirect  method. 

For  example,  suppose  x  and  y  are  quantities  which  satisfy  an 
equation  of  the  form  o:y  =  ax  +  hy,  and  that  this  law  has  to  be 
discovered. 

By  writing  the  equation  in  the  form 

0^     .     &  ,  7  , 

— J--=l,    or   au-{-bv  =  \\ 

y   X 

where  w  =  -,  v  =  -,  it  is  clear  that  u^  v  satisfy  the  equation  of  a 

straight  line.  In  other  words,  if  we  were  to  plot  the  points 
corresponding  to  the  reciprocals  of  the  given  values,  their  linear 
connection  would  be  at  once  apparent.  Hence  the  values  of 
a  and  h  could  be  found  as  in  p^e^^ous  examples,  and  the  required 
law  in  the  form  xy  =  ax  +  hy  could  be  determined. 
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Again,  suppose  x  and  y  satisfy  an  equation  of  the  form  ocf^y=c^ 
where  n  and  c  are  constants. 
Bv  taking  logarithms,  we  have 

n  log  X  4-  log  y  =  log  c. 

The  form  of  this  equation  shews  that  \ogx  and  logy  satisfy 
the  equation  to  a  straight  line.  If,  therefore,  the  values  of  log  j: 
and  logy  are  plotted,  a  linear  graph  can  be  drawn,  and  the 
constants  n  and  c  can  be  found  as  before. 

Example.  The  weight,  y  grammes,  necessary  to  produce  a  given 
deflection  in  the  middle  of  a  beam  supported  at  two  points,  x  centi- 
metres apart,  is  determined  experimentally  for  a  number  of  values 
of  X  with  results  given  in  the  following  table  : 


X 

50 

60 

70 

80 

90 

100 

y 

270       150 

100 

60        47 

32 

log  a; 

logy 

1-699 

2-431 

1-778 

2-176 

1-845 

2-000 

1-903 

1-778 

1-954 

1-672 

2-000 

1-519 

Assuming  that  x  and  y  are  connected  by  the  equation  x^=c, 
find  n  and  c. 

From  pages  348d,  348b  we  obtain  the  annexed 
values  of  log  a:  and  logy  corresponding  to  the 
observed  values  of  x  and  y.  By  plotting  these 
we  obtain  the  graph  given  in  Fig.  23,  and  its 
equation  is  of  the  form 

n  log  x  +  log  y  =  log  c. 

To  obtain  n  and  c,  choose  tico  extreme  points  through  which  the  line 
passes.     It  will  be  found  that  when 

log  a:  =:  1 -642,     logy  =  2 -6 
and  when  loga:  =  2  1,         log?/  =  r21. 

Substituting  these  values,  we  have 

2-6  +  71X  r642  =  logc (i), 

l-21+nx2-l     =logc  (ii); 

.-.    1-39 -0-45871  =  0; 
whence  n  =  3-04. 

.-.   from  (ii)  log  c  =  6-38 +  1-21 
=  7-59; 
.-.   c  =  39  X  10«,  from  the  tables. 
Thus  the  required  equation  is  a:^y  =  39  x  10^. 

The  student  should  work  through  this  example  in  detail  on  a 
larger  scale.  The  adjoining  figure  was  drawn  on  paper  ruled  to 
tenths  of  an  inch  and  then  reduced  to  half  the  original  scale. 
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EXAMPLES  XLIV.   g. 

1.  Given  that  3-01  yards  =  5 'o  metres,  draw  the  graph  shewing 
the  equivalent  of  any  number  of  yards  when  expressed  in  metres. 

Shew  that  22 '2  yards  =  20*3  metres  approximately. 

2.  Draw  a  graph  shewing  the  relation  between  equal  weights  in 
grains  and  grams,  having  given  that  IS'l  grains  =  l'17  grams. 

Express  (i)  3 '5  grams  in  grains. 

(ii)  3 '09  grains  as  a  decimal  of  a  gram. 

3.  If  3  "26  inches  are  equivalent  to  8  "28  centimetres,  shew  how 
to  determine  graphically  the  number  of  inches  corresponding  to 
a  given  number  of  centimetres.  Obtain  the  number  of  inches  in 
a  metre,  and  the  number  of  centimetres  ir  a  yard.  What  is  the 
equation  of  the  graph  ? 

4.  The  following  table  gives  approximately  the  circumferences 
of  circles  corresponding  to  different  radii : 


C      15-7   20-1 

31-4 

44  1  52-2 

i 

r        2-5  '3-2    5     7    8-3 

1 

Plot  the  values  on  squared  paper,  and  from  the  graph  determine 
the  diameter  of  a  circle  whose  circumference  is  12  "l  inches  and  the 
circumference  of  a  circle  whose  radius  is  2  "8  inches. 

5.  For  a  given  temperature,  G  degrees  on  a  Centigrade  are  equal 
to  F  degrees  on  a  Fahrenlieit  thermometer.  The  following  table 
gives  a  series  of  corresponding  values  of  F  and  C  : 


G      -10 

1 

-5  1   0 

5 

10 

15 

25 

40 

i?*  i  14    23 

32 

41 

50 

59 

77 

104 

Draw  a  graph  to  shew  the  Fahrenheit  reading  corresponding  to 
a  given  Centigrade  temperature,  and  find  the  Fahrenheit  readings 
corresponding  to  12  "o^  C.  and  31°  C. 

By  observing  the  form  of  the  graph  find  the  algebraical  relation 
between  F  and  G. 

6.  For  a  certain  book  it  costs  a  publisher  £100  to  prepare  the 
type  and  2s.  to  print  each  copy.  Find  an  expression  for  the  total 
cost  in  pounds  of  x  copies.  Make  a  diagram  on  a  scale  of  1  inch  to 
1000  copies,  and  1  inch  to  £1(X)  to  shew  the  total  cost  of  any  number 
of  copies  up  to  5000.  Read  off  the  coj!t  of  2500  copies,  and  the 
number  of  copies  costing  £525. 
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7,  At  different  ages  the  mean  after-lifetime  ("expectation  of 
life")  of  males,  calculated  on  the  death  rates  of  1871-1880,  was 
given  by  the  following  table  : 


Age 

6 

10 

14 

18         22 

26         27 

Expectation 

50-38 

47-60  1  44-26 

40-96    37-89 

34-96 

34-24 

Draw  a  graph  to  shew  the  expectation  of  any  male  between  the 
ages  of  6  and  27,  and  from  it  determine  the  expectation  of  persons 
aged  12  and  20. 

8.  In  the  Clergy  Mutual  Assurance  Society  the  premium  (£P)  to 
insure  £100  at  different  ages  is  given  approximately  by  the  following 
table : 


Age 

20 

22 

25 

30 

35 

40 

45 

50 

55 

P 

1-8 

1-9 

2-0 

2-3 

2-7 

3-1 

3-6 

4-4 

5-5 

Illustrate  the  same   statistics   graphically,   and  estimate  to  the 
nearest  shilling  the  premiums  for  persons  aged  34  and  43. 

9.     If  W  is  the  weight  in  ounces  required  to  stretch  an  elastic 
string  till  its  length  is  I  inches,  plot  the  following  values  of  W  and  I  % 


w 

2-5 

3-75 

6-25 

7-5 

10 

11-25 

I 

8-5 

8-7 

9-1 

9-3 

9-7 

9-9 

From  the  graph  determine  the  unstretched  length  of  the  string, 
and  the  weight  the  string  will  support  when  its  length  is  1  foot. 

10.  In  the  following  table  P  and  A  (expressed  in  hundreds  of 
pounds)  represent  the  Principal  and  corresponding  Amount  for  1 
year  at  3  per  cent,  simple  interest. 


p 

2-3 

2-7 

3-0 

3-5 

3-9 

5-2 

7-6 

A 

2-369 

2-781 

3-090 

3-605 

4-017 

5-356 

7-828 

Plot  the  values  of  P  and  ^  on  a  large  scale,  and  from  the  graph 
determine  the  Principal  which  will  amount  to  (i)  £329.  125.  i 
(ii)  £597.  8s. 
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11.  The  highest  and  lowest  marks  gained  in  an  examination  are 
297  and  132  respectively.  These  have  to  be  reduced  in  such  a  way 
that  the  maximum  for  the  paper  (200)  shall  be  given  to  the  first 
candidate,  and  that  there  shall  be  a  range  of  150  marks  between  the 
first  and  last.  Find  the  equation  between  x,  the  actual  marks 
gained,  and  y,  the  corresponding  marks  when  reduced. 

Draw  the  graph  of  this  equation,  and  read  off  the  marks  which 
should  be  given  to  candidates  who  gained  200,  262,  163  marks  in  the 
examination. 

12.  A  body  starting  with  an  initial  velocity,  and  subject  to  an 
acceleration  in  the  direction  of  motion,  has  a  velocity  of  v  feet  per 
second  after  t  seconds.  If  corresponding  values  of  v  and  t  are  given 
by  the  annexed  table, 


V 

9 

13 

17 

21 

25 

29 

33 

37 

41 

45 

t 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

plot  the  graph  exhibiting  the  velocity  at  any  given  time.  Find 
from  it  (i)  the  initial  velocity,  (ii)  the  time  which  has  elapsed  when 
the  velocity  is  28  feet  per  second.  Also  find  the  equation  between 
V  and  t. 

13.     The  connection  between  the  areas  of  equilateral  triangles  and 
their  bases  (in  corresponding  units)  is  given  by  the  following  table : 


Area 

•43 

1-73 

3-90      6-93 

10-82 

15-59 

Base 

1 

2 

3 

4 

5     ;     6 

Illustrate  these  results  graphically,  and  determine  the  area  of  an 
equilateral  triangle  on  a  base  of  2-4  ft. 

14.  A  body  falling  freely  under  gravity  drops  s  feet  in  t  seconds 
from  the  time  of  starting.  If  corresponding  values  of  s  and  t  at 
intervals  of  half  a  second  are  as  follows  : 


t 

•5 

1 

1-5 

2 

2-5 

3 

3-5  1    4 

s 

4 

16 

36 

64 

100 

144 

196 

•256 

1 

draw  the  curve  connecting  s  and  t,  and  find  from  it 

(i)  the  distance  through  which  the  body  has  fallen  after  1  -8". 
(ii)  the  depth  of  a  well  if  a  stone  takes  3  16"  to  reach  the 
bottom. 
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15.  A  body  is  projected  with  a  given  velocity  at  a  given  angle 
to  the  horizon,  and  the  height  in  feet  reached  after  t  seconds  is 
given  by  the  equation  A  =  64i-16<^.  Find  the  values  of  h  at 
intervals  of  ^th  of  a  second  and  draw  the  path  described  by  the 
body.  Find  the  maximum  value  of  h,  and  the  time  after  projection 
before  the  body  reaches  the  ground. 

16.  The  keeper  of  a  hotel  finds  that  when  he  has  G  guests  a  day 
his  total  daily  profit  is  P  pounds.  If  the  following  numbers  are 
averages  obtained  by  comparison  of  many  days'  accounts  determine 
a  simple  relation  bet^^■een  P  and  G. 


G  \    21         27 

29 

32         35 

1             '■■ 

P  j  -1-8 

2         3-2 

4-5    i    6-6 

1 

For  what  number  of  guests  would  he  just  have  no  profit  ? 

17.  A  man  wishes  to  place  in  his  catalogue  a  list  of  a  certain  class 
of  fishing  I'ods  varying  from  9  ft.  to  16  ft.  in  length.  Four  sizes  have 
been  made  at  prices  given  in  the  following  table  : 


9  ft. 

11  ft.  9  in. 

1   14  ft.  4  in. 

1 

16  ft.    , 

\bs. 

22.5. 

;        3i5. 

38s.      1 

Draw  a  graph  to  exhibit  prices  for  rods  of  intermediate  lengths, 
and  from  it  determine  the  probable  prices  for  rods  of  13  ft.  and 
15  ft.  8  in. 

18.  The  following  table  gives  the  sun's  position  at  7  a.m.  on 
diflFerent  dates  : 


Mar.  23 

Ap.  3 

Ap.  20 

May  8 

May  27 

[June  22  i  July  iS 

Aug.  5 

Aug.  -25  1 

80*  E. 

82"  E. 

85°  E. 

89°  E. 

92°  E. 

1  95°  E.    1   94°  E. 

91°  E. 

85°  E. 

Shew  these  results  graphically,  and  estin\ate  approximately  the 
sun's  position  at  the  same  hour  on  June  8th. 

19.  At  a  given  temperature  p  lbs.  per  square  inch  represents  the 
pressure  of  a  gas  which  occupies  a  volume  of  v  cubic  inches.  Draw 
a  curve  connecting  2>  and  v  from  the  following  table  of  corresponding 
values  : 


p      36 

30 

25-7    22-5  j  20 

18     16-4  '  15 

V 

5 

6 

7     •■     8 

9 

10 

11    j  12  1 

E.A. 


2e 
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20.     Plot  on  squared  paper  the  following  measured  values  of  x  and 
y,  and  determine  the  most  probable  equation  between  x  and  y : 


X 

3 

5 

8-3 

11 

13  15-5  18-6 

1 

23 

28 

y\    2  |2-2  3-4 
1    1 

3-8 

4  j  4-6 

5-4 

6-2 

7-25 

21.     Corresponding  values  of  x  and  y  are  given  in  the  following 
table  : 


X 

1 

31 

6   9-5  12-5 

16 

19 

23 

y 

2 

2-8  4-2 

5-3 

6-6 

8-3 

9 

10-8 

Supposing  these  values  to  involve  errors  of  observation,  draw  the 
graph  approximately,  and  determine  the  most  probable  equation 
between  x  and  y.  Find  the  correct  value  of  y  when  a;  =19,  and  the 
correct  value  of  x  when  y  =  2*8. 

22.  The  following  corresponding  values  of  x  and  y  were  obtained 
experimentally  : 


X 

0-5 

1-7 

3  0  4-7  5-7  7-1 

8-7 

9-9 

10-6 

11-8 

y 

148 

186 

265 

326  388 

436 

529 

562 

611 

652 

It  is  known  that  they  are  connected  by  an  equation  of  the  form 
y=ax  +  h,  but  the  values  of  x  and  y  involve  errors  of  measurement. 
Find  the  most  probable  values  of  a  and  6,  and  estimate  the  error  in 
the  measured  value  of  y  when  a;  =  9  •9. 

23.  In  a  certain  machine  P  is  the  force  in  pounds  required  to 
raise  a  weight  of  W  pounds.  The  following  corresponding  values  of 
P  and  W  were  obtained  experimentally  : 


p 

2-8 

3-7 

4-8 

5-5 

6-5  1  7-3   8   9-5  1  10-4  !  11-75 

1                ! 

w 

20  25 

1 

31-7  35-6  45 

52-4  !  57-5 

65   71  1  82-5  1 

Draw  the  graph  connecting  P  and  W,  and  read  off  the  value  of  P 
when  ^=60.  Also  determine  the  law  of  the  machine,  and  find  from 
it  the  weight  which  could  be  raised  by  a  force  of  31  '1  lbs. 
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24.     The  following  values  of  x  and  y,  some  of  which  are  slightly 
inaccurate,  are  connected  by  an  equation  of  the  form  y=a3^  +  b. 


X 

;      1 

1-6 

3 

3-7 

4        5 

o' 

6       6-3 

7 

1 

y 

;  3-2o 

4 

5 

6-5 

7-4    9-25 

10-5 

11-6     U 

15-25 

By   plotting   these   values   draw  the   graph,   and   find  the  most 
probable  values  of  a  and  h. 

Find  the  true  value  of  x  when  y  =  4:,   and  the  true  value  of  y 
when  2:  =  6. 

25.     The  following  table  gives  corresponding  values  of  two  variables 
X  and  y : 


X 

2-7  0 

3 

3-2  1  3-5    4-3 

4-5  :  0-3      6,7 

i         .         i 

S 

10 

y 

11    :  9-8  i    8 

6-5  1  6-1  '  5-4  ;    5    '  4-3  '  41 

4 

1            ! 

!3-9 

These  values  involve  errors  of  observation,  but  the  true  values  are 
known  to  satisfy  an  equation  of  the  form  xy  =  ax-\-ljy.  Draw  the 
graph  by  plotting  the  points  determined  by  the  above  table,  and 
find  the  most  probable  values  of  a  and  h.  Find  the  correct  values  of 
y  corresponding  to  ar  =  3  5,  and  x  =  1. 

28.     Obser\'ed  values  of  x  and  y  are  given  as  follows  : 


X 

100 

'     90        70        60        50       40 

y 

30 

'31-08  :  as -5'  35-56    37  8    40-7 

Assuming  that  x  and  y  are  connected  by  an  equation  of  the  form 
xy'^  =  c,  find  n  and  c. 

27.     The  following  values  of  x  and  y  involve  errors  of  observation ; 


X 

66-83    63-10  i  58-88    51-52 
1 

48-53  144  16    40-36 

y 

U4o    158-5 '177-8    208-9  1  236  0    "264-9    S09-0 

If  X  and  y  satisfy  an  equation  of  the  form  x^  =  c,  find  n  and  e. 
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Miscellaneous  Applications  of  Linear  Graphs. 

446.  When  two  quantities  x  and  y  are  so  related  that  a 
change  in  one  produces  a  proportional  change  in  the  other,  their 
variations  can  always  be  expressed  bj'^  an  equation  of  the  form 
y  =  ax^  where  a  is  some  constant  quantity.  Hence  in  all  such 
cases  the  graph  which  exhibits  their  variations  is  a  straight  line 
through  the  origin^  so  that  in  order  to  draw  the  graph  it  is  only 
necessary  to  know  the  position  of  one  other  point  on  it.  Such 
examples  as  deal  with  work  and  time,  distance  and  time  (when 
the  speed  is  uniform),  quantity  and  cost  of  material,  principal 
and  simple  interest  at  a  given  rate  per  cent.,  may  all  be 
illustrated  by  linear  graphs  through  the  origin. 

Example  1.  At  %  ^i.va..  A  starts  fromi  P  to  ride  to  Q  which  if<  48 
miles  distant.  At  the  same  time  B  sets  out  from  Q  to  meet  A.  If  A 
rides  at  8  miles  an  hour,  and  rests  half  an  hour  at  the  end  of  every 
hour,  while  B  walks  uniformly  at  4  miles  an  hour,  find  graphically 

(i)  the  time  and  place  of  meeting  ; 

(ii)  the  distance  between  A  and  B  at  11  a.m.', 

(iii)  at  lohat  time  they  are  14  miles  apart. 

In  Fig.  24,  on  the  opposite  page,  let  the  position  of  P  be  chosen 
as  origin  ;  let  time  be  measured  horizontally  from  8  a.m.  (1  inch  to 
1  hour),  and  Ist  distance  be  measured  vertically  (1  inch  to  20  miles). 

In  1  hr.  A  rides  8  mi.;  therefore  the  point  D  (1,  8)  marks  his 
position  at  9  a.m.  In  the  next  half -hour  he  makes  no  advance 
towards  Q ;  therefore  the  corresponding  portion  of  the  graph  is 
DE.  The  details  of  ^'s  motion  may  now  be  completed  by  the 
broken  line  PDEFGHKX. 

On  the  vertical  axis  mark  PQ  to  represent  48  mi.  and  mark  the 
hours  on  the  horizontal  line  through  Q.  At  9  a.m.  B  has  walked 
4  mi.  towards  P.  Measuring  a  distance  to  represent  4  mi.  down- 
wards we  get  the  point  R,  and  QR  produced  is  the  graph  of  ^'s 
motion.  It  cuts  ^4's  graph  at  X.  Hence  the  point  of  meeting  is  X, 
which  is  28  mi.  from  P,  and  the  time  is  1  p.m. 

The  distance  between  A  and  B  at  any  time  is  shewn  by  the 
difference  of  the  ordinates.  Thus  at  11  a.m.  their  distance  apart  is 
MG,  which  represents  20  mi. 

Lastlv,  NT  represents  14  mi.;  thus  A  and  B  are  14  mi.  apart 
at  11.30  a.m. 
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Example  2.  A ,  B,  and  C  run  a  race  of  300  yards.  A  and  G  start 
from  scraAch,  and  A  covers  the  distance  in  40  seconds,  heating  C  by 
60  yards.  B,  with  12  yards''  start,  heats  A  hy  4:  seconds.  Supposing 
the  rates  of  running  in  each  case  to  he  uniform,  jind  graphically 
the  relative  positions  of  the  runners  xchen  B  passes  the  winning  post. 
Find  also  hy  how  many  yards  B  is  ahead  of  A  when  the  latter  has 
run  three-fourths  of  the  course. 

In  Fig.  25  let  time  be  measured  horizontally  (O'S  inch  to  10 
seconds),  and  distance  vertically  (1  inch  to  60  yards).  O  is  the  start- 
ing point  for  A  and  (7;  take  OP  equal  to  0'2  inch,  representing 
12  yards,  on  the  vertical  axis  ;  then  P  is  B's,  starting  point. 

^'s  graph  is  drawn  by  joining  O  to  the  point  -which  marks  40 
seconds.  From  this  point  measure  a  vertical  distance  of  1  inch 
downwards  to  Q.  Then  since  1  inch  represents  60  yards,  Q  is  CPs 
position  when  A  is  at  the  winning  post,  and  OQ  is  CP&  graph. 

Along  the  time-axis  take  1*8  inch  to  R,  representing  36  seconds; 
then  PR  is  ^'s  graph. 

Through  R  draw  a  vertical  line  to  meet  the  graphs  of  A  and  G  in 
S  and  T  respectively.  Then  S  and  T  mark  the  positions  of  A  and 
G  when  B  passes  the  winning  post. 

B}'  inspection  RS  and  ST  represent  30  and  54  yards  respectively. 

Thus  B  is  30  yards  ahead  of  A ,  and  ^  is  54  yards  ahead  of  G. 

Again,  since  A  runs  three-fourths  of  the  course  in  30  seconds,  the 
difiference  of  the  corresponding  ordinates  of  A'.b  and  B's,  graphs  after 
30  seconds  will  give  the  distance  between  A  and  B.  By  measure- 
ment we  find  VW  =  0"45  inch,  which  represents  27  yards. 

The  student  is  recommended  to  draw  a  figure  for  himself  on  a 
scale  t-wdce  as  large  as  that  given  in  Fig.  25. 


447.  When  a  variable  quantity  y  is  partly  constant  and  partly 
proportional  to  a  variable  quantity  Xy  the  algebraical  relation 
between  x  and  y  is  of  the  form  y  =  ax  +  h,  where  a  and  h  are 
constant.  The  correspondirjg  graph  will  therefore  be  a  straight 
line  ;  and  since  a  straight  line  is  completely  determined  when 
the  positions  of  two  points  are  known,  it  follows  that,  in  all 
problems  which  can  be  illustrated  by  linear  graphs,  it  is 
sufficient  if  the  data  furnish  for  each  graph  two  independent 
pairs  of  simultaneous  values  of  the  variable  quantities. 

Some  easy  examples  of  this  kind  have  already  been  given  on 
page  403  and  in  Examples  XLIY.  g.  We  shall  now  work  out 
two  more  examples. 
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Example  1.  In  a  certain  estahlishment  the  derks  are  paid  an 
initial  salary  for  the  first  year,  and  this  is  annually  increased  by  a 
fixed  bonus,  the  initial  salary  and  the  bonus  being  different  in  different 
departments.  A  receives  £130  in  his  10***  year,  and  £220  in  his  IS***. 
B,  in  another  department,  receives  £l40  in  his  5*^  year  and  £180  in  his 
IS^\  Draw  graphs  to  shew  their  salaries  in  different  years.  In 
what  year  do  they  receive  eq^iol  salaries  ?  Also  find  in  what  year  A 
earns  the  same  salary  as  that  received  by  B  for  his  21^^  year. 

In  Fig.  26  let  each  horizontal  division  represent  1  year ;  and  let  tho 
salaries  be  measured  vertically,  beginning  at  130,  with  1  division  to 
represent  £2. 

If  the  salary  at  the  end  of  x  years  is  denoted  by  £y,  it  is  evident 
that  in  each  case  we  have  a  relation  of  the  form  y  =  a,x  +  b,  where 
a  and  b  are  constant.  Thus  the  variations  of  time  and  salary  may 
be  represented  by  linear  graphs. 

Since  no  bonus  is  received  for  the  first  year,  x  =  9,  when  y=130c 
and  x=  18,  when  7/  =  220.  Thus  the  points  P  and  Q  are  determined, 
and  by  joining  them  we  have  the  graph  for  .4's  salary.  Similarly 
the  graph  for  B's  salary  is  found  by  joining  P'  (4,  140)  and  Q' 
(12,  180). 

These  lines  have  the  same  ordinate  and  abscissa  at  L,  where 
a;=  16,  y  =  200.  Thus  A  and  B  have  the  same  salary  when  each  have 
served  16  years,  that  is  in  their  17^^  year.  Again  B's  salary  at  the 
end  of  20  years  is  given  by  the  ordinate  of  M,  which  is  the  same  aa 
that  of  Q  which  represents  ^'s  salary  after  18  years. 

Thus  A' 3  salary  for  his  19'^  year  is  equal  to  J5's  salary  for  his 
21»*  year. 

Example  2.  Two  sv.ms  of  money  are  put  out  at  simple  interest  at 
different  rates  per  cent.  In  the  first  case  the  Amounts  at  the  end  of 
6  years  and  15  years  are  £260  and  £350  respectively.  In  the  secoiid 
case  the  Amounts  for  5  years  and  20  years  are  £330  and  £420.  Draw 
graphs  from  which  the  Amounts  may  be  read  off  for  any  year,  and 
find  the  year  in  v)hich  the  Principal  with  accrued  Interest  ivill  amount 
to  the  same  in  the  two  cases.  Also  from  the  gra/phs  read  off  the  value 
of  each  Principal. 

When  a  sura  of  money  is  at  simple  interest  for  any  number  of 
years,  we  have 

Amount  —  Principal  +  Interest, 

where  'Principal'  is  constant,  and  'Interest'  varies  with  the  number 
of  years.  Hence  the  variations  of  Amount  and  Time  may  be 
represented  by  a  linear  graph  in  which  x  is  taken  to  denote  the 
number  of  years,  and  y  the  number  of  pounds  in  the  corresponding 
Amount. 

Here  as  the  diagram  is  inconveniently  large  we  shall  merely 
indicate  the  steps  of  the  solution  which  is  similar  in  detail  to  that 
of  the  last  example.     The  student  should  draw  his  own  diagram. 
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Measure  time  horizontally  (1  inch  to  10  years),  and  Amount 
vertically  (1  inch  to  £4:0)  beginning  at  £260. 

The  first  graph  is  the  line  joining  L  (6,  260)  and  M  (15,  350).  The 
second  graph  is  the  line  joining  L'  (5,  330)  and  M'  (20,  420).  In 
each  of  these  lines  the  ordinate  of  any  point  gives  the  Amount  for 
the  number  of  years  given  by  the  corresponding  abscissa. 

Again  LM,  L'M'  intersect  at  a  point  P  where  a;  =  25,  y=450= 
Thus  each  Principal  with  its  Interest  amounts  to  £450  in  25  years. 

When  x=0  there  is  no  Interest;  thus  the  Principals  will  be 
obtained  by  reading  off  the  values  of  the  intercepts  made  by  the 
two  graphs  on  the  y-azis.     These  are  £200  and  £300  respectively. 

Note.  To  obtain  the  result  y=200  it  will  be  necessary  to  continue 
the  y-axis  downwards  sufficiently  far  to  shew  this  ordinate. 


EXAMPLES   XLIV.  h. 

1.  At  noon  A  starts  to  walk  at  6  miles  an  hour,  and  at  1.30  p.m« 
B  follows  on  horseback  at  8  miles  an  hour.  When  will  £  overtake 
A^    Also  find 

(i)  when  ^  is  5  miles  ahead  of  B ; 

(ii)  when  -4  is  3  miles  behind  B. 

[Take  1  inch  horizontally  to  represent  1  hour,  and  1  inch  vertically 
to  represent  10  miles.] 

2.  By  measuring  time  along  OX  (1  inch  for  1  hour)  and  distance 
along  OY  (1  inch  for  10  miles)  shew  how  to  draw  lines 

(i)  from  O  to  indicate  distance  travelled  towards  Y  at  12  miles 
an  hour; 

(ii)  from  Y  to  indicate  distance  travelled  towards  O  at  9  miles 
an  hour. 

If  these  are  the  rates  of  two  men  who  ride  towards  each  other 
from  t^vo  places  60  miles  apart,  starting  at  noon,  find  from  the 
graphs  when  they  are  first  18  miles  from  each  other.  Also  find  (to 
the  nearest  minute)  their  time  of  meeting. 

3.  Two  bicyclists  ride  to  meet  each  other  from  two  places  95 
miles  apart.  A  starts  at  8  a.m.  at  10  miles  an  hour,  and  B  starts 
at  9.30  a.m.  at  15  miles  an  hour.  Find  graphically  when  and  where 
they  meet,  and  at  what  times  they  are  371  miles  apart. 
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4.  A  and  B  start  at  the  same  time  from  London  to  Ellsworth, 
A  walking  4  miles  an  hour,  B  riding  9  miles  an  hour.  B  reaches 
Ellsworth  in  4  hours,  and  immediately  rides  back  to  London.    After 

2  hours'  rest  he  starts  again  for  Ellsworth  at  the  same  rate.  How 
far  from  London  will  he  overtake  A,  who  has  in  the  meantime 
rested  6J  hours  ? 

5.  At  what  distance  from  London,  and  at  what  time,  will  a 
train  which  leaves  London  for  Rugby  at  2.33  p.m.,  and  goes  at  the 
rate  of  35  miles  an  hour,  meet  a  train  which  leaves  Rugby  at 
1.45  p.m.  and  goes  at  the  rate  of  25  miles  an  hour,  the  distance 
between  London  and  Rugby  being  80  miles  ? 

Also  find  at  what  times  the  trains  are  24  miles  apart,  and  how  far 
apart  they  are  at  4.9  p.m. 

6.  A,  B,  and  C  set  out  to  walk  from  Bath  to  Bristol  at  5,  6, 
and  4  miles  an  hour  respectively.      C  starts  3  minutes  before,  and  B 

7  minutes  after  A.  Draw  graphs  to  shew  (1)  when  and  where  A 
overtakes  G ;  (11)  when  and  where  B  overtakes  A  ;  (ill)  C's  position 
relative  to  the  others  after  he  has  walked  45  minutes. 

[Take  1  inch  horizontally  to  represent  10  minutes,  and  1  inch  to 
the  mile  vertically.] 

7.  X  and  Y  are  two  towns  35  miles  apart.  At  8.30  p.m.  A  starts 
to  walk  from  X  to  Y  at  4  miles  an  hour ;  after  walking  8  miles  he 
rests  for  half  an  hour  and  then  completes  his  journe}'  on  horseback 
at  10  miles  an  hour.     At  9.48  a.m.  B  starts  to  walk  from  Y  to  X  at 

3  miles  an  hour ;  find  when  and  where  A  and  B  meet.  Also  find 
at  what  times  they  are  6|  miles  apart. 

8.  A  can  beat  B  by  20  yards  in  120,  and  B  can  beat  G  by 
10  yards  in  50.  Supposing  their  rates  of  running  to  be  uniform, 
find  graphically  how  much  start  A  can  give  6' in  120  j'ards  so  as  to 
run  a  dead  heat  with  him.  K  A,  B.  and  C  start  together,  where 
are  A  and  G  when  B  has  run  80  yards  ? 

9.  A,  B,  and  G  run  a  race  of  200  yards.     A  gives  B  a  start  of 

8  yards,  and  G  starts  some  seconds  after  A.^  A  rims  the  distance  in 
25  seconds  and  beats  G  by  40  yards.  B  beats  A  by  1  second,  and 
when  he  has  been  running  15  seconds,  he  is  48  yards  ahead  of  G. 
Find  graphically  how  many  seconds  C  starts  after  A.  Shew  also 
from  the  graphs  that  if  the  three  runners  started  level  they  would 
run  a  dead  heat. 

[Take  1  inch  to  40  yards,  and  1  inch  to  10  seconds.] 

10.  A  cyclist  has  to  ride  75  miles.  He  rides  for  a  time  at  9 
miles  an  hour  and  then  alters  his  speed  to  15  miles  an  hour  covering 
the  distance  in  7  hours.     At  what  time  did  he  change  his  speed  ? 
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11.  A  and  B  ride  to  meet  each  other  from  two  towns  X  and  Y 
which  are  60  miles  apart.  A  starts  at  1  p.m.,  and  B  starts 
36  minutes  later.  If  they  meet  at  4  p.m.,  and  A  gets  to  Y  at  6  p.m., 
find  the  time  when  B  gets  to  X.  Also  find  the  times  when  they  are 
22  miles  apart.     When  A  is  half-way  between  X  and  Y,  where  is  .B? 

12.  The  distance  from  London  to  Bristol  is  1 19  miles  ;  if  I  were 
to  set  out  at  noon  to  cycle  from  London,  riding  26  miles  the  first 
hour  and  decreasing  my  pace  by  3  miles  each  successive  hour,  find 
graphically  how  long  it  would  take  me  to  reach  Bristol.  Also  find 
approximately  the  time  at  which  I  should  reach  Faringdon,  which 
is  48  miles  from  Bristol. 

13.  At  8  a.m.  A  begins  a  ride  on  a  motor  car  at  20  miles  an  hour, 
and  an  hour  and  a  half  later  B,  starting  from  the  same  point,  follows 
on  his  bicycle  at  10  miles  an  hour.  After  riding  36  miles,  A  rests 
for  1  hr.  24  min. ,  then  rides  back  at  9  miles  an  hour.  Find  graphi- 
cally when  and  where  he  meets  B.  Also  find  (i)  at  what  time  the 
riders  were  21  miles  apart,  (ii)  how  far  B  will  have  ridden  by  the 
time  A  gets  back  to  bis  starting  point. 

14.  I  row  against  a  stream  flowing  1^  miles  an  hour  to  a  certain 
point,  and  then  turn  back,  stopping  two  miles  short  of  the  place 
whence  I  originally  started.  If  the  whole  time  occupied  in  rowing 
is  2  hrs.  10  rains,  and  my  uniform  speed  in  still  water  is  4^  miles  an 
hour,  find  graphically  how  far  upstream  I  went. 

[Take  1  '2  of  an  inch  horizontally  to  represent  1  hour,  and  1  inch 
to  2  miles  vertically.] 

15.  One  train  leaves  Bristol  at  3  p.m.  and  reaches  London  at 
5  p.m. ;  a  second  train  leaves  London  at  1.30  p.m.  and  arrives  at 
Bristol  at  6  p.  ra. ;  if  both  trains  are  supposed  to  travel  imif ormlyj 
at  what  time  will  they  meet?  Shew  from  a  graph  that  th&  time 
does  not  depend  upon  the  distance  between  London  and  Bristol. 

16.  At  7.40  a.m.  the  ordinary  train  starts  from  Norwich  and 
reaches  London  at  11.40  a.m. ;  the  express  starting  from  London 
at  9  a.m.  arrives  at  Norwich  at  11.40  a.m. :  if  both  trains  travel 
uniformly,  find  when  they  meet.  Shew,  as  in  Ex.  15,  that  the  time 
is  independent  of  the  distance  between  London  and  Norwich,  and 
verify  this  conclusion  by  solving  an  algebraical  equation. 

17.  A  boy  starts  from  home  and  walks  to  school  at  the  rate  of 
10  yards  in  3  seconds,  and  is  20  seconds  too  soon.  The  next  day  he 
walks  at  the  rate  of  40  yards  in  17  seconds,  and  is  half  a  minute 
late.  Find  graphically  the  distance  to  the  school,  and  shew  that  he 
would  have  been  just  in  time  if  he  had  walked  at  the  rate  of  20  yards 
in  7  seconds. 
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18.  The  annual  expenses  of  a  Convalescent  Home  are  partly 
constant  and  partly  proportional  to  the  number  of  inmates.  The 
expenses  were  £384  for  12  patients  and  £432  for  16.  Draw  a  graph 
to  shew  the  expenses  for  any  number  of  patients,  and  iind  from  it 
the  cost  of  maintaining  15. 

In  a  rival  establishment  the  expenses  wei-e  £375  for  5,  and  £445 
for  15  patients.  Find  graphically  for  what  number  of  patients  the 
cost  would  be  the  same  in  the  tv>"o  cases. 

19.  A  body  is  mo^^Jlg  in  a  straight  line  with  var^^ng  velocity. 
The  velocity  at  any  instant  is  made  up  of  the  constant  velocity  with 
which  it  M'as  projected  (measured  in  feet  per  second)  diminished  by 
a  retardation  of  a  constant  number  of  feet  per  second  in  every 
second.  After  4  seconds  the  velocity  was  320,  and  after  13  seconcis 
it  was  140.  Draw  a  graph  to  shew  the  velocity  at  any  time  while 
the  body  is  in  motion. 

A  second  body  projected  at  the  same  time  imder  similar  conditions 
has  a  velocity  of  450  after  5  seconds,  and  a  velocity  of  150  after  15 
seconds.  Shew  graphically  that  they  will  both  come  to  rest  at  the 
same  time.  Also  find  at  what  time  the  second  body  is  moving  K30 
feet  per  second  faster  than  the  first,  and  determine  from  the  graphs 
the  velocity  of  projection  in  each  case. 

20.  To  provide  for  his  two  infant  sons,  a  man  left  by  his  will  two 
sums  of  money  as  separate  investments  at  different  rates  of  interest, 
on  the  condition  that  the  principal  sums  A\ith  simple  interest  were 
to  be  paid  over  to  his  sons  when  the  amounts  were  the  same.  After 
5  years  the  first  sum  amounted  to  £451,  and  after  15  years  to  £533. 
After  10  years  the  second  sum  amounted  to  £432.  and  after  20  years 
to  £544.  Draw  graphs  from  which  the  amounts  may  be  read  off  for 
any  year,  and  find  after  how  many  years  the  sons  were  entitled  to 
receive  their  legacies. 

Also  determine  from  the  graphs  what  the  original  sums  were  at 
the  father's  death. 

21.  In  a  certain  examination  the  highest  and  lowest  marks  gained 
in  a  Latin  paper  were  153  and  51.  These  have  to  be  reduced  so  that 
the  maximum  (120)  is  given  to  the  first  candidate,  and  the  minimum 
(30)  to  the  lowest.  This  is  done  by  reducing  all  the  marks  in  a 
certain  ratio,  and  then  increasing  or  diminishing  them  all  by  the 
same  number.  In  a  Greek  paper  the  highest  and  lowest  marks 
were  161  and  56  ;  after  a  similar  adjustment  these  become  100  and 
40  respectively.  Draw  graphs  from  which  all  the  reduced  marks 
may  be  read  off,  and  find  the  marks  which  should  be  finally  given 
to  a  candidate  who  scored  102  in  Latin  and  126  in  Greek. 

Shew  also  that  it  is  possible  in  one  case  for  a  candidate  to  receive 
equal  marks  in  the  two  subjects  both  before  and  after  reduction. 
What  are  the  original  and  reduced  marks  in  this  case  ? 
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Miscellaneous  Graphs. 

1.  Plot  the  graphs  of 

2y  =  3(cc-4),         Sy=l-ox, 

obtaining  at  least  five  points  on  each  graph.     Find  the  coordinates 
of  the  point  where  they  meet. 

2.  Draw  the  graphs  represented  bj'^ 

and  find  the  coordinates  of  their  point  of  intersection. 

3.  By  finding  the  intercepts  on  the  axes  draw  the  graphs  of 

(i)  15.r-f20z/  =  6;         (ii)  12x  +  2ly^U. 
In  (i)  take  1  inch  for  unit,  and  in  (ii)  take  six  tenths  of  an  inch  as 
unit.     In  each  case  explain  why  the  unit  is  convenient. 

4.  Solve    2/  =  10x  +  8,     7x  +  y  —  2o    graphically. 
[Unit  for  :c,  one  inch  ;  for  y,  one-tenth  of  an  inch.] 

5.  From  the  graph  of  the  expression  11a; +  6,  find  its  value 
when  a;  =1*8.  Also  find  the  value  of  x  which  will  make  the 
expression  equal  to  20. 

6.  With  the  same  units  as  in  Ex.  4  draw  the  graph  of  the 

36  —  ox 
function — .     From  the  graph  find  the  value  of  the  function 

o 

when  a;=l"8;  also  find  for  what  value  of  x  the  function  becomes 
equal  to  8. 

7.  Shew  that  the  straight  lines  given  by  the  equations 

9y  =  5x^65,     5.r  +  22/  +  10  =  0,     x  +  3y=n, 
meet  in  a  point.     Find  its  coordinates. 

8.  Draw  the  triangle  whose  sides  are  given  by  the  equations  : 

3y-x  =  9,     a;  +  7y=ll,     Sx  +  y  =  lS; 
and  find  the  coordinates  of  its  vertices. 

9.  Shew  graphically  that  the  values  of  x  and  y  which  satisfy 
the  equations 

ox  —  2y-lS,         5y  =  6-7x, 

also  satisfy  the  equation  x  +  y  —  2. 

10.  Draw  the  graphs  of  (i)  y  =  x^,  (ii)  ?/  =  8ar-. 
In  (i)  take  0'4"  as  unit  for  x,  0*2"  as  unit  for  y. 
In  (ii)  1"    X,     0-1"   y. 
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11.  On  the  same  scale  as  in  Ex.  10.  (ii)  draw  the  graph  of  y  =  16x^. 
Shew  that  it  may  also  be  simply  deduced  from  the  graph  of 
Ex.  10.  (ii). 

12.  Plot  the  graph  of  y  =  x'^,  taking  1  inch  as  unit  on  both  axes, 
and  using  the  following  values  of  x. 

-0-4,    -0-3,    -0-2,    -0-1,   0,    0-1,    0-2,    O'S,   0-4. 

13.  Draw  the  graph  of  x  —  y"^,  from  y  —  Oto  y  =  5,  and  thence  find 
the  square  roots  of  7  and  .3 '6. 

[Take  0'2"  as  unit  for  x,  1"  as  unit  for  y.] 

14.  Draw  the  graph  of  y^b^x-x^  for  values  of  x  from  -  2  to 
—  3,  and  from  the  figure  obtain  approximate  values  for  the  roots  of 
the  equation  h~-x-x^  —  {). 

[Take  1"  as  unit  for  x,  0"2"  as  unit  for  y.] 

15.  Draw  the  graphs  of 

(i)  5a:  +  62/  =  60,     (ii)  6?/ -a:  =  24,     (iii)  2x-y  =  7; 
and  shew  that  they  represent  three  lines  which  meet  in  a  point. 

16.  If  1  cwt.  of  coffee  costs  £9.  12-5.,  draw  a  graph  to  give  the 
price  of  any  number  of  pounds.  Read  off  the  price  (to  the  nearest 
penny)  of  13  lbs.,  21  lbs.,  23  lbs. 

17.  If  60  eggs  cost  4s. ,  find  graphically  how  many  can  be  bought 
for  half-a-crown,  and  the  cost  of  26  eggs  to  the  nearest  penny. 

18.  If  1  cwt.  of  sugar  costs  £1.  6s.  8cZ.,  draw  a  graph  to  find  the 
price  of  any  number  of  poiuids.  Find  the  cost  of  26  lbs.  YLoM 
many  pounds  can  be  bought  for  4s.  10c?.  ? 

19.  Solve  tha  following  equations  graphically. 

(i)  ar2  +  y2  =  53,  (H)  a^s  +  yS^ioQ, 

y-x  =  b;  x-hy  =  l4:; 

(iii)  x^  +  y^=34,  (iv)  2:20.^2^35^ 

2x  +  y  =  U;  4x-^3y^l2. 

[Approximate  roots  to  be  given  to  one  place  of  decimals.  ] 

20.  Solve  the  equation  S^6x  =  x^  graphically,  and  find  the 
maximum  value  of  the  expression  3  +  6a;  -  x-. 

21.  A  basket  of  65  oranges  is  bought  for  4.5-.  •2d.  Draw  a  graph 
to  shew  the  price  for  any  other  number.  How  many  could  be 
bought  for  Ss.  4d.  1  Find"  the  price  (to  the  nearest  peicmy)  which 
must  be  paid  for  36  and  for  78  oranges  respectively. 
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22.  If  the  wages  for  a  daj'^s  work  of  8  hours  are  4s-.  6c?. ,  diaw  a 
graph  to  shew  the  wages  for  any  fraction  of  a  day,  and  find  (to  the 
nearest  penny)  what  ought  to  be  paid  to  men  who  work  2^,  3^, 
Qh  hours  respectively'.  How  many  hours'  work  might  be  expected 
fo^r  2s.  lOd.  ? 

[Take  1  inch  to  represent  1  hour,,  and  one-tenth  of  an  inch  to 
represent  1  penny.] 

23.  Draw  the  graphs  of  x-  and  3.c-fl.  By  means  of  them  find 
approximate  values  for  the  roots  of  a;^  -  3x  -  1  =  0. 

24.  If  24  men  can  reap  a  field  of  29  acres  in  a  given  time,  find 
roughly  by  means  of  a  graph  the  number  of  acres  which  could  be 
reaped  in  the  same  time  bj^  15,  33,  and  42  men  respectively. 

25.  The  highest  marks  gained  in  an  examination  were  136,  and 
these  are  to  be  raised  so  that  the  maximum  is  200.  Shew  how  this 
may  be  done  b}-  means  of  a  graph,  and  read  ofi",  to  the  nearest 
integer,  the  final  marks  of  candidates  who  scored  61  and  49 
respectively. 

26.  Draw  a  graph  which  will  give  the  square  roots  of  all  numbers 
between  25  and  36,  to  three  places  of  decimals. 

[Plot  the  graph  of  y  =  x^,  beginning  at  the  point  (5,  25),  -wdth  10" 
and  0"5"  as  units  for  x  and  y  respectively.] 

27.  I  want  a  read}'  way  of  finding  approximatelj'  0*866  of  any 
number  up  to  10.  Justify  the  following  construction.  Join  the 
origin  to  a  point  P  whose  coordinates  are  10  and  8*66  (1  inch  being 
taken  as  unit) ;  then  the  ordinate  of  any  point  on  OP  is  0*866  of 
the  corresponding  abscissa.     Read  off  from  the  diagram, 

0-866  of  3,  0-866  of  6-5,  0-866  of  4-8,  and  ^-^  of  5. 

28.  A  starts  from  London  at  noon  at  8  miles  an  hour  ;  two  hours 
later  B  starts,  riding  at  12  miles  an  hour.  Find  graphically  at  what 
time  and  at  what  distance  from  London  B  overtakes  A.  At 
what  times  will  A  and  5  be  8  miles  apart  ?  If  C  rides  after  B, 
starting  at  3  p.m.  at  15  miles  an  hour,  find  from  the  graphs 

(i)  the  distances  between  A,  B,  and  C  at  5  p.m.  ; 
(ii)  the  time  when  C  is  8  miles  behind  B. 

29.  If  O  and  Y  represent  two  towns  45  miles  apart,  and  if  A 
walks  from  Y  to  O  at  6  miles  an  hour  while  B  walks  from  O  to  Y  at 
4  miles  an  hour,  both  starting  at  noon,  find  graphically  their  time 
and  place  of  meeting. 

Also  read  off  from  the  graphs 

(i)  the  times  when  they  are  15  miles  apart ; 
(ii)  B's  distance  from  Y  at  6.15  p.m. 
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30.  At  8  a.m.  A  starts  from  P  to  ride  to  Q  which  is  48  miles 
distant.  At  the  same  time  B  sets  out  from  Q  to  meet  A.  li  A 
rides  at  8  miles  an  hour,  and  rests  half  an  hour  at  the  end  of  every 
hour,  while  B  walks  uniformly  at  4  miles  an  hour,  find  graphically" 

(i)  the  time  and  place  of  meeting  ; 

(ii)  the  distance  between  A  and  jB  at  11  a.m.  ; 

(iii)  at  what  time  they  are  14  miles  apart. 

31.  The  follo^\4ng  table  gives  statistics  of  the  population  of  a 
certain  country,  where  F  is  the  number  of  millions  at  the  beginning 
of  each  of  the  years  specified. 


Year 

1830  1835  1840  ;  1845  !  1850 

1                i        ! 

1855 

1860 

P 

20 

22   24-5 

28 

31 

36    41 

Let  t  be  the  time  in  years  from  1830.  Plot  the  values  of  P 
vertically  and  those  of  t  horizontally  and  shew  the  relation  between 
P  and  i  by  a  simple  curve  passing  fairly  evenly  among  the  plotted 
points.  Find  what  the  population  was  at  the  beginning  of  the 
years  1847  and  1858. 

32.  The  salary  of  a  clerk  is  increased  each  year  by  a  fixed  sum. 
After  6  years'  ser\-ice  his  salary  is  raised  to  £128,  and  after  15  years 
to  £200.  Draw  a  graph  from  which  his  salary  may  be  read  off  for 
any  year,  and  determine  from  it  (i)  his  initial  salary,  (ii)  the  salary 
he  should  receive  for  his  21st  year. 

33.  Draw  the  graphs  oi  y  =  x'^  and  22/  =  a:  -f-  3  on  the  same  diagram. 
Deduce  the  roots  of  the  equation  2x-  -  .r  -  3  =  0. 

34.  Taking  1  inch  as  unit,  plot  the  graph  of  y  =  oi^-Zx,  taking 
the  following  values  of  x  : 

0,   ±-2,   ±-4,    4:-6,   ±-8,    ±1,    ±1-2,    ±1-4,    ±1-6,    ±1-8,  '^2. 

Find  the  turning  points,  and  the  value  of  the  maximum  or 
minimum  ordinates  between  the  limits  given. 

35.  From  the  graph  in  Ex.  34  find  to  two  places  of  decimals  the 
roots  of  x^  -  3x  =  0. 

36.  Solve  the  following  pairs  of  equations  graphically  : 

(i)  x  +  y  =  lo,        (ii)  x-y  =  3,       (iii)  x2-r2/2=13, 
xy  =  36;  ^y  =  lS;  xy  =  6. 

B.A.  2f 
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37.  An  india-rubber  cord  was  loaded  with  weights,  and  a 
measurement  of  its  length  was  taken  for  each  load  as  tabulated. 
Plot  a  graph  to  shew  the  relation  between  the  length  of  the  cord 
and  the  loads. 


Load  in  pounds  - 

10 

12 

17 

21 

23 

25 

Length  in  centimetres 

36-4 

37-7 

40-5 

43-0 

44-3 

45-4 

What  was  the  length  of  the  cord  unloaded  ? 

38.  A  manufacturer  has  priced  a  certain  set  of  lathes ;  the  largest 
sells  at  £176,  and  the  smallest  at  £40.  He  wishes  to  increase  his 
prices  so  that  the  largest  will  sell  at  £200  and  the  smallest  at  £50. 
By  means  of  a  graph  find  an  algebraical  relation  between  the  new 
price  {P)  and  the  old  price  {Q),  and  find  to  the  nearest  pound  the 
new  prices  of  lathes  originally  priced  at  £150,  at  £125.  10s.,  and  at 
£78. 

39.  The  mean  temperature  on  the  first  day  of  each  month,  on  an 
average  of  50  years,  had  the  following  values  : 

Jan.  1,    37°;         May  1,    50°;        Sept.  1,   59°; 

Feb.  1,    38° ;         June  1,    57° ;  Oct.  1,    54° ; 

Mar.  1,    40°;  July  1,    62°;         Nov.  1,   46°; 

April  1,  45°;  Aug.  1,  62°;  Dec.  1,  41°. 
Represent  these  variations  by  means  of  a  smooth  curve. 
[The  difference  of  length  of  different  months  may  be  neglected.] 

40.  The  price  in  pence  of  a  standard  Troy  ounce  of  silver  on 
January  1st  in  each  of  the  ten  years  1891-1900  was 

45,    40,    36,    29,    30,    31,    28,    27,    27,    28. 

Draw  a  smooth  curve  shewing  its  value  approximately  at  any  time 
during  these  ten  j^ears. 

41.  A  manufacturer  wishes  to  stock  a  certain  article  in  many 
sizes  ;  at  present  he  has  five  sizes  made  at  the  prices  given  below  : 


Length  in  inches 

20 

27 

33 

45 

54 

Price  in  shillings 

11 

14-5 

20 

35 

48-5 

Draw  a  graph  to  shew  suitable  prices  for  intermediate  sizes,  and 
find  what  the  prices  should  be  when  the  lengths  are  30  in.  and  46  in. 
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42.  A  party  of  tourists  set  out  for  a  station  3  miles  distant  and 
go  at  the  rate  of  3  miles  an  hour.  After  going  half  a  mile  one  of 
them  has  to  return  to  the  starting  point ;  at  what  rate  must  he  now 
walk  in  order  to  reach  the  station  at  the  same  time  as  the  others  ? 


43.  A  motor  car  on  its  way  to  Bristol  overtakes  a  cyclist  at 
9  a.m. ;  the  car  reaches  Bristol  at  10.30  and  after  waiting  1  hour 
returns,  meeting  the  cyclist  at  noon.  Supposing  the  speeds  of  car 
and  cyclist  to  be  uniform,  find  when  the  cyclist  wiU.  reach  Bristol. 
Also  compare  the  speeds  of  the  car  and  cyclist. 

44.  Two  trains  start  at  the  same  time,  one  from  Liverpool  to 
Manchester,  and  the  other  in  the  opposite  direction,  and  running 
steadily  complete  the  journey  in  42  min.  and  56  min.  respectively 
How  long  is  it  from  the  moment  of  starting  before  they  meet  ? 

45.  The  table  below  shews  the  distances  from  London  of  certain 
stations,  and  the  times  of  two  trains,  one  up  and  one  down. 
Supposing  each  run  to  be  made  at  a  constant  speed,  shew  by  a  graph 
the  distance  of  each  train  from  London  at  any  time,  using  1  inch  to 
represent  20  miles,  and  3  inches  to  represent  an  hour. 


Distance 
in  miles. 

London, 

4.30  p.m. 

7.0  p.m. 

5^  Willesden,        arrive 
depart 

4.38    ... 
4.42    ... 

/ 

(Xo  intermediate 

66     Northampton,  arrive  : 
depart      ^ 

5.50    ... 
^5.54    .. 

stop. ) 

113     Birmingham, 

7.0      ... 

5.0  p.m. 

At  what  point  do  they  pass  one  another,  and  how  far  is  each  from 
London  at  5. 30  ?  Which  of  the  three  runs  by  the  stopping  train  is 
the  fastest  ? 


MISCELLANEOUS  EXAMPLES  VI. 


1.  Simplify    b- {h-(a  +  h)-[b-(b-a-h)]  +  2a}. 

2.  Find  the  sum  of 

a  +  b-2{c  +  d),   b  +  c-S{d  +  a),  and  c  +  d-^a+b}. 

12  1 

3.  Multiply  2^+^y  by  a^-^y. 

4.  If  a:  =  6,  2/ =  4,  2  =  3,  find  the  value  of  i^2x  +  Sy+z. 

5.  Find  the  square  of  2  -  3a;  +  x^. 

6.  Solve  ^  +  ^  =  2. 

a;  -  1     a;  -  6 

7.  Find  the  H.C.F.  of  a^  -  2a  -  4  and  a^  _ ^2  _  4 

Q      ^2.      ,.«      2a   ^   2&      a^  +  b^ 

8.  Simplify  ^-p5  +  ^-^-^,-p. 

9.  Solve  |a;+?=13 

5        4 

10.  Two  digits,   which  form  a  number,   change  places  when   18 

is  added  to  the  number,  and  the  sum  of  the  two  numbers 
thus  formed  is  44 :  find  the  digits. 

11.  If  a=l,  b=  -2,  c=3,  d=  -4,  find  the  value  of 

a^b'^  +  b^c  +  d{a-b) 
10a -(c  + 6)2     ■ 

12.  Subtract  -x'^  +  y^-z"  from  the  sum  of 

gj82  +  _y2^     g2/2  +  -22,     and    ^^^-^^^ 

13.  Write  down  the  cube  of  a;  +  8y. 

iA      o-      IT     x^  +  xy     x*-y*     y 

14.  Simplify  -o— - 1  X -^  X  ^. 

x^  +  y^     xy  +  y^    x 

15.  Solve  |(2a;-7)-|(a;-8)  =  ^~^+4. 

16.  Find  the  H.C.F.  and  L.C.M.  of 

9:^  +  x^  +  2x-4:  and  x^+Zxi''-^^ 


MISCELLANEOUS   EXAMPLES,      VI.  433 

17.  Find  the  square  root  of  4a^  -  9  (1  -  2a)  +  Sa^  (7  -  4a). 

18.  Solve  y  =  ^-| 

_y  +  h     a 


19.     Simplify   (-^- 


X- 


\x  +  a    x-a )     x--hax 

20.  When   1   is  added  to  the  numerator  and  denominator  of  a 

3 
certain  fraction  the  result  is  equal  to  ^  ;    and   when    1    is 

subtracted  from  its  numerator  and  denominator  the  result 
is  equal  to  2  :  find  the  fraction. 

21.  Shew  that  the  sum  of  I2a-r6b-c,    -la-h-rc,  and  a  +  64-6c, 

is  six  times  the  sum  of  2oa+136-8c,    -13a-136-c,  and 
-lla  +  64-lOc. 

3  1 

22.  Divide  7^-ocy  +  —y-  by    x--y. 

23.  Add  together  18  l^-gl' ^4-2)  j, 

24(1-^^),   ana  So{^-t^-,i}. 

24.  Find  the  factors  of 

(1)     10x2  + 79a; -8.         (2)     729a:6-y«. 

„      e  1       2a; -1,  5a:  +  3     ^     4a; -118 

25.  Solve  — f-    ,,    =3 ^T 

0  1/  ii 

26.  Find  the  value  of 

{5a-36)(a-6)-6{3a-c(4a-6)-^a  +  e)}, 

when  a  =  U,  6=-l,  c  =  p. 

27.  FindtheH.C.F.  of  "  ** 

7a:3-10a:2_7^^10  and  2a:3  _  a;2  _  2;^:  + 1. 

9«      Simiilifv  ^-^^gy  +  l^y'^  .  x^-5xy-^4.y^ 

28.  bmiplify    ^  +  5^  +  5^2  -  ^^_^^_ 2^2' 

29.  Solve  'Zabx+  y=  9ir 

^abx 


■+   y=   9n 
+  Sy=\lbj 


30.     Find  the  two  times  between  7  and  8  o'clock  when  the  hands 
of  a  watch  are  separat^.rt  by  15  minutes. 
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31.  If  a=l,  b=  -2,  c  =  3,  d=  -4,  find  the  value  of 

'JcP-4.b  +  a'^  -  slW+W+a  +  d. 

32.  Multiply  the  product  oi -x^-^xy  +  y^  and  ^x  +  yhyoi^-  Sy\ 

33.  Simplify  by  removing  brackets 

a4-{4a3-(6a2-4a  +  l)} 


[-2-{a4-(-4a^-6a2-4a)}-(8a-l)]. 

34.  Find    the   remainder  when    5oc^-7x^  +  3x^-x  +  S    is    divided 

by  a; -4. 

35.  Simplify  4±i^x^x?. 

^    -^  x^-xy     sc^-y^     y 

36.  Solve  ^^  +  y=18 

2a:  +  ^^=29 
4 

37.  Find  the  square  root  of  ^x^  -  \2o(^  +  2%o(?  +  9^2  -  42a;  +  49. 

38.  Solve  -OOG-T  -  -491  +  '7230;=  -  -005. 

39„     Find  the  L.  C.  M.  of  a:^  +  ^3^  3-^2  +  <2xy  -  2/2,  and  7^-  x^y  +  xy\ 

40.  A  bill  of  25  guineas  is  paid  with  crowns  and   half-guineas, 

and  twice  the  number  of   half-guineas  exceeds  three  times 
that  of  the  crowns  by  17  :  how  many  of  each  are  used  ? 

41.  Simplify 

42.  Find    the    remainder    when    a'^-Za%  +  2a%'^-h'^    is    divided 

by  a2-a6-f262, 

43.  If  a=0,  6  =  1,  c=  -2,  fZ  =  3,  find  the  value  of 

(3a6c  -  26c(f )  ^a%c-c%d  +  ^. 

44.  Find  an  expression  which  will  divide  both  ^x^  +  Zx-\0  and 

4a:^-f-  7a;2  -  3a;  -  15  without  remainder. 

ah        J^_  1^ 

.m      cj-       i-r  a-b      a?-     62 

45.  Simplify  _^x.f-^. 

"     a^  +  fcs     a     6 

2  3 

46.  Find  the  cube  root  of  ^x?-1x^y-V^  -^g. 

47.  Solve  9a;  -f-  8y  =  \^xy  \ 

Sz  +  9y~4i2xy) 
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48.  Simplify  ^-^- ^^4 -J _3j. 

49.  Find  the  L.  C.  M.  of  8^  +  SSa:^  +  59^  +  30 

and  6x3-13x2-13x4-30. 

50.  A  boy  spent  half  of  his  money  in  one  shop,  one-third  of  the 

remainder  in  a  second,  and  one-fifth  of  what  he  had  left  in  a 
third.    He  had  one  shilling  at  last :  how  much  had  he  at  first  ? 

51.  Find    the     remainder    when     x^  -  lOx^  +  SaH'  -  ^sc^  +  3x  -  1 1     is 

divided  by  x2-5x  +  4. 

52.  Simplify  4|a-|('6-^)||i(2a-6)  +  2(&-c)}. 

25  3 

53.  Ifa=,-^,  6  =  1,  c  =  J,  prove  that 


54.  Find  the  L.  C.  M.  of  x^  -  7x  + 12,  3x2  -Qx-9,  and  2x2  -  6x  -  8- 

55.  Find    the  sum   of  the  squares   of   ax  +  hy,   bx-ay,   ay  +  hxy 

by  ~ax\  and  express  the  result  in  factors. 

c  ■,      X    y    3x  -  5z     2    7y    , 

56.  Solve  g  +  |=-^  =  g  +  3|  =  L 

57.  Simplify  ^,-^,-^^,- 2!^^,- ^3^ [. 

58.  Solve  x-^3x-?^)=^(2x  +  67)  +  |(l+|Y 

59.  Add  together  the  following  fractions  : 

2  -4x  x2  -y? 

x2-fxy  +  y2'     x^-y^'     y^{x-y^^     ^y-y^' 

60.  A  man  agreed  to  work  for  30  days,  on  condition  that  for  every 

day's  work  he  should  receive  3s.  Ad.,  and  that  for  every  day's 
absence  from  work  he  should  forfeit  Is.  6c?.  ;  at  the  end  of  the 
time  he  received  £3.  1  Is.  :  how  many  days  did  he  work  ? 

61.  Divide  ?|'  +  27-^'-4x4  +  I^-?|^  by  IV3-X. 

62.  Find  the  value  of 

4y 
5 


(y-x)-35p-^-^|3x-^(7x-4y)}] 


when  x=  -^  and  y=2. 
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63.  bimplity3^^2_i)-3(^2  +  ^  +  l)  +  (a:3_i)(a;  +  i)- 

,    ,         ,  ^  a^c^   .    Sah   .    Sab.     ¥. 

64.  Find  the  cube  root  of  -rr  ^  "  ^  ^  +  ~^*^  ~  ^3^' 

„^      ^,      4a:-17     lOx-lS     8a;-30    5a;-4 

65.  Solve J- +-5 — o~=oz; — ^^'t;: — r* 

a:-4        2a; -3       2a; -7      x-1 

66.  Find  the  factors  of 

(1)    x^  +  dx'  +  x  +  b.  (2)    a:*'-2a:y-323y2. 

67.  Solve  |(x  +  y)  + 2^=21"^ 

3a;-i(y  +  z)  =  65 

x+^{x  +  y-z)  =  3S 

n^      o-      v:e_a;  +  2y    3x2  +  63xy  +  70y2 

68.  Simplify  ^— ^  -  ^^_  .  ^  ,  J_  ^^, . 


y^^-y 


2a;2  +  3a;y-35y2 


69.  Find  the  square  root  of  -  (36  -  2c  -  2a)^{  2 (a  +  c)  -  36  }. 

70.  The  united  ages  of  a  man  and  his  wife  are  six  times  the  united 

ages  of  their  children.  Two  years  ago  their  united  ages  were 
ten  times  the  united  ages  of  their  children,  and  six  years 
hence  their  united  ages  will  be  three  times  the  united  ages  of 
the  children.     How  many  children  have  they  ? 

71.  Find  the  sum  of 

a;2-3xy-|y^    2y^-:^  +  z^,    xy-^y^  +  y^,   and  2xy-^. 

72.  From  { (a  +  6) (a -  a;)  -  (a - h) {b-x)}  subtract  (a  +  6)2 - 26a;. 

73.  If  a  =  5,  6  =  4,  c  =  3,  find  the  value  of 

-t/6a6c  +  (6  +  c)3  +  (c  +  a)3  +  (a  +  6)3-(a  +  6  +  c)'. 

74.  Find  the  factors  of 

(1)    3a;3  +  6aJJ_i89x-.  (2)     a'^  +  2ab  +  b^  +  a  +  b. 

75.  Solve  px  =  qy^ 

{p  +  q)x-{q-p)y  =  r   )' 

x 

76.  Simplify 


rA-^  x^-  — 

*  +  2  2 


„2  /  7/3\  * 

2ar^  +  a;y  +  |-    ^\f-^) 
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_ciia^-7  1  2a; -15 

yA  _  yp.  _  2x  4-  2 

78.     Reduce  — ^^-^ ^ —  to  its  lowest  terms. 

2ar  -x-1 


79.     Add  together  the  fractions  : 
1  1 


and 


2x2-4a;  +  2'     2x^  +  4x  +  2'  1-x^ 

80.  A  number  consists  of  three  digits,  the  right-hand  one  being 

zero.  If  the  left-hand  and  middle  digits  be  interchanged  the 
number  is  diminished  by  180;  If  the  left-hand  digit  be  halved, 
and  the  middle  and  right-hand  digit  be  interchanged,  the 
number  is  diminished  by  336  :  find  the  number. 

81.  Divide  l-5x  +  -Yi^x^-^^x^--^x^  hj  l-x-y^. 

82.  If  P  =  lj  5'  =  9>  fiiid  the  value  of 

2p  +  q-{p-{q-p)} 

83.  Multiply  ^-5a;2  +  |  +  9  by  y-a;+3. 

84.  Find  the  L.C.M.  of 

{a?h-2ah'^f,     2a^-3a:b-2b^,     and    2{2a^  +  ab)'^. 

or      o  1      2a;  +  3     4x-l-5     Sx  +  S 

85.  Solve r- = -. +  ^ r-. 

x+l      4a;-f4     3x  +  l 

^-     ^^^''"^  sX2:^%Qx^iS  ^"^  '^^  ^^'^^'^  ^^""'- 

87.  Find  the  square  root  of 

4a4  +  9  f  a2  +  ■^')  +  12a  (a2  + 1 )  + 18. 

88.  Solve  ^+l^  =  a  +  b 

2a    36 

3x    2y    „,-       , 

^=6  6-a) 

a      0 


89.     Multiply 

3a;  +  4y  + 


3a;  +  4y  +  ^^   by  Idx-Zy-^^ 
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90.  A  bag  contained  five  pounds  in  shillings  and  half-crowns ; 

after  17  shillings  and  6  half-crowns  were  taken  out,  thrice 
as  many  half-crowns  as  shillings  were  left :  find  the  number 
of  each  coin. 

91.  Find  the  value  of 

5(a-6)-2{3a-(a  +  6)}  +  7{(a-26)-(5a-26)}, 

when  a=  -q&. 

92.  Divide  Zx^-5x^  +  7x^-Ux-l3  hy  Sx-2. 

93.  Find  the  L.C.M.  of 

15{p^  +  ^),     5{p'^-pq  +  q^),     Hp^+pq  +  q\    and    Hp'^-q^). 

94.  Resolve  into  factors  : 

(1)  a^-m\  (2)  -x'^  +  2x-\+7:f^. 

ftp      c.  1      x  +  a      x  +  3a 

95.  Solve 


x+h    x+a+h 

96.  Simplify 

^  '  65a'*6c-91a362c2"  '       2y^-2y-Q0      ' 

97.  Solve  7x-9y  +  4z=16 

x  +  y  _x  +  y  +  z 
~3~~       2 
2x-Sy  +  4z-5=0 

98.  Simplify  !-^^f4^^x^2Y 

y2__^      W-^y  +  5    y  +  2j 

99.  Find  the  square  root  of 

4a^  -  \2ab  -  66c  +  4ac  +  96^  +  <? 
4a2-f-9c2-12ac 

100.  The  express  leaves  Bristol  at  3  p.m.  and  reaches  London  at  6; 
the  ordinary  train  leaves  London  at  1.30  p.m.  and  arrives  at 
Bristol  at  6.  If  both  trains  travel  uniformly,  find  the  time 
when  they  will  meet. 

lOL     Solve  (1)  '^x-\-  ■nfix-'\^=x-  -5830; +5. 
^  '  a;2-5x  +  6    x-2    3-a; 


MISCELLANEOUS   EXAMPLES.      VL 


439 


102. 


<^.      ,.,      ,,.        a  +  x  a-x  2x^ 


(2)  {l+xf^\l  +  - 


1  -x  + 


l+x  +  x^^ 


103.     Find  the  square  root  of 


104. 
105. 


106. 
107. 

108. 
109. 

110. 
111. 

112. 
113. 


also  the  cube  root  of  the  result. 

Divide  1  -  2a;  by  1  +  3a;  to  4  terms. 

I  bought  a  horse  and  carriage  for  £75  ;  I  sold  the  horse  at  a 
gain  of  5  per  cent.,  and  the  carriage  at  a  gain  of  20  per  cent., 
making  on  the  whole  a  gain  of  16  per  cent.  Find  the  original 
cost  of  the  horse. 

Find  the  divisor  when  {'ia^  +  7ab  +  5h^)'^  is  the  dividend, 
8(a  +  2&)2  the  quotient,  and  h%9a  +  llbf  the  remainder. 

Solve    (1)  5a;(a;-3)  =  2(a;-7). 

1  _    3  2 

^^^  {x-l){x-2)'^^^x-'2'^x^' 

Tr  ,      (a-6)2         -         a  +  h      ah 

If   x  =  a  +  h+  ] ,     .  ,  ,  and  y  =  — 7— + 


a  +  h 


4(a  +  6)'  ^4 

prove  that  {x -af-{y-hf  =  h\ 

Find  the  square  root  of 

.„   .  ,  1051x2     142:3    Q^ 
^^^  +  -25— 5--  5-  +  ^- 


Solve 


a  +  x 


.  +  - 


a-x 


3a 


Subtract 


a^  +  ax  +  x"^    a^-ax  +  x^    xia'^  +  a^x^  +  x^)' 

x  +  ^  ,  X  +  4: 


x2  +  a;-12^'''^°'  x'-x-l^' 


and  divide  the  difference  by  1  + 


2(a;2-12) 


a:2  +  7a:  +  12 
Find  the  H.C.F.  and  L.C.M.  of 

2a;2  +  (6a-106)a;-30a&  and  3a;2-(9a  +  156)a;  +  45a6. 
Solve  (1)  2cx'^-abx  +  2ahd  =  ^dx. 


(2) 


9  5  _ 


8x-l 


2(a;  +  3)   ^T  y.^_^    4(a;-3)* 
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114.     If  a  =  l,  6  =  2,  c  =  S,  d=^,  find  the  value  of 

«*  +  &''  +  c* 


5«  +  c*  +  rf^  +  (a  +  6)  (6  +  c) 


+  3(a-  +  6*  +  co)(l  +  l^  +  ^). 


'  =  28|  (2)    a;2-6a;y+lly2=9\ 

'  =  7  /•  x-3y=lj' 


115.  I  rode  one-third  of  a  journey  at  10  miles  an  hour,  one-third 

more  at  9,  and  the  rest  at  8  miles  an  hour  ;  if  I  had  ridden 
half  the  journey  at  10,  and  the  other  half  at  8  miles  per 
hour,  I  should  have  been  half  a  minute  longer  on  the  way  : 
what  distance  did  I  ride  ? 

116.  The  product  of  two  factors  is  {Sx  +  2j/)^-{2x  +  3yf,  and  one 

of  the  factors  ia  x~y ;  find  the  other  factor. 

117.  If  a  +  6  =  1 ,  prove  that  (a^  -  b^)^ =a^  +  h^-ab. 

118.  Resolve  into  factors  : 

(1)   sc^+y^  +  Sxy{x  +  y).      (2)   m^-n^-m{m^-n^)  +  n{m-n)'^. 

119.  Solve      (1)        a^-y^=2S\  (2)   x'^-6xi 

x^  +  xy  +  y^: 

120.  Find  the  square  root  of 

(a  -  6)4  -  2  {a?  +  b^)  (a  -  6)2  -i-  2  (a^  +  ¥). 

121.  Simplify  the  fractions  : 

a  +  — -^  X-- 

a+l  X 

122.  FindtheRCF.  of 

a% +  b\  -  abc  -  ah^  and  ax^  +  ah-a?-b3i?. 

123.  A  constituency  had  two-thirds  of  its  number  Conservatives : 

in  an  election  25  refused  to  vote,  and  60  vent  over  to  the 
Liberals  ;  the  voters  were  now  equal.  How  many  voters 
were  there  altogether  ? 

124.  Solve  (1)    -^  +  (a-6)  =  -^. 

a+b  a+b 

125.  Simplify    (1)  {..t-^Yi^-t^t^y 


(2) 


{x  +  \f-{x-\f 


(x  +  \)^-{x-\)^ 
126.     Divide 

ar*  + (a  -  l)a:3  -  (2a  + l)a~2  + (a2-|-4a  -  5)a;-f  3a-f6 
by  x^-Zx  +  a  +  2. 
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127.  Resolve  into  factors  : 

(1)    x^  +  5xy-247/^  +  x-3y.  (2)    3^-~- 

128.  Find  the  square  root  of  p^  -  3g  to  three  terms 

129.  Solve        (1)     ^-^  =  ^-^. 
■^^  x-6    x-1    x-2    x-3 

^2)    ax+\  =  hy  +  \  =  ay  +  bx. 

130.  Find  the  H.  C.  F.  of  Sa^'  +  (4a  -  2&)  x-2ab  +  a^  and 

a^  +  {2a-b)a^-{2ab-a^)x-a%, 

131.  Simplify 

{^    {^    (^^  iWyh^y^:^^ 

(1)     ^+cX^+aX^+»-  (2)     xy    ^^,j    .  ^,. 

132.  At  a  cricket  match  the  contractor  pro\aded  dinner  for  24 

persons,  and  fixed  the  price  so  as  to  gain  12^  per  cent, 
upon  his  outlay.  Three  of  the  cricketers  being  absent,  the 
remaining  21  paid  the  fixed  price  for  their  dinner,  and  the 
contractor  lost  Is.  i  what  was  the  charge  for  the  dinner  ? 

X      11 

133.  Prove  that  a;(y  +  2)  H 1-  -  is  equal  to  a,  if 

y   •c 

y         J        a-2 
x=       ,   and  i/=—7z — • 
y  +  1  ^       2 

134.  Find  the  cube  root  of 

n     1^  o     ^^       iir»     108     48     8 

a:^-12ar2  +  54a:-112  + -o+~^' 

X       ar     or 

135.  Find  the  H.C.F.  and  L.C.M.  of 

x^  +  2ax^  +  a^x  +  2a^  and  a?  -  2ax'^  +  a?x  -  2a^, 

136.  Simplify 

(1)    42{^-^-^}-56f-^-^}. 

.(y.    4th  +  a    a -4b    a^  -  36^ 
^  '    Sb+^^^i^^^^a^^^W 

137.  Resolve  4a2(x3  + 13^62)  -  (32a5  +  96%3)  into  four  factors. 

138.  Solve    (1)    5\/3i-l=\/75a;-29. 

(2)     ^^  =  70,     ^^=84,     ^^  =  140. 
x+y  x+z  y+2 
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ALGEBRA. 


Shew  that  the  difiference  between 


X  X  X  ■,      a  ( 

+ -+ and +  — 

x-a    x-o    x-c         x-a    x 


c 

+ 

0    x-c 


140. 
141. 

142. 
143. 


is  the  same  whatever  value  x  may  have. 

Multiply  x^'  +  2y^  +  3z^  by  x^  -  2y^  -  3si 

Walking  4|-  miles  an  hour,  I  start  1^  hours  after  a  friend 
whose  pace  is  3  miles  an  hour  :  how  long  shall  I  be  in  over- 
taking him  ? 

Express  in  the  simplest  form 


(1)    (8^  +  4^)  X  16"^. 


(2) 


|9«.  32x^1-27" 


3=^"  X  9 


Find  the  square  root  of 

^  +  ^  +  3-2./ 
y    x  \ 

1    \     x^-1     {x-l)Hx+lf  +  x^ 


sll'^^Jl 


144.     Simplify 


(1) 


1     x+lj  '  x^+l  ' 


x'^  +  x'^+1 


145. 
146. 


(2)    f      c^^-y^       .a^  +  oy]       (a^-  aV  .  a^  -  2a^y  +  aVj 
\a^-2ay  +  y''    a-y  j      \  a^  +  y^    '     a^-ay  +  y^    J* 

Find  the  value  of 

(1)   V8+\/50- v/l8+ \/48.  (2)   s/S5+UJ6. 

x-h     x-a_  2(a-b) 


Solve 


x-a    x-h     x-{a  +  h) 
(2)  2x  +  dy  =\\\ 


147.     Shew  that 


(a  +  6)3-c3     {h  +  cf-a^    [c  +  af-l^ 
{a  +  h)-c        b  +  c-a         c  +  a-b 

is  equal  to        2{a  +  b  +  c)^  +  a^  +  b^  +  <?. 

148.  Di\dde  a-x  +  4:a^^x'^ -4a^x^ 

by  a2+2a*x*-A 

149.  Find  the  square  root  of 

(a  -l)4  +  2(a4  +  l)-2(a2+l)(a-l)».. 
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150.  How  much  are  pears  a  gross  when  120  more  for  a  sovereign 

lowers  the  price  2d.  a  score  ? 

151.  Shew  that  if  a  number  of  two  digits  is  six  times  the  sum  of 

its  digits,  ^he  number  formed  by  interchanging  the  digits  is 
five  times  their  sum. 

152.  Find  the  value  of 

111 


(a-h){h-c)    (6-c)(a-c)     (c-a)(5-a) 

153.  Multiply 

^     ^       12-f41a:-f36x2,      ,     _       2&x-9^-U 
4  -  /  JJ  3  -  4x 

154.  If  -c  —  =  1,  prove  that  x--^-^  =  Z,  and  dd^-  ^=4. 

155.  Solve        (1)  3^^-^  =  l(.  +  5). 

(2)    2x2-32/2=231 
2a:2/-3i/2=  3  f 

156.  Simplify 

a)l|v'20-3,/o-4  (2)^f^u4 

y~^\  x^  J     x^ 

157.  FindtheH.C.F.  of  (^2_i)a^  +  (3^_l)^_^(^_j>^^ 

p{p  +  l)x^-{p^-2p-\)x-{p-l). 

158.  Reduce  to  its  simplest  form 

flwr-r-       a:2a-         ^(ary-lr 

y  y     ^ 

^x >^  X 


X--       6x2 --2       -(3^y4_lV 


y  y^ 

159.  Find  the  square  root  of 

(1)  l-22"+i  +  42''.  (2)  9"-2.6"  +  4''. 

160.  A  clock  gains  4  minutes  a  day.     What  time  should  it  indicate 

at  6  o'clock  in  the  morning,  in  order  that  it  may  be  right  at 
7.15  p.m.  on  the  same  dav  ? 

161.  If  x  =  2  +  ;v/2,  find  the  value  of  ;c2  +  4- 

ar 
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162.     Solve 

^'^  ^x-b-  jx  '       ^  ^  ViTlwr^"'^' 


163.     Simplify 


a2  62 

+  7 ^TT-, rT  + 


[h  -  a) {c-a)     {c-  b) {a-b)     {a- c) {b - c)' 
161     Find  the  product  of  g  ^/5,  i  1/2,  4/80,  ^5,  and  divide 

8-4v/o        3^/5-7 

v/5  +  1    ^    5  +  ^/7* 

165.  Resolve  9a:r^y2  -  576y-  -  4a:^  +  256x-  into  six  factors. 

166.  Simplify 

1- 


(1) 


(a:  +  a)2     ,        x{x  +  2a) 


{x  +  a){x-a)  '  {x^  -  a^)  {x  +  a)^ 
^^    m  +  n'[_  l{r  +  s)     '  \  2lxy^   '  4(^2 -n^) J  J* 


167.  Simplify  (1)    {a'^p)       -^^J^^^' 

(2)    JU-J132. 

168.  Find  the  H.C.F.  and  L.C.M.  of 

20ar4  +  a:2-l,   25a;^  +  5x3-a:- 1,   25x4-10x^+1. 

169.  Solve  (1)    a  +  x  +  \/2ax  +  x2=6. 

(2)    a;  +  9|  +  j^  =  8. 

7^T 

170.  The  price  of  photographs  is  raised  3s.  per  dozen,  and  cus- 

tomers  consequently  receive  seven  less  than  before  for  a 
guinea  :  what  were  the  prices  charged  ? 

171.  If  («  +  -)  =3,  prove  that  a^  +  -^  =  0. 

172.  Find  the  value  of 

x  +  *2a    x-2a        4a&  .  ab 

+  HI ^--o — jrh*  When  x  =  ■ 


26-x     2i+x    x2-4&»'  a  +  h 
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173.     Heduce  lo  fractions  in  their  lowest  terms 


(1)     i--r- 


y     zj  '  \x^  +  y^  +  z^ - xy - yz - zx    x  +  y  +  zj 
^     ,\       56         42  \/,       56         42  \ 


174.     Express  as  a  v/hole  number 


2  5/.2 

t   .     ___     I     V-' 


(27)^ +  (16)^ ^  + 

(8)    S     (4)  ^ 

175.  Simplify 

(^)  r^'-^r:^-         ^^^  ^97-56V3. 

176.  Solve 

re -4a  ^  X - 5a _x  +  6a    x  +  ba 

x  -Sa~^ x-4a    x-^a    x-  Za 

(2)     3x'2  +  ^y  +  3y2^8l 
8x2-32^  +  82/2=173 

177.  Find  the  square  root  of  ^2,.  +  2a"-x»  +  x^"  ' 

178.  Simplify 

(1)  ^.xVa^xi^x^.      (2)  Jo-^^ixs/rry-r". 

Va  V*       „-^  I         3^/3=;;         | 

179.  A  boat's  crew  can  row  8  miles  an  hour  in  still  water  ;  what  is 

the  speed  of  a  river's  current  if  it  take  them  2  hours  and  40 
minutes  to  row  8  miles  up  and  8  miles  down  ? 

180.  Ifa  =  a;2_yr^    h  =  y'^-zx,    c  =  z--xy,    prove  that 

a^-hc  =  x  {ax  +  hy  +  cz).  » 

181.  Find  a  quantity  such  that  when  it  is  subtracted  from  each 

of  the  quantities  a,  h,  c,  the  remainders  are  in  continued 
proportion. 

182.  Simplify 

(1)    Ix  +  y ■■ — -\x    „— ^. 

I         ^  xv    \     x^-y^ 

\  x  +  y f-  /  ^ 

\  x  +  y  J 

m     2(7x-4)  .T-IO        2(4.r-l) 

'  '   ex^-7x  +  2^Q3^-X'~2      4x2-1  * 

E.A.  2o 
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183.  Find  the  sixth  root  of 

729  -  2916a;2  +  4860;r*  -  4320a:^  +  2160x8  -  576xio + 64a;^. 

184.  Simplify 

(1)       '  ^ 


X  +  sjx"  -  1      X  -  sIt?  -  \ 

(2)    4/16  +  ^81-4/^512  +  4/192-7^/9. 

185.     Solve  (1)      ^ =x. 

6-- 


K)-X 


(2)     xY  +  \m  =  2&xy\ 
x  +  y  =  %       ]' 

186.  Simplify 

6-c  c-a  a-h 

a^-(b-cf  "^  62_(c_a)2  +  c2  -  (a  -  hf 

187.  Solve  (1)     a;-15f  +  — ^=6. 

X  —  lOj- 

(2)    2(x+y-i)=3(x-i-y)=4. 

188.  If  an/=a6(a  +  6)  and  aj^-a^y  +  yS^ct^  +  js  prove  thai 

(M)(M)=«- 

189.  Find  the  H.C.F.  of 

(2a2-3a-2)a^  +  (a2  +  7a  +  2).r-a2-2a 
and  (4a2  +  4a+l)a:2_(4a^.  +  2a)a;  +  a2. 

190.  Multiply  \/2x  +  V2(2a;-l)--^ 

\'2a; 


by  -r=  +  V'2(2a;-1)  -  \'2x. 

191,  Divide  a^h^  +  h^c^-^c^a^-a^h^-JPc^-c^a^ 

by  a26  +  62c  +  c2a-a62-6c2-ca2. 

192.  Simplify 

7  1  lOx-1 

^^  2(.T+1)     6(a;-l)     3(x2  +  a;  +  l)* 

(2,  i^i^--^L^,-      ^^^ 


(\/x-a     va;  +  aj 


N/(i  +  a)^  -  oas 
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193.  If  P  be  the  difference  between  any  quantity  and  its  reciprocal, 

q  the  difference  between  the  square  of  the  same  quantity 
and  the  square  of  its  reciprocal,  shew  that 

194.  A  man  started  for  a  walk  when  the  hands  of  his  watch  were 

coincident  between  three  and  four  o'clock.  When  he 
finished,  the  hands  were  again  coincident  between  five  and 
six  o'clock.  What  was  the  time  when  he  started,  and  how 
long  did  he  walk  ? 

195.  If  n  be  an  integer,  shew  that  7^"^^  4-1  is  always  divisible 

by  8. 

196.  Simplify  )      Yv)       l\r 

197.  Find  the  value  of 

m    7  +  3^5    7-3v/5 
^  '    7-3^5    7  +  3V5* 

(2)      ,        ,  when  pr=. 


198.  If  a  +  h  +  c  +  d=2s,  prove  that 

4(aft  +  cc?)2-(a2  +  62_c2_^)2=i6(s-a)(5-6)(.s-c)(5-rf); 

199.  A  man  buys  a  number  of  articles  for  £1,  and  sells  for  £1.  Is. 

all  but  two  at  2d.  apiece  more  than  they  cost :  how  many 
did  he  buy? 

200.  Find  the  square  root  of 

2{81x^  +  i/^)-2{9x'^  +  y'^)[Sx-y)'^-({3x-y)^ 

201.  If  x:a::y  :h::z:c,  prove  that 

(bc  +  ca  +  ah)^{x^  +  y^-{-z^)  =  {hz  +  cx  +  ay)^{a'^  +  l^  +  c^). 

2102.  If  a  man  save  £10  more  than  he  did  the  previous  year,  and 
if  he  saved  £20  the  first  year,  in  how  many  years  will  his 
savings  amount  to  £1700  ? 

203.  Given  that  4  is  a  root  of  the  quadratic  x^-5x  +  q  =  0,  find 
the  value  of  q  and  the  other  root. 


U8 
204. 

205. 

206. 
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A  person  having  7  miles  to  walk  increases  his  speed  one  mile 
an  hour  after  the  first  mile,  and  finds  that  he  is  half  an  hour 
less  on  the  road  than  he  would  have  been  had  he  not  altered 
his  rate.     How  long  did  he  take  ? 


li  {a  +  b  +  c)x  =  {  -a  +  h  +  c)v  =  {a-b  +  c)z  =  {a  +  b-c)w, 
shew  that 


1111 

-  +  -  +  -=-. 
y     z    w    X 


Find  a  Geometrical  Progression  of  which  the  sum  of  the  first 
two  terms  is  2f ,  and  the  sum  to  infinity  4^. 


207c     Simplify 


^^ffMi 


i+y 


i-?y 

yJ 


208. 
209. 

210. 

211. 
212. 
213. 

214. 


A  man  has  a  stable  containing  10  stalls ;  in  how  many  ways 
could  he  stable  5  horses  ?  • 

In  boring  a  well  400  feet  deep  the  cost  is  2s.  3c?.  for  the  first 
foot  and  an  additional  penny  for  each  subsequent  foot : 
what  is  the  cost  of  boring  the  last  foot,  and  also  of  boring 
the  entire  well  ? 

If  a,  /3  are  the  roots  of  x'^+px  +  q=0,  shew  that  p,  q  are  the 
roots  of  the  equation 

a:2  +  (a  +  S  -  a/3)  a;  -  a/S  (a  +  jS)  =  0. 
Multiply  together  the  duodenary  numbers  tele  and  eie. 


If 


x  +  z     z 


Ji  a,  h,  c  are  in  h.p.  shew  that 


;  determine  the  ratios  x  i  y  :  z. 


a~^  b     cj\c     b    a  J     6^     ac 


Find  the  number  of  permutations  which  can  be  made  from  all 
the  letters  of  the  words 


(1)  Consequences,     (2)  Aca'>^iania. 
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215.  Expand  by  the  Binomial  Theorem  (2a  -  oxf ;  and  find  the 

numerically   greatest  term    in  the   expansion    of    (1  +  a;)**, 

if  x=-z,  and  7i  =  7. 
o 

Jo 

216.  When  a;=-T-,  find  the  value  of 

4 

\+2x  l-2x 


l  +  Vl+2a;     l-vl-2a; 
217.     Smiplify  J— r  +  - 


{a-h){a-c)    (6-c)(6-a>    (c-a)(c-6) 

218.  Solve  the  equations  : 

(1)  (,x^-5x  +  2f=x^-bx^Q2. 

(2)  (a--f^)%4(a-  +  ^)  =  12. 

219.  Prove  that 

(y  -zf-i-ix-yf  +  Z{x  -y){x  -z){y  -z)  =  {x  -z't^. 

220.  Out  of  16  consonants  and  5  vowels,  how  many  words  can  be 

formed  each  containing  4  consonants  and  2  vowels  ? 

221.  If  6  -  a  is  a  harmonic  mean  between  c-a  and  cZ  -  a,  shew  that 

cf- c  is  a  harmonic  mean  between  a-c  and  h-c. 

222.  In  how  many  ways  may  2  red  balls,  3  black,  1  white,  2  blue 

be  selected  from  4  red,  6  black,  2  white  and  5  blue  ;  and  in 
how  many  ways  may  they  be  arranged  ? 

223.  The  sum  of  a  certain  number  of  terms  of  an  arithmetical 

series  is  .36,  and  the  first  and  last  of  these  terms  are  1  and 
11  respectively:  find  the  number  of  terms,  and  the  common 
difference  of  the  series. 

224.  Expand  by  the  Binomial  Theorem 

(1)     (2-^)';      (2)     (l-^x)    to  5  terms 

225.  In  what  scale  is  the  denary  number  418  represented  by  1534  ? 
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226.  Simplify    — =.x ^i=-r — p=  ;     and    find    the    value    of 

^    ^    3sj27      4\/l5    7\^ 

o   /5_e>  given  that  V5=2-236. 

227.  By  the  Binomial  Theorem  find  the  cube  root  of  128  to  six 

places  of  decimals. 

228.  There  are  9  books  of  which  4  are  Greek,  3  are  Latin,  and  2 

are  English ;  in  how  many  ways  could  a  selection  be  made 
so  as  to  include  at  least  one  of  each  language  ? 

229.  Simplify 


(1) 
(2) 


x^-2x 


a^  + 


f}- 


230.  Form  the  quadratic  equation  whose  roots  are  5±J6. 

If  the  roots  of  x'^-px  +  q=Q  are  two  consecutive  integers 
prove  that  jr*  -  4g  -  1  =  0. 

231.  Subtract  4*72473  from  7°64l  in  the  scale  of  eight,  and  find  the 

square  root  of  ^08404  in  the  scale  of  twelve. 

232.  Find  logig  128,  log4  \/l28,  logj  ^ ;  and  having  given 

log  2= -3010300  and  log  3= -4771213, 
find  the  logarithm  of  -00001728. 

233.  A  and  B  start  from  the  same  point,  B  five  days  after  A  ;  A 

travels  1  mile  the  first  day,  2  miles  the  second,  3  miles  the 
third,  and  so  on ;  ^  travels  12  miles  a  day.  When  will 
they  be  together  ?     Explain  the  double  answer. 

234.  Solve  the  equations  : 

(1)  2^  =  83'+i,     9y=3*-»; 

(2)  z''=y^,     2^=2x4^,     x+y  +  z  =  l6. 

235.  The  sum  of  the  first  10  terms  of  an  arithmetical  series  is  to 

the  sum  of  the  first  5  terms  as  13  is  to  4.  Find  the  ratio  of 
the  first  term  to  the  common  difierence. 
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236.  Find  the  greatest  t^rm  in  the  expansion  of  (1-a:)   ^  when 

12 

237.  Five  gentlemen  and  one  lady  wish  to  enter  an  omnibus  in 

which  there  are  only  three  vacant  places  ;  in  how  many 
ways  can  these  places  be  occupied  (1)  when  there  is  no 
restriction,  (2)  when  one  of  the  places  is  to  be  occupied  by 
the  lady  ? 

238.  Given  log  2  =  '301030,  log  3  =  '477121,  and  log  7  =  '845098,  find 

/  49  \^ 
the  logarithms  of  '005,  6 '3,  and  (qTb) 

Find  X  from  the  equation  W-'^={o4:^2f'-\ 

239.  If  P  and  Q  vary  respectively  as  y^  and  y^  when  z  is  constant, 

1  1 

and  as  z^  and  z^  when  y  is  constant,  and  if  x=P+Q,  find 
the  equation  between  x,  y,  z ;  it  being  known  that  when 
y=s  =  64,  x=V2,;  and  that  when  y  =  4s=16,  x  =  2. 

240.  Simplify 

,      133    _,      13    ,      143    .      77 

l0g_  +  2l0gy-l0g-^  +  l0gp^. 

241.  If  the  number  of  permutations  of  n  things  4  at  a  time  is  to 

the  number  of  combinations  of  2n  things  3  at  a  time  as 
22  to  3,  find  n. 

Ill  1 

242.  If  -  +  -=?Ti ^-f^T — »  prove  that  26  is  either  the  arithmetic 

a     c    2h-a    2h-c   ^ 

mean  between  2a  and  2c,  or  the  harmonic  mean  between 
a  and  c. 

•% 

243.  If  ^Cf  denote  the  number  of  combinations  of  n  things  taken  r 

together,  prove  that 

"■''a+i ="C,+i  +  "C,-!  +  (2  x«a). 

244.  Find  (1)  the  characteristic  of  log  54  to  base  3 ; 

(2)  logio  (-0125)^ ;  (3)  the  number  of  digits  m  3^. 
Given  logio2=  '30103,  logw  3=  '47712. 
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245.  Write  down  the  (r  +  l)"'  term  of  (2aa;'^  -  ar^r,  and  express  it 
in  its  simplest  form. 

246o  At  a  meeting  of  a  Debating  Society  there  were  9  speakers ; 
5  spoke  for  the  Government,  and  4  for  the  Opposition. 
In  how  many  ways  could  the  speeches  have  been  made, 
if  a  member  of  the  Government  always  speaks  first,  and 
the  speeches  are  alternately  for  the  Government  and  the 
Opposition  ? 

247.     Form  the  quadratic  equation  whose  roots  are 

2ab 


a  +  b+is/a^  +  h^  and 


;  +  5  +  \/a2  +  62' 


248.  A  point  moves  with  a  speed  which  is  different  in  different 

miles,  but  invariable  in  the  same  mile,  and  its  speed  in 
any  mile  varies  inversely  as  the  number  of  miles  travelled 
before  it  commences  this  mile.  If  the  second  mile  be 
described  in  2  hours,  find  the  time  taken  to  describe  the 
w*^  mile. 

249.  Solve  the  equations  : 

(1)    3^{b-e)-i-axic-a)+a-(a-b)=0, 

<2)     (a:^  -px+p^){qx+pq+p^)  =  qx^  +  p^q^+p^: 

260.     Prove  by  the  Binomial  Theorem  that 

+4"'- 4:^+4787X2+ «^»¥.=n/8. 
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1 
64" 

28. 
I.  C. 

3|. 
Page 

6. 

1. 

4. 

2. 

6- 

3. 

8. 

4. 

36. 

5. 

3. 

6. 

8. 

7. 

8. 

S. 

0. 

9. 

32. 

10. 

60. 

11. 

0. 

12. 

16. 

13. 

2t- 

14. 

3i 

15. 

li 

16. 

0. 

17. 

2 

3' 

18. 

2|. 

19.     0.        20. 

3. 

21.     8 

I.  d. 

Page 

8. 

1. 

19. 

2. 

0. 

3. 

/ . 

4. 

11. 

5. 

21. 

6- 

6. 

7. 

18. 

8. 

.36. 

9. 

6. 

10. 

14. 

11. 

85. 

12. 

96. 

13. 

36. 

14. 

0. 

15. 

0. 

16. 

12. 

17. 

24. 

18. 

43. 

19. 

4. 

20. 

8. 

21. 

12. 

22. 

0. 

23. 

1. 

24. 

6000. 

25. 

17. 

26. 

16 

27. 

18. 

28. 

9. 

29. 

3i. 

30. 

49. 

31. 

1 

1 
4* 

E.A. 

32. 

3 
16' 

33. 

0. 
2h 

34. 

If 
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I,  e.     Page  8a. 

1.     20,  2,  2,  12,  30.  2.     3,  5  25,  8,  11-25,  15.        3.     6. 

4.  4-48,  17-76,  27-52,  40.     6.     504.  8.     The  first  by  24 

10.  21,  0.  12.     -196. 

II.  a.     Page  10. 

1.     -£12.  2.     4,  ~2.          3.     20.  4.     -6°. 

5.  -3  feet.        6.     24,-4.       7.     ^,  C,  5  witb  +4,  0,  -2  points. 

II.  b.     Page  12. 

1.     47a.  2.     24a:.  3.     39&.  4.     151c.         5.     -26x. 

6.  -406.         7.     -17y.         8.     -66c.         9.     -20&.     10.     2a:. 

11.  0.  12.     -16/.       13.     -s.  14.     7y.  15.     0. 

16,     2ab.  17.     x\  18.     -  Ua^a-,    19.     -2la^.    20.     -  lea:^^ 

21.     0.  22.     -ldx\      23.     -43a&cc?.  24.     i^a:.        25.     ^a. 

6  5 

5  5 

26,     -3&,          27.     -x\         28.     -^aS.       29.      ja:.          30.     -  5x^ 

6  4 

III.  a.     Page  16. 


1. 

0. 

2. 

4a +  46  + 4c. 

3. 

0. 

4. 

4a:  +  4?/  +  4z. 

5. 

3a +  56 -2c. 

6. 

6-c. 

7. 

39a -56  + 4c. 

8. 

5c. 

9. 

Sax-3by  +  Scz. 

10. 

22;?  -  18q  -  20r. 

11. 

a6. 

12. 

-  20a6  +  ca. 

13. 

5a6  +  6c. 

14. 

pq  +  qr  +  rp. 

15. 

6a:. 

16. 

20a. 

17. 

2xy  +  22a;. 

18. 

14a6-116c. 

19. 

132. 

20. 

a  +  6  +  c. 

III.  b.     Page  18. 

1.  a6c.  2.  x^  +  xy  +  y^.  3.  a2  +  3a6-262. 

4.  yz  +  zx  +  xy.  5.  Sx'^  +  2xy-y^.  6.  -  23^  +  x^  +  4:X +2. 

7.  a:2  +  7a:.  8.  ISa:^  -  32a;  - 18.  9.  15x3-4a:2+3a;- 1. 

10.  a^  +  b^  +  cK  11.  a^  +  ¥  +  c^  +  (P.  12.  x^  +  x'^  +  x  +  3. 

13.  9a3-3a2.  14.  3a;2  -  2y2  -  2a:y  -  4^2  -  3a:2. 

15.  -xi^  +  X'  +  2y'^  +  y.  16.  Zx'^y  +  xy^.  17.  2a26. 

18.  x^-x^y-y^.  19.  a3  +  63  +  c3-3a6c. 


21. 

1       2, 

-a--D. 

-Ic.         24. 

3       4,      15 

-a--o--7-c. 
S        0        4 

26. 

6        o 

1-- 

28. 

1,3     .    5   . 

30. 

-a^-la^h 

4 
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20.     a^  +  x^y  +  lxy^  +  3y^. 
22.     -  3a  -  2^.  23, 

3        3^  ^2^"' 

„      3   ,    2         1   . 

27.     gar-^a^'-^r- 

29.     --a;2_x2/  +  ^2/-. 

IV.  a.    Page  21, 

L     -2a-2c.                   2.     3a-56-4<:.  3.  ISar-f  18y- 19s. 

4.  ~  5a +  306 -4c.         5.     11x4- 13y- 16s.  6.  12a6- lOtc-lOod 
7.     21a -136 -33c.        8.     Ux  +  my  +  22z,  9.  2ac4-26d. 

10.  2a6-2cc?  +  2ac-26c2.  11.     -cd-ac-bd. 
12,     2xy,                         13,     ~33^-a?-'2x^\. 

13       5 
14.     -I2apyi-2lxy^  +  15a^yz.  15.     ^a-^64-^c. 

,c      1     .3       2  ,,         5        10,     1 

16.     4^  +  2^~3^  "S^'T       2^' 

18.     .-y  +  iz.  19.     -i.-|s.  20.     -^..^j,. 

IV.  b.     Page  22. 
1.     7xy-7yz^lSzz.  2,     -I2a^-  +  8zr^y-^21xy^. 

3.     -  12  +  9a6 -i- 6a262.  4.     -2a26c-r662ca-f  5c2a6. 

5.  -  12a-6 -float' -5cc2.  6.     -I6xr^y-vl0xy- -2z^y-. 
7.     20a262+16a26.                              8.     9x^-9x^9. 

9.     ar  +  3ar2  +  5a;  +  7,  10      - 17  a-xr +  13x1^-^2:0. 

11.  2a;2-2x.  12.     Qxh/-r2y^.  »13.     a3-c3-a6c. 
14.     3a:3+i0ary-10xy2,                    15.     Ax*-6x^-2xr^-x  +  2. 

16.     -4aS  +  463-2c-5Tl0a5c=  17.     -a^  +  2x*  +  x^-a^  +  2x-2. 

18.     4a5-7a4-5a3  +  9a2-o-7.       19.     -5a26-14a62  +  a36-^-f6^ 

20.     -a3  +  22a2fe-16a62  +  263.  21.     2a;2-|a^-Jy2 

rtrt^o"!  _„         1<,5       7  „.      5.,     1  1 

22.     ^a'-^a-^.  23.     -g^-g^^-rg.  24.     g^^  +  goar-g. 

25.     ^3r-^xh/-^y^.  26.     -^a3-|a2a;-.^aa:2. 
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Miscellaneous  Examples  I.    Page  23 

1.  (1)  2x  +  x2;  (2)  -Za  +  b. 

3.  (1)  21  i  (2)  108.      4.     (1)  11 ;  (2)  IS 

6.  Sa^-2a.  9-     2x3-2a;2. 

12.  47;  12.        13      -y'^  +  y,       15.    36. 

18.  x  +  2z.  20.     Ixy.  21.     8. 


25.     30  B.G. 


26.     2x^  -  2x. 


29.     a  +  Sh  miles  south  of  0. 


2.  2a  +  2c. 

6  Tar^-lOa:^. 

11.  2a -(36  + 5c). 

16.  0.  17.     a-6, 

23.  4a.        24.     118. 


28.     a  +  h-{c-d). 
30.     2ar2+7a;-3. 


V.  a.    Page  27. 


1.  35a;7.  2.     20a^. 

6.  Sa^fiB.  6.     Qa^bc^. 

9.  28a7!)^  10.     5or*&3a;2y2^ 

13,  I5a7¥x^.       14.     28a36Sa;5^ 

17.  2a:V-  18-     SaSa;^^^^. 

20.  20a362a.^-28a262ari. 

22.  a^b  +  a^b^-a^hc^. 

24,  2{ki4&c3  +  12a263cS  -  SaSfec^. 

26.  48a:5y8-40aV  +  56ar3yS. 


3.  56a*bK  4     30a:V^' 

7.  4a^6«.  3.     10aS6. 

11.  Qa^x^y^.         12      abcocyz, 

15.  40a'"car».         16.     SOa^arV. 

19,  a%2  +  a862c. 

21,  10a:3  +  6ar2y. 

23.  ahh^  +  a^bc^-a'^b'^i. 

25.  1 5a;5'y  +  3a^2/2  -  21a:r«y2_ 

27,  6a»6»c  -  7a36<c2. 


V.  b.    Page  30. 


1. 

36, 

2. 

-48. 

3,     5 

4.     24.            6. 

-16. 

6. 

-12 

7. 

-9- 

8.     -24, 

9.     - 168.      10. 

480. 

11. 

-16. 

12. 

375, 

13,     500. 

14.     140.         15. 

-2000 

16, 

500. 

17 

-180. 

18.     -  56. 

19.     -1000.    20. 

-224= 

21. 

40. 

22, 

-63. 

23.     US. 

24.     -  130.      25. 

-54, 

26. 

3, 

27. 

1. 

28.     0. 
V.  c.    Page 

29.     29.           30. 
31. 

-13. 

1. 

-Zahy^. 

2.     14a262:f2^          3^ 

-  a»63.             4.     -  ( 

30a:^y2 

6. 

^^¥<^d^. 

€ 

L      -5ar'^'*22. 

7      -ZQxhfh 

-  ^xyh^. 

8. 

a^&- 

-aWd" 

9. 

3r2+3a:y+3aj2;.        10.     a^bc-abh  +  ab&. 

11. 

a^o^c- 

ai>k^-\ 

■a%<^. 

12      \^*b^  +  <2^%\ 

13.  15ary  -  1  ^rV  +  "^^f- 

15.  -  5a;2yS22  ^  3  r^t/^s^  -  ^s^(^?. 

17  9Ia^+105r5y*. 

19,  -  a«62c*  -f  a^^V  +  a%^c^. 


14,     56a^i/^  +  40xV' 
16,     -48a;*jf«z5  + 96x^2/224. 

18.     -8x2«/2z2  +  l0x4i/2z*. 

20,       a352c_^%3(.+a2^)2^2. 


ANSWERS.  45 : 


Q  5        5  10 

21.     ~3a^  +  ^ab-6ac.  22.     -^cc^-]-^xy-}--^x, 

113  7 

23.     -a%c-7^a5ar-Ta<:ar.  24.     - '2a^x^  +  ::::a'^x*. 

4  Id  c  2 

25.     ^a^x^-Ka^a^  +  a^c*.  26.     -^^y-x^. 


2"-^     3 


^Try-SaV-  28.     -aV  +  ^-V- 


V.  d.    Page  32. 

1.  x^+lox+oO.  1.     x^-2b.  3      x--Hx  +  '70, 

4.  x^  +  Zx-10.  5.     ic2-3a;-70.  6.     ar^  +  lTar  +  TO. 

7.  cc2-36.  8.     x2  +  4a;-32.  9.     a-2-13a:  +  12. 
10.  .r3+lla;-12.          11.     ar=-225.                  12.     -a;2^.i8a:-45. 
13.  a^»  +  5.c  +  6.              14.     -a:2-f.i4a;_49.       15.     2:2_25. 

16.  a^+a;-182.  17.     a;2  +  a;-306.  18.     :c^-a:-380. 
19.  a:2_256.                   20.     -a:2  +  42x-441.     21.     2a;2+i3a._24 

22.  2x2-13a?-24.         23.     2a^-lla;  +  5.  24.     ^x^-lx  +  o. 
25.  6ar  +  llx-35.         26.     6a:2-lla;-3o.         27.     lOar^  +  s^.js 

28.  10cc»  -  3a;  -  18.         29.     9^2  -  2oy2.  30      gar^ -  ^Ox-y -f  25y'. 

31.  a^  +  ab-Qt^.  32.      a'^-^ab-oGb-.  33.     3<:t2  -  30a^>  +  485-5. 

34.  a'*  -  4otd  -  4552.        35.     a:^  +  ^ic  -  6a;  -  a^.     36.     x^-ax  +  bx-ah 

37.  x^-2ax  +  Zbx-6ab.  38.     a^x^-o^y"-. 

39.  7ihp--d?^,  40.     4i>V-9r2. 

V.  e.    Page  34 

L  a2  +  2afc  +  i5!2-c2.  2.     a^  -  46^ -+- 4k  -  c^. 

5.  2:^-4a;»  +  8a;+16.  6.     a;«-i-s^  7.     a:^-?/^. 

8,  a4  +  4a2a:a+16a-*.  9.     Ua^-Til^.        10.     ./:^-a4. 
11  a;4  +  2a;3-7a:2_ga,^12.  12.     4ar»  -  a;^  u.  4^^ 

13.  a«  +  a36S.  14^     T^-lx^-^x^^X^x^-^Xx-lh, 

15.  a5  4-4a6^.  16.     8a:*-27j^. 

17.  -ar*  + 4x3^-2^^-4x^8-1/*.    18.     oS-o^fe^-f  2a»63  +  6''. 
19  X'-^xY  +  y*.  20.     a263  4.^s^_^8^_^2^. 

21,  75^563 -28a365+i3or2^;6_i2aF.        22.     Six* -256a*. 

23.  a*  -  2oa2&2  _  lOat-^  -  6*.  24,     a.-^  +  3xy  +  y^  -  1. 

26-  a3  +  &3  +  c3-3a^.  26.     x*  +  y^,  27      ar^  +  i^". 


458  ALGEBRA. 

28.  a^-2a^  +  l.  29.     a2^  +  27aV-         30.     x'^  +  2ar^y^ -r  y*. 

31.  -a3  +  -a-^.  32.     -a:3__^  +  _^  +  _. 

33.  l^^-lv".  34.     |^-|ax-3  +  l„2^2_2^4. 


V.  f.    Page  36. 

1,  a^  +  32:-40.  2.  x-  +  5z-6.  3.  ar2^7a._3o, 

4.  a:2  +  4a;-5.  5.  a;2_2a;-63.  6.  ar^-lSa^  +  SO. 

7.  ic^  +  lx-44.  8.  :c2  +  2x-8,  9.  2-^-4. 

10.  a2-L  11,  a2  +  4a-45.  12.  a^  +  Qa-SG. 

13.  a2-4a-32.  14.  a2-64.  15.  a^  +  7a-7S. 

16.  a2^6a  +  9.  17.  a2-121e  18.  a^- 16a +  64. 

19.  x^-ax-6a\  20.  Jt>^  +  ax  -  SOa^.  21.  x^-Oa^. 

22.  xf^-^2xy-8y"^.  23.  a:2_49^2  24.  a:2_6^y^9y2_ 

25.  a2  4-6a&  +  96^^.  26.  a2  +  5a5-50?)^  27.  a- -I7ah  +  12b^. 

28.  2a;2-a;-10.  29.  2a;— 9a: +  10.  30  2a;2-3a;-9. 

31.  3x'2  +  2a:-L  32.  4a;^  + 8.^-5.  33.  6a:2  +  5a'-21. 

34.  8a:2  +  6a;-9.  35.  9^2  _  64.  36.  4a:2  -  20.r  +  25. 

37.  9x--^xy-2i/.  38.  9a;2  +  12a:2/ +  4i/2.  39.  'ix^  +  ^xy-Soy- 

40.  25^2 -9a2.  41.  2x2  +  5aa;  -  25a2.  42.  4x2  +  4aa;  +  a2 

VI.  a.    Page  40, 


1. 

3x-.                     2. 

6. 

xy"^.                   6. 

9, 

a*c«.                 10. 

13. 

5a*.                 14. 

17. 

-  862a;.            18. 

21. 

x^-7x^  +  4x-. 

23. 

-3a~^  +  5a;.      24, 

27. 

-a  +  h  +  c.      28. 

-3a;. 

3. 

-  5ar\ 

4. 

-6a;. 

-a\ 

7. 

4ac. 

8. 

-4a26*c^ 

SarV-^. 

11. 

4a.'2. 

12. 

6a6. 

7a26^. 

15. 

-1. 

16. 

-  7a62. 

10|/2. 

19. 

x-2y. 

20. 

a:2-3a;+L 

22. 

10a;*-8a;3  +  3a., 

3x-4. 

25. 

SX^  +  4:X. 

26. 

2x^y  -  3xy' 

a  -  6  -  62.  29.  -  X-  +  Sxy  +  4?/2. 

30.     -2.r3y3  +  4a;2y_3y2  31  2a -36  + 4c. 

32.     -|a;2a.2y2.  33.  ^x-2y-4:. 

6  3  ^1 

34.     -^a2a;2  +  -aa:'.  35.  ^a-^6-c. 


ANSWERS 

4 

VL  b. 

Page 

42. 

L 

35  +  2. 

2. 

a; -4. 

3. 

a-6. 

4. 

a-24. 

5. 

3a; +  1. 

6. 

a;  +  5. 

7. 

5.r+l. 

8. 

x  +  l. 

9. 

5x+l. 

10. 

a:+lL 

11. 

x+6. 

12. 

3a; +  1. 

13. 

Sx  +  7. 

14. 

3:r-7. 

15. 

3a; -5. 

16. 

4a; -7. 

17. 

4a  +  Sx. 

18. 

ba-x. 

19. 

3a  +  4c. 

20. 

3a  -  5c» 

21. 

6x  +  hy. 

22. 

8rc  +  3y. 

23. 

x^+Ux, 

24. 

4x2 -a;. 

25. 

9a;2  +  9a;  +  5. 

26. 

2a2-5a  +  3. 

27. 

3  + 3a +0,2. 

28. 

8-36ic  + 

54a:2-! 

27a;3, 
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VI.  c.    Page  44. 

1.  a; -4.               2,     y  +  l.  3.     2w-3.             4.     2a2-3a. 

5.  ar^-ar  +  l,         6.     a^-Sa  +  l ;  rem.  a-6.  7.     a2  +  8^  +  2. 

8.  2a;2  +  a;-l;  rem.  3a;  +  4.  9.     oi?-2x^-^x+\. 

10,  a;3_3^  +  2a;-l.  11.     lOa;^  -  3a;  -  12  ;  rem.  7a;  -  45. 

12.  7y2+5y-3;rem. -392/+27c  13.     2F-5^'  +  2. 

14.  b-lm-rn?.  16.     x^  +  5x  +  Q. 
16.  a:2-2a;  +  3;  rem.  31a;-15.  17.     12  +  8a;  +  a;2, 

18.  lx^+^xy  +  2y^,  19.     a;^-a;2/  +  i/2 ;  rem.  aj^. 

20.  ot^  +  x-y.  21.     a^  +  a%^  +  h\ 

22.  x}  ~v^y-\-7^  ~v?y^-\-X'if^-y''*. 

23.  a:«  +  2a;Sy2_3^^_g3^y6  +  2aV+4it^"+y^- 

24.  a2  +  2a6  +  62  +  a  +  &-f-L  25.     a;^  _ -j4y  +  a;!/^  _  ^,5^ 

26.  aio  +  a^&2  +  a654  +  a4^6j.«258  4.5io^ 

27.  a8-2a«62  +  3a45*-2a266+&8,  28.     l+a  +  a2  +  2a;-2aa;+4a;2, 

29.  ^a2-3aa;  +  9a;2,  30.     \a^-\(i  +  Ta' 

4  9        6       16 

31.  %_a^-\a\^-\a^,  32.     L^-^a-l 

2o         5           2  8         4       3 

33.  ^x-\y-\  34.     |a^  +  |a^a;  +  ^aV-^aa;*. 

Vn.  a.  Page  47. 

1.  a  +  6-c.  2.     a. 

5.  -2a-46-2c. 

8.  x-y.  9.     2a -26. 

12.  2a-6-rf.      13.    -3c  +  4i/. 

15.  -5.r.  16.     -25a;  +  2y. 
18.  2a: -2z.          19.     2a. 


3. 

a  +  36-4c.      4. 

3a-fe-c 

6. 

-a-vh-t.       7. 

h-a. 

10. 

-2a?-%.      11. 

X  -  a. 

14. 

-a;+2y  +  6z. 

17. 

11a; -36y. 

20. 

a. 
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VII.  b.    Page  48. 


1.     3a. 


2.  a. 


3.     6a  +  26'2c-2d. 


4. 

2x  -  3y  + 122. 

5.     6. 

6.     21a +  i.. 

7. 

26  +  4<j. 

8. 

~-a2  +  862-9c2. 

9. 

-2a  +  66+2c-2«i, 

10. 

4<i  +  b  +  c. 

IL 

-50c. 

12. 

-11a -26. 

13. 

-a  +  b  +  5c. 

14. 

-2a +  105 -lie. 

15. 

-  227a  +  216/' -^M 

16. 

2a-12c  +  84c?. 

17. 

3a  +  4x. 

18. 

-10a. 

19. 

4a. 

20. 

0, 

21. 

5 

22. 

12a; -30y. 

23. 

13,     10 
a^^6+3C. 

24. 

0. 

VII.  c.    Page  50. 

1.  (a  +  2)x*+(b~5)x^  +  {2b-3)x+5. 

2.  (5a~b)x^  +  {Sb-^)x^+{c-2)x  +  ab-7. 

3.  (9a-7)a?3+(5a-3)a;2  +  (7-2c)a;  +  2. 

4.  {2c-a^)x^  +  {l'Sb)x^+{4d-3ab)x. 

5.  -ia^  +  b)x^-i2b-5)x^  -{3-a)o(^. 

6-  -{ab-7)x^-iabc-l)x^-{Sc^-5a)s!, 

7.  ~{c-a'^)x^-{b  +  5-a)x^. 

8.  -(a  +  o  +  7-362)a;4_(^  +  5c2)a;. 

9.  (a-6)ar-(6  +  2c)x2_(6  +  c  +  (f)ar. 

10.  (5a  +  4c)  ar^  +  (3a -66  + 7c)  0^2  + (2a- 76)  M. 

11.  (3a  +  2c)a;3^.(a  +  86)ic2-(8a  +  96)a;. 

12.  (66+l)a;5-(a  +  26)r4-(2a  +  3c)a;. 

13.  (a  +  6)a;3-(a  +  6)ic2  +  (a-6)a;, 

VII.  d.    Page  51. 

1.  {a-c)x^  +  {b  +  c)x^-{2c  +  l)x. 

2.  (l-6)«8  +  (a  +  l)«2  +  (6-l)a;-l. 

3.  (a2  -5a  +  2)a^  +  {2a-b)x^^{a  +  5)2:/* 

4.  (a-2?  +  l)x2  +  (6  +  g  +  2)a;-c-r+3. 

5.  {p  +  q-i)x^+{p  +  q)x^-{p  +  q)x  +  q. 

6.  acic^  +  (2a  +  6c)  a;2  +  (26 +  c)  a; +  2. 

7.  acar^  -  (2a  +  6c)  a;2  4.  (3a +  25)  a; -36. 

8.  apa^  +  {aq-bp)x^~{hq  +  cp)x-cq. 

9.  2bxr^-{2h-2c)x'^-{h  +  3c)x-c. 
10.  ax'-(a+26)ar2  +  (26  +  3c)a;-3o. 


I 


ANSWERS.  4:61 

11.  apx^-(2a  +  ^)x-  +  {6-aq)x  +  Sq, 

12.  z^-{a'^  +  2b)x*+{2ac  +  b'^)x^-c^ 

13.  a^x^+{6a-l)x*  +  {9-2h)x^-b'^. 

14.  x»-{a^  +  2b)x^  +  {2ac-\-b'^-\-2d}x^-{2hd~-c'^)x^  +  cP. 


VIII.  (1). 

P 

A.GE    54^. 

1, 

3. 

2. 

5. 

3. 

4. 

4. 

6.           5. 

2. 

6. 

5. 

7. 

2, 

a 

3. 

9. 

5. 

10. 

7.         11. 

3r- 

12. 

2. 

13. 

o 

14. 

4. 

15. 

3. 

16. 

5.         17. 

1 

18. 

19. 

1. 

20. 

li 

21. 

2 

22. 

1.          23. 

ol. 

24. 

6t 

25. 

5 

8" 

26. 

7 
12' 

27. 

S 
21" 

28. 

llf.    29. 

12. 

30. 

15. 

31. 

4i 

32. 

-4. 

VIII.  a.     Page  55. 


I. 

5. 

2. 

4. 

3. 

1 . 

4. 

4. 

5. 

3. 

6. 

1. 

7. 

5. 

8. 

3. 

9. 

15. 

10. 

13. 

11. 

13. 

12. 

5. 

13. 

1. 

14. 

16. 

15. 

10. 

16. 

30. 

17. 

5. 

18. 

1. 

19. 

2. 

20. 

1. 

21. 

1, 

22. 

2 

23. 

3. 

24. 

1. 

25. 

4. 

26. 

3. 

27. 

3. 

28. 

3. 

29. 

1. 

30. 

4. 

31. 

7. 

32. 

3. 

33. 

4. 

34. 

4. 

35. 

1. 

36. 

1. 

37. 

2. 

38. 

2. 

39. 

1. 

40. 

o 

VIII.  b.     Page  58.  •% 


1. 

20. 

2. 

15. 

3. 

S. 

4. 

16. 

5. 

25. 

6. 

17. 

7. 

13. 

8. 

10. 

9. 

1  - 

10. 

4. 

11. 

1 

12. 

1 

13. 

5. 

14. 

7. 

15. 

6, 

16. 

10. 

17. 

6. 

18. 

8. 

19. 

i- 

20. 

25. 

21. 

3i. 

22. 

8. 

23. 

12. 

24. 

5. 

25. 

5. 

26. 

12. 

27. 

4 

28. 

-.51 

o 

29. 

8. 

30 

66|. 

31. 

7. 

32. 

7. 

33. 

2. 

34. 

12. 

35. 

27. 

36. 

5. 

46^ 
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VIII.   C, 

Page  60. 

1. 

2|.        2. 

6. 

3.      10. 

4. 

-6.        5. 

9|. 

6.      ij. 

7. 

- 12.      8. 

3 

8' 

9.      1|. 

10. 

-!■  - 

4 
5' 

-  -1- 

13. 

li        14. 

2 
3' 

15.      If. 

4 

16. 

12.       17. 

06 

18.     2J. 

19. 

f.          .0. 

If- 

21.     I 

IX.  a. 

Page  62. 

1. 

7/~X. 

2. 

3' 

3. 

5b. 

4. 

3rf-2c. 

6. 

2L 

6. 

.     100- a;. 

7. 

b 
a 

8. 

20 -c. 

9. 

h 

10. 

600 

X 

11. 

a;+ll. 

12. 

c-20. 

13. 

90 -a;. 

14. 

x-30. 

15. 

20. 

16. 

2a;. 

17. 

SQ-x. 

18. 

x-\-a. 

19. 

5x  days. 

20. 

4. 

21. 

X 

2' 

22. 

X 

4* 

23. 

xy  miles. 

24. 

^  miles. 

X 

25. 

60.r 
a 

26. 

hours. 

X 

27. 

op. 

28. 

44 

a;* 

29. 

5a  +  2b. 

30.     400  -  a^. 

31. 

240a+12&-c. 

32. 

x-6. 

33. 

h. 

34. 

40a:. 

35. 

20a +26 -c 

36. 

100 
xy 

37.     y-    5. 

38, 

1 00  -  a;  -  y  -  2. 

39. 

240x+l2y  +  z- 

30. 

40. 

2y  +  2z  -X 

IX.  b. 

Page  65. 

1. 

0?,  x+l, 

x  +  2, 

a;  +  3. 

2.     y 

-2,  y 

-1,  y- 

3. 

x-2,  X- 

1,  x, 

a;+l,  a:  +  2. 

4 

.     2n  +  2. 

5. 

.     2a;- 1. 

6. 

6n  +  3. 

7. 

TC-a-h  miles 

8 

.     n{a  +  b). 

9 

.     a;  +  y  +  5. 

10. 

2x  +  5. 

11. 

mx  +  y. 

12 

.     6x. 

13 

.     £106c. 

14. 

f,ax 
^20- 

15. 

^2- 

16 

na:V 
•     ^50- 

17, 

.     3a;iy. 

18. 

a;2 
9' 

19.     - 

px 
2" 

20 

ahc 
'     60* 

21 

I2yz 

X 

ans\\t:rs. 

24.     ^  hours. 

-^- 

28.     yz.     29.       ^  . 
^                  lOr 

30.      ^^^P. 
ar 

32.     6n  =  x.           33. 

pg  =  o{a-b). 

35.     a  +  a;  +  5  =  2{a  +  5);  35;  24. 

37.     p-5  =  7{q-5). 

463 

S2.     ab-^.    23.—. 
9  4a; 

26.     LJ^.       27.     i^days. 
31.    p{p-l)(p-2)  =  y. 
34.     -=m  +  ?i  +  10. 

y 

36.     ^{p-x)  =  3{q  +  20x). 

IX.  c.     Page  68^. 

1,  (i)  272  sq.  ft. ;     (ii)  16  ft. ;     (iii)  6  ch.  84  Iks. 

2,  (i;  50  cu.  ft. ;     (ii)  4^  cu.  ft. ;     (iii)  5  ft. 

3,  (i)  49 ;     (ii)  1  hr.  20  min. ;     (iii)  37^ 
*.  (i)  144-9  ft.;    (ii)  5  sees. 

e  22  in.,  38-5  sq.  in. ;     11  ft.,  9-625  sq.  ft. 

f .  (i)  24-64  sq.  in. ;     (ii)  1  ft.  9  in. 

7  (i)  2{x  +  y)  ft. ;     (ii)  xy  sq.  ft, ;     (iii)  2z{x  +  y)  sq.  ft. 

S.  59  ft.  10  in. ;     210  sq.  ft. ;     718  sq.  ft.  9.     10  ft.  6  iix 

10,  (i)22sq.  cm. ;    (ii)  3-6  sq.  in.        11.      1-5  in.        12.     27  sq.  ft. 

13.  328.  14.     15.  15.     55.  16.     (i)  and  (iii) 

20.  (i)  17;     (ii)  24;     (iii)  40;     (iv)  1-6. 

21=  (i)   -7854;     (ii)96-6;     (iii)  294.  22.     40.  23.     12. 

24,  (i)  9780 ;      (ii)  1 ;     (iii)  12  :     (iv)  -  40-5. 

25.  4,  5i  6|.  7f,  8i,  10. 


1.  17,   12.  2. 

5,  15,  43.  6. 

9.  27,  28,  29.    10. 

13.  5. 

16,  A  £100,  B  £130,  G  £150.        17.     53  florins,  71  shillings. 

18,  Silk  6s.,  Linen  Is.  19.     48,  12.  20.     65,  40. 

21.  60,  10.  22.     20  half-crowTis,  5  crowTis,  10  shillings. 

23.  25,  5.  24.     123  runs,  10  byes,  5  wides. 

25.  15  ft.,  12  ft.  26.     18  ft.,  10  ft. 


X.  a.     Page  71. 

13,  5.             3.     75. 

4. 

20  miles 

162.                7.     1. 

8. 

50,  55. 

3,  5.             11.     15,  5. 

12. 

£20. 

14.     60,  61. 

15. 

6,  3. 

46^ 

I 
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X.  b.    Page  73. 

1. 

54. 

2. 

24.                     3.     60. 

4. 

35. 

6. 

75. 

6. 

24,  25.              7.     224,  252. 

8. 

49,50. 

9. 

50,  51,  52. 

10.     £33. 

11. 

27. 

12. 

90  Port,  150  Claret.           13.     A  £450,  5  £180, 

G  £140. 

14. 

A  £525,  B  £600, 

C  £160.                       15.     £49 

, 

16. 

12  ft.  18  ft. 

17.     £12000. 
XI.  a.    Page  74. 

18. 

44. 

1. 

2ab. 

2. 

xh/^,                 3.     2xyH. 

4. 

ahc. 

6, 

bah. 

6. 

Sxyh.               7.     2a%^c^. 

8. 

*lah^(?. 

9. 

^aP-yz^ 

10. 

2ax.               11.     7a. 

12. 

Ylohc. 

13. 

xy. 

14. 

8aW^c\           15.     25x2^. 

16. 

hx. 

17. 

oa^i^c\ 

18. 

ahc. 

XL  b.    Page  75. 
In  examples  19-29  the  H.C.F.  stands  first ;  the  L.C.M.  second. 


2a-'&c. 
15a463c5. 

12a6c. 

a262c2. 

17.     210a^hhK 
21.     fee.  9ab-c. 


1 

5 

9 

13, 


2.  ctfiyh. 

6.  24ahxy. 

10.  12a;yz. 

14.  30a262c2. 

18.  2Q4a*h*c\ 


3.  12ar'^2/^2. 

7.  afec. 

11.  12a;V^2^ 

15.  12ar3y4, 


4.  20a2fe-cS. 

8.  a^h^c\ 

12.  42a263. 

16.  56a;V- 


19.     ac,   I2ahc.     20.     2yy   \2xyz. 


22.     13a2fec,  .39a36c2.    23,     17a:y,  b\xhjz\ 
24.     5a:y32^  75x3^322.    25.     b,  30afec.  26.     llm^p^,  51m^'i)\ 

27.     2/2^"  x^y^z*.  28.     5p2,  60m2/)V-      29.  36yt2m27i4,  2mi^mhA 


1.     pfr 


13. 


17. 


XII.  a.    Page  76. 


1 

26* 

2. 

a 
46' 

3. 

5a; 

4. 

1 

bob' 

22 

xy' 

6, 

3a 
5c' 

7. 

3a;2 

4z2* 

8. 

2a2 
3fec' 

4» 

10. 

67i^   ' 

11. 

c 
a2fe* 

12. 

3X2 

5y3" 

2x' 

14. 

a2c3 
3fe2' 

15. 

nq 
mjcr^' 

16. 

2np^ 
3m' 

3a:2 
bay*' 

18. 

3 
4a6c' 

19. 

2phn? 
3i   • 

20. 

2xyz 
3 
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XII.  b.    Page  77. 

1      ^  2       -                        3       ^^'^'^^^                4      i^ 

36  '  6c                               be                        lo's^i/ 

_      3m?is2  g      Qninp               7       ^                    8      ^0^ 

"     ~^^'  ■     ^F~'                ■     2a2*                    '     iilp" 

9.     ^'.          10.  3.                11.     i^.          12.     -^.         13.     ^. 

war*  4a                    4a^c                   qoox 

H.     ?^^       15.  ?^".         16.     8.            17.    ^.       18.     y^ 

5a  4ar^y                                          1^^ 

XII.  c.     Page  78. 

^      4:X,  y  2      ^7?,  Sy^                  ^      ac,  2b- 

2a   '  Sx^y    '                   '        26c 

-      ad,  be,  2bd  _      6ac,  6^                    ^      5m,  ^p 

bd  ■        36c~'                     '        20?i 

7,     ^^'>  ^P  8      ^^>  ^              9      '^LjJ^.             10.     ^^^''  ^. 

6a;    "  *        6a7    *               '       a6c                           a;"^ 

jj_     2y,  3a;^  ^2.     a:^  y^  3x^y          ^3^    4a;-,  9y^ 

a;y    *  '             xy                              6xy 

..      Sac,  Sab  _      9ac,  56^                 _      18,  3a6,  a- 

X*.  — — .  10.  ;=— ^; "  Id. 


1. 

5. 

9. 
13. 
17. 


25. 


106c  216c  9a 

XII.  d.    Page  79. 


5x 

2. 

6' 

5x  +  2y 

a 

10  ■ 

3a;-y 

10. 

21  ' 

22a; 

14. 

15 

11a 

18. 

30 

31a: 

36' 

22. 

ac  +  b 

26. 

c 

29. 

y 

20" 

3. 

a 
12" 

4. 

3a -26 
12 

7. 

3»i  -  2n 
24  ■ 

8. 

3a +  6 
39  ■ 

11. 

Sp-q 
48  ' 

12. 

9a: 
20" 

15. 

X          ♦ 
4" 

16. 

5x 
24* 

19. 

7a: 
18' 

20. 

17a: 
24" 

23. 

bx-ay 
ab 

24. 

xz-y 

z 

27. 

a2-362, 
3a 

28. 

a:3-2v2 
2a:2  • 

30. 

p2 

2x^  - 15 
3a;     ■ 

2m  -  37t 

15 
15;n  -  n 

36 
6a  -  46 


15 
5a: 
T' 


21.      ^.  22.      ^.  23.      ^^-°^y.  24      ?6^  +  ^^ 

3a6 


a3  +  63 
a 
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Miscellaneous  Examples  II.    Page  80. 


1. 

37^  +  1x-8. 

2. 

4. 

a- +  62  +  ^2. 

5. 

7. 

x''  +  2x-3. 

8. 

10. 

4.x^-Qx-l. 

11. 

12. 

(Dp    (2)1. 

13. 

15. 

16a2+2a&. 

16. 

17. 

29a. 

18. 

20. 

6a  +  2c-2d. 

21. 

23. 

1935. 

24. 

26. 

3a: -9. 

27= 

1 


2.     13z.  3.     20. 

5.     a^-Ux-10.  6.     (1)  J;    (2)  -3. 

-  4a  +  5&.  9.     5a:. 
(1)  a:2  +  14a:-51;     (2)  24a;2-55a;-24. 

-  ah.  14.     ^. 


x5  +  4a:^  +  48a:-32. 

(1 )  -  2  ;  (2)  41.      19.  3p3  -  5p^  +  2p. 

2:c^-x^-x.  22.  1. 

4.  25.  4w-5w, 

0.  28.  (1)-15;     (2)4. 

29.     3?/'  -  9y2  +  2y  -  1.  30.     .4  £800,  5  £320. 

31.     14.  32.     6m^-96.  33.  a: -2. 

34.  cup  +  hq  miles ;  — hours.     Numerically,  55  miles ;  5  lioura. 

35,  (1)^;     (2)7t33.36.     4320. 


XIII.  a.    Page  86. 


1. 

a:  =  2, 

y=i. 

2. 

x=   3, 

y--5. 

3. 

a:=2, 

y=  3. 

4. 

a:  =  4, 

y=- 

1. 

5. 

x=   i, 

y=2. 

6. 

x=3, 

y=  4. 

7. 

x  =  o, 

y  =  6. 

8. 

a:=    1, 

y=2. 

9. 

x=3, 

y=  1. 

10. 

x=2, 

2/  =  l. 

11. 

x=   1, 

y=3. 

12. 

x=l, 

y=  1. 

13. 

x  =  7, 

y  =  o. 

14. 

a:=10, 

2/  =  3. 

15. 

x=5, 

y=i2. 

16. 

x  =  l, 

y=8. 

17. 

a:=  6, 

2/=8. 

18. 

x=5, 

y=  8. 

19. 

x=-l, 

y=- 

3, 

20, 

a:=17, 

2/=  - 

19. 

21. 

x  =  l. 

2/=  2. 

XIII.  b.    Page  87. 


1. 

a:  =12, 

y=  8. 

2. 

a:  =  10. 

y=  6. 

3. 

a:=lS, 

2/=  12. 

4. 

a:  =  20, 

y=i5. 

5. 

a:  =  45, 

y  =  35. 

6. 

x  =  51, 

2/  =  17. 

7. 

a:  =  20, 

y  =  60. 

8. 

a;  =14, 

2/ =  15. 

9. 

x=  -2, 

2/=  4. 

10. 

x=  3, 

y=  5. 

11. 

x=  7, 

2/=  3. 

12. 

a:=  5, 

y=  4. 

13. 

x=  3, 

2/=  -4. 

14. 

x=19, 

2/=  3. 

15. 

a;  =  12, 

y=-4. 

16.     a:=13,  y=  7. 


Xni,  c.    Page  9Q 


1. 

x=l, 

y=  2, 

s=  3. 

3. 

z  =  2. 

y=  3. 

z=   1. 

5. 

x  =  9, 

y=  2, 

s=-4 

7, 

x  =  o, 

y=  6, 

z=  7. 

9. 

x  =  2, 

y=-2, 

z=  5. 

11. 

x  =  % 

2/ =  10, 

2  =  14 

13. 

x  =  6, 

y=  8, 

2=    0. 

15. 

a;  =  6, 

y=  2, 

2=    1. 

2. 

x  = 

-2, 

y  = 

4, 

2=    L 

4. 

a;= 

1, 

y= 

2, 

z=  a 

6. 

a;= 

3, 

y= 

2^ 

2=    1. 

8. 

a;  = 

1, 

y= 

•9 

-"J 

2=    3. 

10. 

x  = 

4, 

y= 

-3, 

2=    2. 

12, 

x  = 

3, 

y= 

Q 
"1 

2  =  15. 

14, 

x  = 

3 
2' 

y= 

2 
3' 

5 

'=  8 

16.     a;  =  35,     ?/  =  30,     2=  25. 
XIII.  d.    Page  92. 


1. 

z  =  5, 

y=  3. 

2. 

x  =  2.       y  =  l. 

3. 

a;  =  3, 

y=2. 

4. 

1 
a; -3, 

1 

^=  4 

5, 

a;=7,       y=6. 

6. 

1 
a-3, 

1 

y=i' 

7, 

x=2, 

y=-3. 

8. 

x=  -5,  y=4. 

9. 

2 

^=3, 

3 

y=4- 

10. 

a;  =  9, 

y=25. 

11. 

1             1 

12. 

1 
^  =  5' 

1 

13-  ^  =  2'  ^=i'  '  =  4  ^^     ^=8'  2^  =  l2'  ^=16- 

15.  a;  =  3,  7j=  -2.  2  =  1. 

XrV,     Page  95. 

1.  22,  12.  2.     55,  18.  3.  '25,  17-  4.     53,  23, 

6.  23.17      6.     Tea  as.  4c?.,  Sugar  4c?.      7.     Horse  £23,  Cow  £it)= 

8.  A  £140,  5  £60,  (7  £70,  Z)£20.    9.  A  £99,  5115,  C£.33,  i)£2a 

10.  A  36  years,  5  14  years.  11.  A  55  years,  B  21  years, 

12  .4  5  miles,  B  4  miles.  13.  C  3^  miles,  D  4j  miles. 

14,  .^.  15,     ^.  16.     f..  17.     :^.  18      28,  82. 

<io  26  lo  14 

19.  85,  58.  20.     27.  21.  72.  22.     £5.  lis, 

23.  8  white,  12  black.    24,     860.    25.  Man  2s.  6c?. ,  Boy  is.  6c?. 

26.  20  lbs.,  40  lbs.  27.     15  miles.        28.     8  hours, 

29.  6  miles,  2  miles  an  hour.  30.  lOs.,  Is.  6c?. 

31.  £500.  S2,  S  miles^  4f  milea  an  hour. 
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1. 

5. 
9. 

13. 

17. 

21. 
25. 

29. 
33. 
37 


9a266. 

9     ' 

4x^y^ 
SaHA 
-  l2oa%^ 
1 

24.3a;20 


14. 


18. 


322/ 


15  ' 


30 

34. 

38, 
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a^c^. 


6.     25x^y'^^. 
10.     ^a,^6<5. 
9ct^&6 


22.     27a:^. 
26.     -  b^c^a^. 
27a;i5 


125a9* 

256x^ 
6561/' 


11 
15 
19 


3.  49a264. 
7.  4a=62c4. 
4^ 

1 


4a;2^^ 
1 

23.     64^12. 


27. 
31. 

35. 

39. 


-  216ai8. 
343a;V^^. 

-  32x^^y^ 

on 


4. 
8. 

12. 


2187 


20. 

24. 

28. 

32. 
36. 
40. 


l2Wc\ 
9c^x\ 
16 


16.     4a;V- 


9a-o 

25a;^* 

-21a%\ 

27^ 

1 

i28ai4' 

64x30 

729a24' 


-  TZiid 


IB. 
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1. 

4. 

7. 
10. 
12. 
14. 

16. 

17. 
18. 
19. 
20. 

22. 
23. 
24. 

25. 


a^  +  Gah  +  db"^.         2. 
4a-2+12a-2/  +  9y2.      5. 
81x^'-SQxy  +  ^y^.    8. 
x^  -  2ahcx  +  a%^c^. 
ori^ -2x^+1.  13. 


a^  -  Gab  +  9&2.  3.     a;^  -  1  Qxy  +  252/2. 

9^2  -  Gxy  +  3/2.  6.     9a;2  +  SOxy  +  252/2. 

25a-6--10a&c  +  c2,   9.     p-q'^-2pqr  +  r\ 

11.     a2-;p2  ^  ^abxy  +  4J2y2^ 
a2  +  62  +  c2  -  2a6  -  2ac  +  26c. 
a2  +  62  +  c2  +  2a6-2ac-26c.      15.     a2  +  462  +  c2  +  4a6  +  2ac  +  46c. 
4a2  +  962  +  i6c2  -  12a6  +  16ac  -  246c. 
x^  +  y^  +  z^-  2xhp-  -  2x222  +  2yH'^. 
^2y2  ^  yi^2  j^  22^2  +  2x?/22  +  2x'^yz  +  2xyz^ , 
9/>2  +  4g2  ^  16^  _  1-2^^  +  24j9r  -  \Gqr. 

x4-2x3  +  3x2-2x  +  l.  21.     4x^ +12x3  + 5x2 -6x  +  l. 

x2  +  2/2  +  (j2  +  j2  _  2a:2/ +  2ax  -  26x  -  2a?/ +  26?/ -  2a6. 
4x2  +  9j^2  ^  „2  ^  452  +  12x2/  +  4ax  -  86x  +  Gay  -  \2by  -  4a6. 
riT?  +  n2  +_p2  +  ^2  _  2;^7j,  _  277ip  -  2raq  +  27ip  +  2nq  +  2pg. 

«%462  +  i^-2a6  +  ^-6c.       -      ^'     ^^^     9     ^  ^ 
4  16  4 


26. 


^  +  96^  +  ^-2a6-a  +  96. 
9  4 


„„      4.r4     4x3     _  ^  9 

2^-     -9— 3-  +  ^^-^^+i- 
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1.  ix^  +  Sazr^  +  Sa^x  +  a^  2.     a^  -  Sax^ -t  Sah;  -  aK 

3.  x^-6x'^y  +  12xy--8y^.  4.     8x^  +  12xrh/  +  exy'-  +  y^. 

5.  21x^-lSox'^y  +  22oxy^-l25i^.   6.     a^b^  +  Za%'c  +  Sai>c^  +  c^. 

7.  8a^b^-36a%'^c  +  54abc'^-27k     8.     12oa^-'J5a^bc  +  15at^~hhK 

9.  a;«  + 1 2a:^y2  +  48x  V  +  64^^. 

10.  64a;6  -  240:^:^  +  SOOx^jr^  -  125y^. 

11.  8a9  -  36a%-  +  o4a^b^  -  27b^ 

12.  125x15 -300a:iV  +  240x-V- 64/^. 

13.  a3-2a2fo+fa53-jifc3.  14.     ^a.3  +  |a2  +  4^  +  8, 

15.     ^x^-x^  +  9x^-2nx^.  16.     ^aS  +  ]a2x  +  2ax2+8are 

is7  216        0 


L 

2a52- 

2. 

3x^'. 

3. 

5xV. 

4. 

4a%c^. 

5. 

9a^\ 

6. 

ICte*. 

7. 

aiC63c2. 

8. 

a^fcc«. 

9. 

Sx^ys. 

10. 

6 

n. 

4  * 

12. 

17y2 
5   • 

13. 

18xe 
13y3- 

14. 

9a» 

15 

16xy2 

17^3^' 

16. 

20020610 
9x5y9  ■ 

17. 

3a26c 

18. 

-2a^&^. 

19. 

4cxh^. 

20. 

~7a46« 

2L 

5  • 

22. 

2x3 

23. 

5a62 

6xV' 

24. 

3x9 

4^21- 

25. 

aV. 

26. 

^. 

27. 

2xy2. 

28. 

3a3?). 

29. 

2axs. 

30. 

-x^. 

31. 

2 

32. 

&10* 

33, 

a2 
6V 
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1. 

x  +  2y.              2. 

3a  +  2b.            3.     X- 

-oy. 

4.     2.r-3i/ 

5. 

9x  +  y.             6. 

5x  -  Sy.            7.     X- 

-y'- 

8.      1  -  a3. 

9. 

a2-a  +  l. 

10.     2x2-3x  +  5. 

11. 

3x2-2x-l. 

12. 

x2-2x  +  l. 

13.     2a2  +  a-2. 

14. 

1  -  ox  +  x^. 

15. 

2x  +  3y-52. 

16.     4x3  +  2x4- x^. 

17. 

x3-llx  +  17. 

18. 

5.r2-3ax  +  4a2. 

19.     2x2  +  y2_3-2_ 

20. 

ab  -  2ac  +  36c 

2L 

2a^  +  &2-3c2, 

22.     2x^-xy  +  Sy-. 

23. 

3x2-5x  +  7. 

24.     l-2x  +  3x2-4x^.            25. 

ax5-2&x2  +  3c. 
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1. 

6. 

|-S.      2. 

y   0 

2-? 

y 

3y^ 

3.     l  +  y.       4.     -  +  5. 
5    ^               2/ 

2.      8.     -K--5--                    9- 
5      3a; 

2y 

8^2 

10. 

"^+=»-2- 

IL     a2„3    +1 

12. 

sfi-3x  +  l 

13. 

2'^x    a 

14.     a:2_a;+l. 
4 

16. 

2-2^+3- 

16. 

Sa     1     2x 
X     5    3a' 

9 

17,     4?w2  +  "nfl. 
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18. 

2a:2  +  8+-2« 
x^ 

1, 

a+1. 

2.     a;  +  2. 

3. 

ax  -  ?/?. 

4. 

2m -1. 

5.     4a. -36. 

6. 

l+a:  +  a;\ 

7. 

l-2a;  +  3a:*. 

8.     a  +  2b~c. 

9. 

2a2-3a  +  L 

10. 

2^-y  +  l. 

11.     2a:2  +  a;-3. 

12. 

3ar  -  2a:a  4-  3a* 

13. 

3a:=-a:-L 

14.     x^-2xy  +  4i^. 
XVI.  e.    Page  111. 

15. 

3a:2_a;+6. 

1. 

2     ^° 

2.     1  +  2. 

3. 

2a: -2^'. 

4. 

3a:    ^ 

3 
5.     a:  — • 

a; 

6. 

x^ 
f-2/. 

7. 

X     ^     y 

8.     l-l+i 
3           a: 

9. 

5-4  +  ?? 
a           a: 

10. 

42-4  +  5. 
X           a 

u.  »  1+i 

0           a 
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12. 

2ar'    4a:    , 

y^     y 

1. 

a  (a^  -  x). 

2. 

a:2(a;-l>.          3.     2a(l  ■ 

-a). 

4.     ala-t-^X 

5. 

Pilp+l)' 

6.    2a;  (4 -a;). 

7. 

5aa:(l  -a^a:). 

8. 

x^{3  +  x^). 

9.     a:(a:+y). 

10. 

x^{x  -  y). 

11. 

5a:  (1  -5a;y). 

12.     5(3  +  5a:2), 

13. 

16a:(l+4a:y). 

14. 

15a2(l  -  15a?). 

15.     27  (2 -3a:). 

16. 

5a:*(2  -  6xy). 

17. 

x{Sx^-x+l). 

18.     2x^{3  +  x  +  2x^). 

19. 

x{7?-xy+y\ 

20.     Za'^[ar-ah  +  2h-). 
22.     3x(2a;2-3a:t/  +  42/2). 
24.     7a(l-a2  +  2a3). 


21.  2xyHxy-3x  +  y), 
23.  5a:S(j^_2a3-3a»). 
25.     19a3a:2(2a:3  +  3a>. 
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1.  {a  +  b){a  +  c).  2. 

4.  (a  +  3)(a  +  c).  5. 

7.  (5 +  6)  (a +  6).  8. 

10.  {p  +  q){r-s).  11. 

13.  i2x  +  j/){a-\-b).  14. 

16.  {x-2i/)(m-n).  17. 

19.  {a  +  b)(x^  +  2).  20. 

22.  {3x  +  5){x^+l).  23. 

25.  (a  +  &c)(a72/-z).  26. 

28.  {ax+hy){mx-ny).  29. 


(a-c)(a  +  6). 
(2  +  c)(a;  +  c). 
(a-y)(6-2/). 
(a;-r/)(m-K). 
{2a-h){x-y). 
{ax  -  3by)  {x  -  y). 
{x-Z){x-y). 
{x+l)(a:3  +  2). 

{r  +  rf){^-a). 
{a-b-c){x-y). 


3.  {ac-\-d){ac  +  b), 

6.  (a: -a) (a; +  5). 

9.  {a-b){x-z). 

12.  (a;-a)(m  +  7?). 

15.  {2x  +  y){3x-a). 

18.  (x  +  W2y)(a:-4y). 

21.  (2a:- 1)  (2:3  + 2). 

24.  (y-l)(y-  +  l). 

27.  (2x-}-3?/)(aa:-&3/), 

30.  {a  +  b){ax  +  by  +  c).. 
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1.  :a  +  l)(a  +  2).  2. 

4.  (a -4)  (a -3).  5. 

7.  (a:-9)(a:-10).  8. 

10.  (a:-9)(a:-12).  11. 

13.  (a:-7)(a:-12).  14. 

16.  (a: +  8)  (a: +12).  17. 

19.  (a:  +  17)(x  +  6).  20. 

22.  (a +  15)  (a +  15).  23. 

25.  {a -76)  (a -76).  26. 

28.  (m  -  In)  (m  -  15n)=  29. 

31.  (a~2+l)(a:2  +  7).  32. 

34.  {x  +  2\y){x  +  2oy).  35. 

37.  (a-56a:)(a-156a:).  38. 

40.  (x'^  +  S\){x^  +  ^\).  41. 

43.  (12-a:)(ll-a:).  44. 

46.  (13-a;a)(ll-a:a).  47. 


a  +  l)(a  +  l).  3. 

a:-5)(a:-6).  6. 

a;  +  6)(a:  +  7).  9. 

a:-5)(x-16).  12. 

a: -6)  (a: -13).  15. 

a:- 11)  (a: -15).  18. 

a -19)  (a -5).  21. 

a +  27)  (a +  27).  24. 

a +  26)  (a +  36).  27. 

a:-lly)(a;-12y).  30. 

x^+2y'^){:x^  +  'ly%  33. 

a^  +  17)(a:y+17).  36, 

a:  +  13y)(a:  +  30y).  39. 

4 -a:)  (3 -a:).  42. 

8  +  a-)ai+a:).  4^ 

17-a:2)(12-a:2)_  ^g^ 


(a +  3)  (a +  4). 
(a: -7)  (a: -8). 
(a: -10)  (a: -11). 
(a: +  6)  (a: +  15). 
(a: -3)  (a; -15). 
(a: -13)  (a: -8). 
(a -16)  (a -16). 
(a-19)(a-19). 
{m  -  on)  {rp  -  8n) 
{x  -  13y)  [x  -  13y)- 
(a:y-3)(a^--13). 
(a262+25)(a26-+12). 
(a -26)  (a -276), 
(5  + a:)  (4  + a:). 
(26+.ry)(5  +  a:y). 
(27  +  a:)(8  +  .T). 
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1.  (a:+l)(a:-2). 

4.  (a: +  3)  (a: -2). 

7.  (x  +  8)(a:-7). 

10.  (a +  4)  (a -5). 

13.  (a  +  9)(a-13). 


2.  (x  +  2)(a:-l). 

5.  (a:+l)(a:-3) 

8.  (a:  +  8)(a:-5). 

11=  (a +  3)  (a -7). 


3.  (a: +  2) (a: -.3). 

6.  (a:  +  3)(a;-l). 

9.  (x  +  2)(a:-6). 

12.  (a +  5)  (a -4). 


14.    (a: +  12)  (a: -3).         15.    (a:+13)(2:- 12). 


16.    (x  +  ll)(a:-10).      17.    (a;  +  6) (a; - 15),        18.    (a: -15) (a:- 16). 
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19.  (a +  5)  fa -17).         20.  (a +  8)  (a -19).     21.     (an/ +  3)  (an/ -8). 

22.  (x  +  12y)(a;-5y).     23.  (a:  +  7a)  (a; -6a).  24.     {x  +  Zy){x-^5y). 

25.  (a  +  14y)(a-15t/).    26,  (a;  +  23)(a;-5).     27.     (a;  +  47/)(a;-24y). 

28.  (a;  +  26)(a;-10).       29.  (a  +  2)(a-13).     30.     {ay +  2^)  {ay -10). 

31.  (a^  +  762)  (^2  _  Sb%  32.  (3^2  +  3)  (a;2  _  17).  33.     (yS  +  q^2)  (yi  _  ^y^y 

34.  (a6  +  2c)(a6-5c).  35.     (a  +  146a:)  (a -26a:). 

36.  (a  +  9a:y)(a-27a^).  37.     (a?2  +  2oa2)(a:2- 12a2). 
38.  (a;2+lla2)(ar2-12a2).  39.     {x'^  +  2\a'^){x'^-22a\ 
40.  (ar''  +  30)(a:S-29).     41.  (l+a:)(2-a:).       42.     (2  +  a:)(3-a;). 
43.  (ll+a:)(10-a;).        44.  (20  +  a;)(19-a:).   45.     (15  +  aa:)(8-aa;>. 
46.  (5  +  a;y)(13-an/).     47.  (14  + a:)  (7 -a;).     48.     (17  + a;)  (12 -a;). 

XVn.  e.    Page  119, 

1.  (a;+l)(2a;+l),  2,  (a;+l)(3a:  +  2).  3.     (a;  +  2)(2a:+l). 

4.  (a;  +  3)(3a;+l).  5.  (a:  +  4)(2a;  +  l).  6.     (a; +  2)  (3a; +  2). 

7.  (a: +  2)  (2a: +  3),  8.  (a;  +  5)(2x  +  l).  9.     (a:  +  3)(3a;  +  2). 

10.  (a:  +  2)(5a;  +  l).        11.  (a;  +  2)(2a;- 1).        12.     (a;+l)(3x-2), 

13.  (a:  +  3)(4a;-l).        14.  (a;  +  5)(3a;- 1).        15.     (a:  +  8)(2a:- 1). 

16.  (2a:+l)(a:-lV        17.  (a; +  3)  (3a: -2).        18.     (a:  +  4)(2x-7). 

19.  (a: +  6)  (3a; -5).        20.  (2a;+3)(3a;- 1).      21.     (3a; +1)  (2a; -3). 

22.  (3a;  +  4)(a:+l).        23.  (a;+7)(3a:  +  2).        24.     (2a; +  5)  (a: -.3). 

25.  (a; +  7)  (3a; -2).        26.  (a; -7)  (3a; +  2).        27.     (3a; -5)  (2a; -7). 

28.  (4a; -7)  (a; +  2).        29.  (a; -2)  (3a; -7).        30.     (a; +13)  (3a; +  2). 

31.  (a; +  5)  (4a; +  3).        32..  (2a;  +  y)  (a;  -  3y).      33.     (2a; -7)  (4a; -5). 

34.  (3x-2?/)(4a;-5y).  35,  (15x- l)(a;+15).    36.     (15x'-2)(a;-5). 

37.  (12a; +  5)  (a; -3).      38.  (12a; -7) (2a; +  3).    39.     (8a; -9)  (9a; -8). 
40.  (8a;  +  y)(3a;-4y).    41.  (2  +  a;)(l -2a:).        42,     (3-a;)(l+4a:). 
43.  (2  + 3a;) (3 -2a;).      44.  (4  +  3a;)(l -2a:).      45.     (1  + 7a;) (5 -3a;). 
46.  (7  +  3a;)(l+a:).        47.  (6  -  a;)  (3  -  5a;).        48.     (4  +  5a;) (2  -  a:), 
49.  (5  + 4a;)  (4 -5a;).      50.  (8  -  9a;)  (3  +  8a;). 

XVII.  f.    Page  120. 

1.  (a; +  2)  (a; -2).  2.  (a +  9)  (a -9).  3.     (2/+10)(i/~  10). 

4.  (c  +  12)(c-12).         5.  (3  +  a)(3-a).  6.     (7  +  c)(7-c). 

1.  (ll  +  a;)(ll-a;).        8.  (20  +  a) (20  -  a).        9.     (a;  +  3a) (a; -3a). 

10.  (y  +  5a:)(?/-5a;).      11.  (6a; +  56)  (6a; -56).  12.     (3a;  +  l)(3a;- 1). 

13.  (6p  +  7g)(62?-7<z).  14.  (2^+l)(2A--l).       15.     {1 +  \01c)[l -lOk), 

16.  (l  +  5a;)(l-5a;).      17.  (a +  26)  (a -26).      18.     (3a;  +  y)(3x-y). 
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19.  {pq-i-e){pq-6).     20. 

21.  (a;2  +  3)(2;2-3).        22. 

23.  (5a; +  8)  (5a: -8).      24. 

25.  (rc3  +  5)(^_5)_        26. 

28.  {9x^  +  5a){dx^-5a). 

30.  (a  +  8a;3)(a-8ar^).    31. 

33.  {l+ab){l-ab).     34. 

36.  (3a2  +  562)(3a2-5&2). 

38.  {x  +  5i/){x-5y).    39. 

41.  ( 1  la  +  9a:)  (11a -9a;). 

43.  (8a; +  5^3)  (8a; -52^). 

45.  {9ph^  +  5h){9ph^-ob). 

47.  (6a:i8  +  7a7)(6xi8-7a7). 

49.  (Sa;^  +  4a-*)  (5a;^  -  4a^). 

51.  1000x150  =  150000. 

53.  1000  X  500  X  500000. 

55.  1006x500  =  50.3000. 

57.  2000x1446  =  2892000. 

59.  2500  X  1 122  =  2805000. 

81.  16264x2  =  32528. 


{ab  +  2cd){ab-2cd). 

(3a2+ll)(3a2-ll). 

(9a2  +  7a-'-^)(9a2-7a:2). 

(l+6a3)(l-6a3).    27. 

29. 

{ab-i-3x^){ab-3x^).  32. 

(2  + a;)  (2 -a;).  35. 

37. 

(1  +  106)  (1-106).    40. 


{Sx^  +  a){3x^-a). 

(a;2a  +  7)(a;2a-7). 
(a-V  +  2)(a;3y3_2). 

(3  + 2a)  (3 -2a). 

(a;2  +  46)(x2-46). 

(5  +  8x)(5-8a:). 
42.     {pq  +  8a^){pq-8a% 
44.     (7a;2  +  4i/2)(7a;2-4y2). 
46.     (4a:«  +  3y3)(4a;«-3t/3). 
48.     ( 1  +  lOa^^-c)  ( 1  -  10a362c). 
50.     (a6V  +  a^)(a62c3-a;5). 
52.     241x1=241. 
54.     658x20  =  13160. 
56.     200x2  =  400. 
58.     2378x900  =  2140200. 
60.     3000  X  2462  =  7386000. 
62.     10002  X 10000  = 100020000. 
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1.  (a  +  6  +  c)(a  +  6-c). 

3.  {x  +  y  +  2z){x  +  y-2z). 

5.  (a +  36  + 4a:)  (a +  36 -4a;). 

7.  (a;  +  5c  +  l)(x  +  5c-l). 

9.  (2a;  -  3a  +  3c)  (2a; -3a -3c). 

11.  {x  +  y  +  z){x-y-z). 

13.  (3a;  +  2a -36)  (3a; -2a +  36). 

15.  (c  +  5a-36)(c-5a  +  36). 

17.  (a-6  +  a;  +  y)(a-6-a:-y). 

19.  (a  +  6  +  m-n)(a  +  6-m  +  n). 

21.  (6-c  +  a-a;)(6-c-a  +  a:). 

23.  (a  +  26  +  3a;  +  42/)(a  +  26-3a:- 

24.  (l  +  7a-36)(l-7a  +  36). 
26.  (a-3a;  +  4y)(a-3a;-43/). 

28.  (a  +  h-c  +  x-y  +  z){a  +  b-c 

29.  (3a  +  26  +  c  +  a:-22/)(3a  +  26- 


2.     (a-6  +  c)(a-6-c). 
4.     (a;  +  2y  +  a)(a;  +  2y-a). 
6.     (a;  +  5a  +  32/)(a;  +  5a-33/). 
8.     (a -2a; +  6)  (a -2a; -6). 
10.     (a  +  6-c)(a-6  +  c). 
12.     {2a  +  y-z){2a-y  +  z). 
14.     (l  +  a-6)(l-a  +  6). 
16.     {a  +  b  +  c  +  d){a  +  b-c-d). 
{~x  +  y  +  l){7x  +  y-V). 
{a-n  +  b  +  'm){a-n-b-  m). 
(4a  +  a;  +  6  +  2/)(4a  +  a:  -  6  -  y). 


18. 
20. 
22. 

4y). 

25. 

27. 


{a-b  +  x-y){a-b-  x  +  y). 

{•2a-5x  +  l){2a-5x-l). 
-x  +  y  -z). 
C-x  +  2y).    30.     y{2x  +  y). 
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31. 
34. 

37. 
40. 


1. 
3. 
6, 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
22. 
23. 
24. 
25. 
27. 
29. 
30. 


1. 

3, 

6. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
26. 


y{2x-y).  32.     {x  +  ^){x  +  y).        33.  4:'7x{x  +  2y). 

{8x  +  y){2x  +  3y).    35.     5y{6x-5y).  36.  (12a;- 1) (2a: +  7). 

5a  (a +  2).  38.     (7a+l)(a-l).        39.  3a  (a +  26 -2c). 

x{x-l4y  +  2z).       41.     y{2x  +  y-W).         42.  a(4x  +  a-6). 

XVII.  h.    Page  122. 


2.     {a-b  +  x){a-h-x). 
4.     (2a  +  &  +  3c)(2a  +  6-3c). 
6.     {a  +  y  +  x){a  +  y  -x). 
8.     {y  +  c-x){y-c  +  x). 

{c  +  x-y){c-x  +  y). 

{a-2h  +  Sac)  (a  -  26  -  3ac). 

{a  -  b  +  c  +  d){a  -  b  -  c  - d). 

iy  +  b  +  a  +  3x)(y  +  b-a-  3x). 

{3a-l+x  +  4d){Sa-l-x-^). 

{a-o  +  c  +  d){a-b-c~d). 


10. 
12. 
14. 
16. 
18. 
20. 


x  +  y  +  a){x  +  y-a). 

a; -3a +  46)  (a; -3a -46). 

x  +  a  +  y){x  +  a-y). 

x  +  a  +  b){x-a-b). 

l+x  +  y){l-x-y). 

x  +  y  +  2xy)  [x  +  y-  2xy). 

x  +  y  +  a  +  b){x  +  y-a-b). 

x-2a  +  b-y){x-2a-b  +  y). 

x-l+a  +  2b){x-l-a-2b). 

x-y  +  a-b){x-y-a  +  b). 

2x-3a  +  c  +  h)  {2x-3a-c-  k). 

a  - 5b  +  3bx  -  l){a  -  5b  -  3bx  +  1). 
a2  +  4a;2  +  5a;3  _  3)  (^^2  +  43,2  _  5^,3  +  3), 

x^  -a^  +  x  -3){x^  -  a^  -  x  +  3). 

a2  +  a6  +  62)(a2-a6  +  62).  26.    {x'^  +  2xy  +  iy^){x'^-2xy  +  4y^). 

{p'^  +  3pq  +  9q^){p^-3pq  +  0q%     28.     {c^  +  cd  +  2dr-){c^-cd  +  2a^). 
x^  +  3xy  -  y^)  {x^  -  3xy  -  y"^). 
2m^  +  3mn  +  v?)  {2m^  -  3mn  +  71^),  or  {4m^  -  n'^){rfi'^  ~  n^). 

XVII.  k.     Page  123. 

2.  {x  +  y )  (a;^  -xy  +  y"^). 

4.  (l+a)(l-a  +  a2). 

6.  (a;  +  2?/)(a:2-2ary  +  4y2). 

8.  (l-22/)(l+2y  +  4t/2). 

10.  (2a:  +  3.y)(4a;2-6a;2/  +  9y2). 

12.  (4  +  ?/)(16-4y  +  y^-). 

14.  (6-a)(36  +  6a  +  a2). 

16.  (102/-l)(]00?/2+10y  +  l). 

18.  (3  -  10a:)  (9  +  30.r+  100a:2). 

20.  (7-2a:)(49  +  14a:  +  4a:2). 

22.  (3a:  -  Ay)  (9x2  +  jo^-y  +  igySj^ 

24.  (6j9-7)(3&;)2_f.42p  +  49). 

26.  (a6c-l)(a262c2  +  a6c  +  l). 


a;-y)(a:2  +  rr?/  +  y2). 
a:-l)(a:2  +  a:+l). 
2x  -  y)  (4a:2  +  2a:y  +  y"^). 
3a:+l)(9a:2-3a:+l). 
(a6-c)(a262  +  a6c  +  c2). 
-7a:)(l+7a:  +  49a;2). 


5  +  a)(2o-5a  +  a2). 
a6  +  8)(a262-8a6  +  64). 
X  +  4y )  (a:2  -  ^y  +  16y2). 
a6  +  6c)  (a262  -  6a6c  +  36c2). 
a  +  36)(a2-.3a6  +  962). 
5x-l)(25a;2  +  5a:+l). 
xy  +  z)  {ptP-y^  -  xyz  +  7?)= 
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27.  {-:•:  +  lOy )  (49^2  -  TOxy  + 1002/2). 

2S  (9a-46)(81a2  4-36a6  +  1652). 

29.  (2aZ)  +  5x)  {^a^"^  -  lOabx  -f  25:^2). 

30.  {xy-6z){x^'^  +  6xyz  +  36z'^). 
32.  (4x2  +  5y )  ( 1 6x*  -  20rc2y  +  252/2) . 
34.  {6x^-b){36x* +  6x^1  +  1"-). 

36.  (a2  +  96)(a-*-9a-6  +  81&2). 

38.  ( pq  -  3x)  ip'^q-  +  Spqx  +  9x'). 

40.  {xy-S)ixh/^  +  8x]/  +  64). 


31.  {3^-Zi/){x^-^Sxh/  +  ^^. 

33.  (2a;-22)(4x2  +  2a:22-h2^). 

35.  (a  +  7&)(a2-7a5  +  49fe2). 

37.  (2x-9!/2)(4x2+lSxy2+8iy4). 

39.  (2-4t/=)(2"  +  42y2  +  iay4), 


XVII 


1. 

{x-l){x-2). 

2. 

4. 

(y-7)(y  +  3). 

6. 

7. 

(n-f2)(n  +  10). 

8. 

10. 

(y4-ll)(2/-10). 

11. 

13. 

(a +  9)  (a +  9). 

14. 

16. 

(a:-7)(a;-7). 

17. 

19. 

(n  +  8)(n  +  3). 

20. 

22. 

(a&-2)(ai-2). 

23. 

25. 

(m  +  ll)(w-8). 

26. 

28. 

(a:t/-9)(a:2/  +  8). 

29. 

31. 

(a-13&)(a-}-26). 

32. 

34. 

(22- 13)  (22 +  6). 

35. 

37. 

mhi-{m  -  3n). 

38. 

40. 

(a-t-6)(a:-fy). 

41. 

43. 

(26  +  1)  (6 +  5). 

44. 

46. 

(c(Z  +  l)(cd-2). 

47. 

49. 

(a3  +  2)(a+l). 

50. 

52. 

(2y-3)(3r/  +  l). 

53. 

65. 

{4:+pq){4  +  pq). 

56- 

58. 

(m3  +  2)(2m-l). 

59. 

61. 

(17-2)(l-2). 

62. 

64. 

(3m3-5)(2m3  +  9). 

65. 

,  L     Page  124^. 

(a -2)  (a +  5).  3. 

(c+l)(c  +  ll).  6. 

(y+10)(y-l).  9. 

(2 -15)  (2 +  6).  12. 

(6 -27)  (6 +  3).  15. 

{y  +  'z){j/  +  Sz).  18. 

(p-S){p  +  3).  21. 

(a5-f-8)(a6-f-2).  24. 

(n-15)(w  +  3).  27. 

(z-5)(2  +  4).  30. 

(ab-S){ab  +  l).  33. 

(y2^5)(r/2_7).  36. 

5x^(2  +  5xy).  39. 

{x-ry){x-z).  42. 

(x-3y){x-3i/).     '  45. 

(2x4-3)  (3x-l).  48= 

2c2ri(c-3(Z  +  rf2)_  51^ 

(2a;-3)(2x-3).  54. 

2(42-3)  (2 +  2).  57. 

a^a-l){a-3).  60. 

(2m2  +  3)(m2-7).  63. 

(3ffi-4)(3OT-4).  66. 


(6  +  4)(6-3). 

(x-5)(x  +  l). 
{p-Qq){p  +  'iq). 
{k-6){k-8). 
(c  +  27)(c  +  3). 
(2 +  9)  (2 -7). 
(Z  +  12)(Z-3), 
(6 -9)  (6 +  5). 
(^  +  13)(p-3). 

{x  +  Sy){x-'Jy), 
(y2+i3)(2/2_i2). 

(x+13y)(x-72/V, 
(z/-5)(y  +  3). 
(3c-2)(c  +  l). 
(3x-l)(x-3). 
(a-6)(4-c). 
xy(x  +  9)(x-7). 
(3  +  4;9)(l-3j9). 
a(a  +  7)(a-6). 
(7  +  x)(2-x). 
(5x-3y)(x+2y). 
(5  -f  9a)  (5  -  9a). 
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67. 

69. 

71. 

73. 

75. 

77. 

79. 

81. 

83. 

86. 

87. 

89. 

91. 

93. 

96. 

96; 

97. 

98. 

99. 
100. 
102. 
104. 
105. 
106. 
107. 
109. 
111. 
113. 
115. 
117. 
118. 


(a%^  +  3){a'^U^-S).  68. 

(l-4m)(l+4m+16m2).  70. 

{pq-l){p^q'^+pq+l).  72. 

{\  +  8x){l-Sx).  74. 

4:{5ab^  +  l){5ab^-l).  76. 

{a  +  x+l){a  +  x-l).  78. 

x{3x  +  2y)(3x-2y).  80. 

l(l-7){l  +  G).  82. 


(3  +  ;)(9-3^+;2). 

(22  +  l)(4z2-2z+l). 
2(5p  +  l)(25i>2-5p  +  l). 
{9 +  cd) {SI -9cd  +  c^(P). 
(4  +  6-c)(4-6  +  c). 
{p-5q){p  +  4q). 
[abc  +  M)  {abc  -  9d). 


I 


{^x'^-3y){lQx^  +  l2x^y  +  9y^).      84.     (a:- 17)  (a: +  19). 

(a;2+17)(a;2-17).  86.     (^+ 17)(^- 16). 

(102-3)(10022  +  30z  +  9).  88.     (a +  23)  (a- 13). 

(a  +  6  +  c)(a-6-c).  90.     {l  +  x-Sy){l -x  +  3y). 

{a^  +  y^  +  3xy){a^  +  y^-Sxy).       92.     {a'^  +  a  +  2){a'^-a  +  2). 

{6-29)(6  +  27).  94.     {x  +  2){x^-2x  +  ^){x-2){x^  +  2x+^), 

(3y  +  2x)  (9y2  -  Gxy  +  4a:2)  (3^  _  2x)  {9y^  +  6a;y  +  ix^). 

(x*+l)(x2+l)(a;  +  l)(a;-l). 

a6 (3a  +  6)  (9a2  -  3a6  +  6^)  (3a  -  6)  (9a2  +  3a&  +  62). 

a^  {ax  +  2y)  {a^x^  -  2aa7?/  +  4y2)  (aa;  -  2y )  {a^x^  +  2aa:z/  +  4y2). 

(a2  4. 62)  ((j4  _  ^252  +  54)  (a  ^  I)  (^2  _  a6  +  62)  („  _  6)  (^2  +  a6  +  62). 

(x2  +  2y2z2)(a;2  +  2y2z2),  .101.     (a6  +  8)(a262-8a6  +  64). 

(2x  +  7)(a;  +  5).  103.     20y{ox  +  y){5x-y). 

{(a  +  6)2  +  l}(a  +  6  +  l)(a  +  6-l). 
{c  +  d-l){{c  +  d)'^  +  c  +  d  +  l}. 
{l-x  +  y){l+x-y  +  {x-y)^}. 
(a:-19)(a;  +  13).  106.     (a +  9)  (a -31). 

2{5(a-6)  +  l}{25(a-6)2-5(a-6)+l}.         110.     2c{c^  +  3d?). 
9y{4x'^  +  2xy  +  i/).  112.     {x-2y){x  +  2y  +  l). 

(a-6)(a  +  6  +  l).  114.     (a  +  6)(a  +  6+l). 

(a  +  6)(a2-a6  +  62+l).  ne.     (a +  36)  (a -36  +  1). 

{x-y){2{x-y)  +  l}{2{x-y)-l}. 
xy{x  +  y){x-y){x-y). 
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Miscellaneous  Examples  III.     Page  126. 

1.     x^-2x.  2.     42a -406  + 30c.  3.     a^-c^. 

4.     (1)  12;  (2)x  =  5,  y  =  6.  5.     a^-4:X-\. 

*      .-o  ,109  „        „     3       o 

6.     72.  7.     .  8.     x^4--x-' — 

210  "^4       4 

9.     2^-x.          10.     {\)  {ax-b){ax  +  Z);  [2){2m--^^q){2m^-^pq). 

11.     (1)  x=-2.  t/  =  4;    (2^  x  =  o,  y= -2.      12.     ^' miles. 

ph 

13.  84a;'+2oa:3+ioia;_30.  14.     (1)7;  (2)  -ij. 

15.  r4+14a:3  + 27x2 -154a; +  121. 

16.  (1)  {x  +  2a){x-h)',   (2)  (a:2+14i/)(.T-^-4y). 

17.  H.C.F.=7;  L.C.M.=3o28a36V.  18.     £14.  19.     3pk 

21.  (1)  m-n  =  a^c;   (2)  3a262  +  c3=^  (^a.„). 

22.  8.  23.     Qx--xy-y\ 

24.  Apples  4c?.  a  dozen  ;  eggs  \s.  -id.  a  score- 

25.  (x-5)(2x-3)(x+l).       26.     33.  27.     23^  +  9xy-ly^. 

28.  x  =  2,  y  =  3,  2  =  0. 

29.  {I)  xy{x  +  2i/)(x-2y);   {2)  {m  ^  n)  {m  -  n) {2m'^ ^  Sv?). 


XVIII.  a.     Page  129. 

1.  a  +  b.  2.  .r  +  y.  3.  ar(x-y).  4.  2x-3y. 

6.  x  +  y.  6.  a6(a-6).         7.  a(a-x).  8.  a-T-22-. 

9.  b{a^b).  10.  a;-3y.  11.  a-r.  12.  2x-^y. 

13.  2(5a;-l).  14.  3x-r2y.  15.  x  +  l.  16.  2/(a:-l). 

17.  {x-yf.  18.  x2  +  a2.  19.  x  +  2y.  20.  x  -  3a. 

21.  x  +  2.  22.  x-5.  23.  x-3.  24.  x-3. 

25.  3x+l.  26.  x-1.  27.  cx  +  d.  28.  .r=-y. 

29  x{a-3b).  30.  2x  +  l.  31.  ^2  (33,^.2). 
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1.  «2-3a?+2 

4.  r2-5. 

10.  2a:2-7. 

13.  3a;2  +  2a2. 

16.  3a2_aa;-2a;2^ 

19.  2x\2x  +  l), 

22.  a;Ha:3_i^ 

25.  a;  (3+ 4a;). 


3 

2F 

2a; -3y 
2a; 
a?-3y 
a;^+3a;yHh9^^* 
_xy 
x-2' 
2a; +  3 
3a; +  5* 


6. 


9. 


13. 


17. 


ALGEBRA. 

XVIII.  b.    Page  13a 

2,     a;2-13a;  +  5. 

3. 

a^-a 

5.     a;2  +  2a;  +  L 

6. 

a;+3, 

8.     x  +  l. 

9. 

ar^-3a.-i-7. 

11.     3a~2+L 

12. 

23-2-3. 

14.     x'^-cux  +  a?. 

15. 

3(?  +  2ax-a.\ 

17.     a;y(2a?^  +  a;2/- 

3y2). 

18. 

2x^a\2x  -  3a) 

20.     6  (3a; -5a). 

21. 

3a;2_2iC2,  +  y2 

23c     l+a;3_a^^ 

24, 

1+a. 

26.     a;2-2a;  +  l. 
XIX,  a.    Page  137. 


27.    2ar^-7. 


2.     -, 


3. 


1 


352c 


6.     4(a7-y).       7. 


10. 


14. 


18. 


X 


a;+l 

3(a  +  6) 

a-h 
a  (a; -4) 

37  +  5    * 


11. 


15, 


19, 


aa;-l 
1 

2a  +  3a;* 
3a; 

a;  +  2* 

a;^-17 
a;2_5' 

x+J_ 
a; +13* 


8. 


12.     ^ 


16. 


20o 


XIX.  b.    Page  139. 

The  expression  in  []  is  in  each  case  the  H.C,F,  of  the  numerator 
and  the  denominator. 


1. 


7. 
9. 


a  +  4 


[a2+a&  +  62]. 
[{a-l)(a-2)]. 


|-±|[(2a  +  36)(a-6)] 


a;-l 


3ar*  +  3a;+10 
4a;2  —  ax  +  a^ 


ix-\\ 
ix+a]. 


a^  +  a^ 
U.    (2a:-3a)2  C(2a;  +  3a)2J. 


2.     |^[(a.-W 


[l+x+a^ 
[a-bl 


6. 

8. 

10. 


12. 


■3xi/  +  7i/^ 
l-a;  +  2a:^ 
l-a;  +  3ic2 
3a^+fe2 
4a-5 
2(2a^^-3a;-l)  .      jn 


3^-^j-2 
3a;2+a;_2 


[2a;  + 1]. 
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13. 

l^^^■ 

-3]. 

14 

2a;2  +  3a:  +  5 
2a:2  +  3-^,_5 

[2x8 -3a: +  5]. 

16. 

3  (a: -3a)  (a: -4a)  .       ^^. 
2{a;  +  3a)(a;  +  4a)              "'* 

16 

a{a:  +  8a)  r 
x{x  +  la) 

2-13ax  +  5a2]. 

XIX.  c 

.    Page  142. 

1. 

7 
12 

2. 

ab 
2a -T 

3. 

2. 

4. 

a-11 
a-2* 

5. 

4.a:  +  3a 

a;  +  2  " 

6. 

5a-6 
:c(3a-2)' 

7. 

a:  +  2 
a:-!" 

8. 

a:  +  l 

a- +  5' 

9. 

X 

x-2' 

10. 

2a: -1 
2a: -3' 

11. 

a'+l 
a: +  5 

12. 

a:-l 

4a: +  7' 

13. 

62  +  36  +  9. 

14. 

1 
x  +  7' 

15. 

Spq-z^. 

16. 

X. 

17. 

x  +  l 
x~l' 

18. 

x-5 
x-1' 

19, 

X 

y 

20. 

X. 

21. 

2a: -1 
2a: -5' 

22. 

1. 

23. 

1 

6" 

24. 

a  +  b-c 
b-c-a' 

26. 

1 
x-8' 

26. 

a-x 
a  +  x 

27. 

m 
n 

28. 

x{2  +  x). 

9,^ 

a; +  4 
x{x-A' 

30. 

1. 

31. 

a  +  x. 

32. 

a^ 

16a-  +  4a6  +  62' 

XX.  a.    Page  144 

1.  a:(a;  +  l).  2.     a:2(a:-3).  3.  12a:2(a:  +  2),     4,     21a:S(^  +  l). 

6.  a:(a:  +  l){a:-l).        6.     a6(a  +  6).  7.     xy{2x  +  l){2x-l). 

8.  6a:(3a:-l).  9.     a:(a:  +  l)(a:  +  2).      10.     {x+l){x -l){x-2), 

11.  (a:  +  2)2(a:  +  3).  12.  (a:- 1)  (a: -2)  (a: -4). 

13.  (a: -3)  (a:-!)  (a: +  2).  14.  {x  +  5^^  -  4.)  (x  -  6). 

15.  (a:  +  7)(a:-6)(.r-5).  16.  (a'  +  l)(x  +  2){2a;  +  l). 

17.  (a:  +  2)(x  +  3)(3a:  +  2).  18.  (a: +  2)  (a: +  3)  (5a: +  1). 

19.  {a:  +  2)(a:  +  8)(2a:-l).  20.  (a: +  2)  (a: -2)  (3a: -7). 

21.  12a:  ( a;  +  2)  (2a; +  1)  (4a: -7).         22.  6x^ix  +  7){Sx  +  5){^x-2). 

23.  20a:2z/(3a:+l)(5a:+l)(4.r-l).    24.  {x  +  y){2x -7y){4x-oy). 

26.  {x-y){Zx-2y){4x-oy).  26.  3a2a:(3a:-a)(2a:  +  3a)(a:  +  5a). 

27.  2aa:y3(a:  +  3)(4a;-l)(3a:-2).      28.  x^  {S  -  ox)^  {2  +  x)^. 

29.  42a*b'^{a-bf{a  +  b){a-  +  ab  +  b% 

30.  m%(w6-n°)(w-n)3.  31.  8c'^{2c-3df{8c^-27(P). 
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5. 

7. 

8. 

9. 
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11. 
12. 
13. 
15. 
16. 
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6. 

9. 
11. 
14. 


4. 

7. 
10. 
13. 


XX.  b.    Page  146. 

H.C.F.  a;-2.     L.C.M.  {x+lf{x  +  2){x -2){x -3). 

{ax  +  h){ax-b){hx  +  a).  3.     xy  {x  -  a)  {y  -  b)  (y  -  2b). 

H.C.F.  x{x  +  3).     L.C.M.  x{x-l)(x  +  3){2x-l). 

(l+a;)3(l-x)2.  6.     {x-2){x-^){x-Q). 

H.C.F.  2a;  +  l.     L.C.M.  {2x  +  l){x  +  l){x-l){Sx  +  2){Sx-2). 

ab^c^  (c  +  a)^  (c  -  a)^. 

L.C.M.  y2(a;-y)2(a;2  +  a:y  +  y2).     H.C.F.  x-y. 

H.C.F.  2a; -3.     L.C.M.  {2a; - 3) (3x- 2) (a; +  4) (3a: +  4). 

(x  +  a.)-  (a;2  +  ax  +  a^)  {x^  -ax  +  a?). 

H.C.F.  3a; -y.     L.C.M.  (3a;-2/)(a;  +  y)2(a;-2/)2. 

.r-L  14.     {a  +  b){a-b){a-2b){a'^  +  ab  +  b% 

H.C.F.  a2  +  a;y.     L.C.M.  (a2  +  a;y)(2a;  +  3.y)(2a;-3?/). 

H.C.F.  (a;-3)(a;-4).     L.C.M.  (a; -2) (a; -3) (a: -4) (a; -5). 

X  -  8a.  18.     105a;V  (a;  +  y?  [x  -  yf. 


XXL  a.    Page  150. 


4(a;+l) 
5       ' 
19a; -201 


2. 
6. 


13(a;-2) 
12      * 

12a;2  +  28a;-27 


225  8a;2 

Qb\  +  66c2  +  3ac2  +  3a2c  -  4m%  +  4a62 


25a;  -  61 
56 


5a; +  31 
102a;  * 
a;^  +  y^ 


12. 
15. 


12a6c 

3y  +  22 
yz 


4. 
8. 
10. 


17a; 
36' 
3(a  +  36) 

8a 
a2  +  3ar2 


13. 
16. 


2aa; 

lla;3_i8^_27a;-16 
30a;3 

a3  +  63  +  c3-3a6c 


abc 


2a; +  5 


(x  +  2)(a;  +  3) 

2(a;  +  6) 
(a; -6)  (a; +  2)' 

2 
(a; +  2)  (a; +  4)* 

6 
(x-2)(a;-5)* 

a;  +  2y 
4^2  -  9y2' 


XXL  b.    Page  151. 

2  a^  +  5 

(a; +  3)  (a; +  4)' 
_  {a-b)x 


1 


8. 
11. 
14. 


{x-\-a){x  +  b) 

4aa; 
a^  -  x"^' 

ax 

Sax 


x^  -  4o^ 


9. 


12. 


15. 


(a; -4)  (a; -5) 
(a  +  &)a;-2a6 
{x  -a){x-  b) 
8x 

X^-4: 

5x  +  9 
x^-9' 

ia'^-V^° 
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16   -?^      '        17.  ^^.             18.  ^'+y'  . 

x"-y^                                  1  -  ar*  xy{x-  -  y^) 

19       -^-.                        20.         ^  +  3/^     .                 21.  ^'      . 

25  a;2  -  y^                               xy  {x^  -  y^)  x  [x  +  2a) 

(a; -2)2  (a; +  2)  aa;(a;-a)U'  +  a)2 

XXI.  c.     Page  153. 

1      _2_                 2           ^                      3      l-6a:2      ^  4aV&2 

X  +  ?/'                       4a;2  -  2/2                        1  -  4j::2  4.(^2  _  gj,2' 

5       ^+»                 6         ^^-5                   7       0                 8  l^^^-^  +  7 

■     9-a2*                •     6(a;2-l)^                *       *                 '  3(4a2-9)  ' 


9.     2(13-±1),     ,0.     ^±1^.      11 


S{x^-4)'        '     x^  +  x'^y^  +  y^'         '     {x-'i){x-6)' 
12.  .       ^. ..  13.  2 


(a; -2) (a; -3) (a; -4)'  "     (a;- l)(2a:+l)(2a;  +  3)' 

14.     ^    ^       .  15.  1^« 


(x-l)(2a;+l)(.3a;-2)*  '  (1 -2a)(4-f  a)(34-5a)' 
23a;                                                     ar  -j-  2 

^^"     (l+2x)(2  +  a;)(5-9a;)'  ■'■'^'  (a;+l)(a:  +  3)' 

18.         1     .              19.     JL.  20.  .— ,    3^  +  2 


a:+r  ■     a-f&*  '     (a;-2)(a;  -  l)(a;+l)' 

21.     J_.  22.  ^-^'  +  ^-3         .  23.  1 


a;  +  2"  "     {a:-l)(a:  +  l)(2a:-f  1)  2a;+l 

24.     ^^^+11  25.  2a:+13 


(a;-l)(a:  +  2)(a;  +  3)'  '     {x  +  3)(a;  +  4){a;-4) 

26.  32a2  2^_  96a;2 


(l-2a)2(l+2a)"  '     (3-;2a;)2(3  +  2a;)" 

28.     -i^.  29.  '^-^      .  30.  ^ 


81 -ar*'  ■     16a-i-8r  '     l-ar^' 

a(a2  +  2aa:  +  3a:2)  16a:  a;(37+172a:2) 

4(a^-ar*)       '  ■     m-x^'  ■       6(1 -16a:^)  ' 


3 (a^ -  2o6ar*)'  '     6va^-81)*  '     1-a;^' 

37.        .^^^'     .  38.        .    ?         .  39.  ' 


a8-656l'  '     x2(^_4)'  '     {Sx  -  y)  {x  -  Sy)' 

40.     -? ^.  41.      1.  42.     0.  43.        ^ 


(a;-l)(a:  +  l)2'  '       '  '       *  '     x^-l 
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a;-ll 
20(a;2-l)* 

0. 

61-216 

12(1-62)* 
2x 


x  +  y 
2hx 
4x'^  - 1* 
2a 


{x-a){x-b) 


2. 

6. 
10. 
14. 
18. 
21. 


XXI.  d.    Page  156. 
x  +  Sa 


1 

Ix 


1-^2' 

2 

3(1 -a^)- 

2ar 

x  +  c 
{x  -a){x-b)' 


3. 

7. 
11. 
15. 


x  +  a 

1 

x-3' 

t 

3,6  _y6 

a 

4a2-2562' 
19. 


4. 

8. 
12. 
16. 


23c~-a 

x  +  a' 
12(2a:  +  l) 
4x2-9    ■ 

X 

y 

6(»  +  6) 


X" 
X-C 


h'^ 


0. 


25.     0. 


(a-6)(a3  +  63)" 
0. 


•22. 
26. 
29. 
32. 


4«3 


23. 


27. 


2  +  x  +  Sx'^ 
2(l-ar*)  ' 
4a6 

a2-62' 

XXI.  e.    Page  159. 


{x-a){x-b) 

48a^ 
(a;2-a-)(a;2-9a2)* 

a  +  x' 
30. 


2(a;2+l) 
.r(a;2-l)' 


1. 

0 

2. 

4. 

0, 

5. 

7. 

0, 

10. 

0. 

6c  +  ca  +  a6  -  a2  -  62  -  c^ 

{a-b){b-c)(c-a) 
2{bc  +  ca  +  ab-a'^-b^-c'^) 


x^  +  y^  +  z'  -  yz  -  zx  -  xy 
{x-y){y-z){z-x) 

6.      0. 


(a-6)(6-c)(c-a) 

8_    0.  9.   '^iQ^+w+PQ-p^-q'-'^l 


11.     0. 


(p-g)(g-r)(r-_p) 

12.     ;>(y-£)  +  g(g-a;)  +  r(a:-y)^ 
(y-z)(z-a:)(a;-y) 


XXII.  a.    Page  163. 


rri^-nl 


1. 

na  -  mb 

2. 

6. 

3 

46* 

6. 

9. 

ad 
bd  +  c 

10, 

13. 

a:(a;  +  3) 

14. 

a:  +  4 


y-x 

a 

c 

nx 
nx-m 

x  +  \ 
"x2(a;  +  3)' 


3. 
7. 

11. 
15. 


ad  +  b 
dx-y 

ar^  +  t/2' 

pn{ad  +  bc) 
bdipm  +  kn)' 
a;2(2a:  +  3) 
a;  +  2 


4. 

8. 
12. 
16. 


X  +  C 

b-x' 

c 
ac  +  b' 

x-h 
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17.     tz^.  18.  2.  19.  ^,.  20.          1      . 

21.     2(^).  22.  a-x.  23.  4  24.     i±^,. 

25.     °^'-^  +  V  26.  6+^+^.  27.         ^'y^  +  ^^  .  28.      1  -  a:. 

2a  -  1  Sx{y  +  Q)  xyz  -r-nx-r  mz 

29.     ^'-^^+|.  30.  ^.  31.  a-c^  32      & 

33.     -i-.  34.  4.  35.  8a;2-l.  36.     2a;2^ 


a-{-x 


XXII.  b.    Page  167. 


n      X    y     y^  ^      a^    ax    x^  „  a-     3a     36     6^ 

3^9~9^*  '     T~T'^T  '  26~'2  "^"2  ■^'2^ 

^111  ^111  ^  a2    62     1 

4.           +_+  5.      -  +  T  +  -.  6.  fi-o+Q- 

be     ca    ao  a     o     c  623 

->       "     ^     T^  «;  o       ,      &     &^     ^^    T>         6* 

7.     x-x-  +  x^-x*;  Kem.  ar.  8.     iH r-o  +  ^;  Kem.  -=• 

a     a^     a^  a' 

9.     l  +  2a;  +  2a:2^2a~;  Rem.  2a:^.         10.     I  +  x  -  x^  -  a^ ;  Rem.  3^. 

11.     a:-3  +  --^;  Rem.  ^.    12.     1  +  2a:  +  3a^  +  4a:3.  p^ em.  5ar*-4a:». 
a;     ar  a;2 

17.     ^^.  18.     3(a-2a:)2.  19. 

a;-4 

20      ^'-^^'  21      (^^-3)(^'-^  +  7) 

a  +  36"  '  6 


6^-36-2 
6-6     ■ 


XXII.  c.    Page  168. 

,      4(c-a;)  2      x{x  +  a)  3  1 

'     3{a  +  x)'  '           2     "  '  a2  +  a6-263 

^      8x?/(ar  +  y2)  4a:  (2 -a;)  *      g  ar^ 

(a;2-2/2)2   •  •     (a;-l)(a:3+l)'  '  l-a:^' 

7                      1  8      ^-^+^ 

x(a;+l)2(l  +  a;  +  a:2)'  '     i  +  x  +  x^' 

g       2x4-3  ^Q      6a; -fg  11  aa:^(a^^  +  a2) 

3(a;  +  6)*  '     ax  +  b'  '  3^  +  a^ 

12                 q^    13              (x+l)'^ j^  a  +  y 

{a-x)(a-i-xf  '     S:t^  +  6x^-x-S'  '  a^-y 

2(a^  +  a  +  l)  ^g             1  17  ^ 

a(a  +  l)(a  +  2)'  '     2(3-2a;)'  *  l-x* 
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{x-2af 
9a:--. 

X 

ab 


19. 
22. 
26. 
30. 
35. 
39. 


(2a;-l)(a;+l) 
(x  +  2){x-l) 

aia^  +  x"^) 
{x-a)(a  +  x)^' 


20. 


x-2 
4r^  -  5a;  -  5' 


0^2' 


a  +  b 

1. 

x{x+l) 
a;2  +  4a:  +  r 

l+x  +  x"^ 
(l  +  a;)(l+a;2)(l-a;)2* 
1.  45.      1. 

a^  +  6^  +  c^  -  &c  -  ca  -  ah 


27. 
31. 


23. 

1 


•2a;  (2a: 

X. 


X- 


1\2 


12 


42 


32. 
36. 
40. 


bx. 
1. 


24.      1. 
28. 
33. 
37. 


6-* 


1. 

3«2 


2a; 


{3m  +  2n){9m^-n^)' 
1 


(a: -2)  (a: +  1)2 
46.      1.  47. 


43. 


x  +  y 


{b-c){c-a){a-b) 


49.      1. 


2y  +  a  +  b. 
7(a:-4) 


63. 
56. 


{2a2  +  a:2)(a-a;) 


a?x 


a; +  3. 


50. 

54. 

57.      1 


0. 

1.        51.      0. 

28  (a; +  4) 
9(a:  +  3)" 


a-a^ 


4(a;-l) 

Miscellaneous  Examples    IV.    Page  172. 


22' 


2.     6.  3.     abcib-c);  -6. 


58.     --, 


o 
3* 


6.     (1)232;     (2)  -29.    7.     (1)  - 19 ;  (2)  0.       8.     1. 


9.       -^ 


(1)  -12;  (2)  1. 
(1)  1  ;   (2)  21. 


11. 
15. 


1.        12.     8|. 

(a; +  9)  (a: +12). 


3 

10' 

13.     98a; -2y;    19^. 
16.     (a-7)(a+13). 


(a:-8y)(a:-12y).      18.     (a6- 17)(a6  +  3).  19.     c(c  +  13)(c- 12). 


n{m-Zn){m-Zn). 
(cZ2  +  5c2)(c?  +  .3c)((/-3c). 

(m+13)(m+15).  25. 

(a:2  +  16)(a;2  +  ll).  28. 
{9-xy){^  +  xy). 

{p-\2q){p  +  9q).  33. 

a;2(a;-9)(a;  +  7).  35. 

(a -3c)  (a -19c).  38. 


21.       (2>2  +  7g2)(;92_8g2), 

23      xy{x  +  Qy){x-'ly). 
(l4-a)(15  +  a).     26.     {\9-j)q){^+pq). 
(a2+i4)(a2-7).    29.     (c  +  27)(c  +  27). 

31.     (a2  +  2a;2)(a2  +  7a;2). 
2(a3  +  12)(a3-ll). 

(fec  +  12)(&c-7).    36.     (2+17)(2;  +  17) 
yz{y-l){y  +  m. 


(2  +  Z3^){\-X){l^X  +  X% 


40.     (2a6-5)(a&  +  3). 
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41. 


(Si?  - 4) (3p  -  4).    42.     {5  +  mn){':  +  mn).    43.     (17  +  c)(7-c). 

44.  x^{2-x){3-x).    45.     (2w  +  3)(3w-l).    46.     {2a-oh){2a  +  h). 

47.  {6p-q)(p-2q).    48.     (5x  +  42)  (4a;  -  5z).    49.     (2x2  +  3)(4x— 5). 

50.  6{2y-l){y-2).  51.     (3a5  +  4)(4a6-3). 

52.  {2a"h-o){a"b-2).  53.     (73r  +  8i/)(3x-2j/). 

54.  (9ot  -  Sti)  (2m  +  3n).  55.     {c  +  a-h){c-a  +  h). 

56.  (a  +  ?)-c)(a-&  +  c).  57.     {5x^3y){25x- -loxy-r9y'). 

68.  (a5  +  7)(a-62-7a6  +  49).  59.     (S& -a2)(6452+86a2  +  a^). 
60.  {a  +  2x-2y){a-2x  +  2y).         61.     (77i-i-n  +  l)(wr  +  ?2  - 1). 

62.  2c'^{3c  +  d){c-d).  63.     (a262_  i+a;_y)(a2^2_  ^  _^^y)^ 

64.  (l+2m)(l-2m)(l-2m  +  4m2)(l  +  2w  +  4w2), 

65.  p^{l  +  10q)(l-lOq  +  lOOq").  66.     (81 +  a2)(9  +  a)(9-a). 
67.  (a;2-l+y-z)(a-2-l-y  +  2).  68.     (a  +  46  -  4c)(a  -  46-f  4c). 

69.  (c-c?)(l  +  2c-2(Z)(l-2<;  +  2c?).      70.     {p-iq){p  +  iq  +  l). 

71.  2[l  +  4a  +  46][l-4(a  +  6)  +  16(a  +  6)2]. 

72.  {x  +  Sy)il+x^-3xy  +  9y%       73.     (x  +  ?/)(a-2  +  2/2). 
74,  (ca;-o?)(aa;  +  6).  75.     (7  +  o)(2-a). 
76.  {l4^  +  y^){lx--y%  77.     (17  +  a)(3-a). 
78.  {l+m+p){l-77i-p).  79.     (fe.c-a)(aa;-6). 

80.  (36-c  +  4)(3fe-c-4).  81.     {c  +  l){c^-c  +  l){z+l){x-l). 

82.  (3a; -6)  (a;  +  2a).  83.     {m-n){m  +  n  +  x){m  +  n-x). 

84.  (a  +  fe)(c  +  a-?))(c-a  +  6). 

85.  (a;  +  2)(a;2-2a;  +  4)(a;2+l)(a;+l)(a;-l).    86.   (a;+l)(a;  +  7)(2a;-3). 
87.  (2a;  +  5y)(a:-3y)(2a;-5y).        88.     S2oa^b^x'^-a'^f{x  +  2a). 

89.  2a;2-9a;  +  9.  90.     2ar5(ar2-4)(a;2- 16). 

91.  K.C.F. =a  +  b  +  c,  L.C.M.  =(a  +  6  +  c)(a-6)(6- c)(c-a). 

92.  a  +  h-c.  93.     {a-h)-{a  +  b).  95.     {a^-b^){a  +  b-2c). 

97.  H.C.F.=(a:-7)(a;-3), 
L.C.M.=(a;-l)(a;-2)(x-3)(a;-4)(x-5)(a;-7). 

98.  -J_,.       99.     ^-^         .  100.     ?^±i . 

(l-a-)2  (a;2-9)(a;-3)  (2a;  +  l)2(2a;- 1) 


101.    -.  102.      ; — ^„„.       103.      1.       104.     0.  105 


X 


o^_, 


(l-a^2)2 '9' 


106.      "f    ^.     107.     v-a;.  108.  a6.    109.     2(ac  +  6c?)(a<i  +  6c). 
x^  -y 

no.      1.  111.      1.  112.  ^"^  +  ^)^^+^l    113.      J-. 

a;  /-£? 

114.     J—.      115.     2;(l+x-a;2).  116.  ■^.     117.     a  +  b.     118.     1. 

r+l  a+b 

E.A.  2K 
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XXIII.  a.     Page  180. 

1.    6.  2.  ly\.        3.  i  4.  1.  5.  20. 

6.     2.  7.  p.             8.  0.  9.  2.  m  -6|. 

11.     5.  12.  6.  13.  -^  14.  -^.  15.  1. 

16.     -10.  17.  -4.  18.  3|.  19.  3.  20.  4. 

21.     6.  22.  13.  23.  -7.  24.  2.  25.  2|-. 

26.     4.  27.  1|.  28.  14.  29.  ^=  30.  2^. 


31.     ;^  32.     3.  33.     20. 


6 


XXIII.  b.    Page  182. 


1.     ^-             2.     a-rh.  3.     — oj— •              '4-     T, 

a -5b  26                             a  -  0 

6.     3.  6.     m-n.  7. ^ 8.     j — -. 

a+b+c  c-b 

«                            ,«         ^ftc  ,,       2ai 

9.     a.  10.      ■-,,■.       11.     J-.  12.      17a. 

96  +  4c  a  +  6 

13.     I                    14.     3a +  26.  15.     ^.               16.     f-^f' 

c  2                           3a  -  46 

17.     -.                   18.      -.  19.     _.                  20.     a. 

21.      a  4- 6.  22.     |?.         23.      ^^.         24.      ^^.     25.      ^-l^^zD. 

^i  .i                       3                      a 

XXIII.  c.     Page  185. 

,             al-hm          am-bl  nq-mr           Ir-np 

a?--b^     ^      a^-W  Iq-mp'  ^     Iq-mp 

3         _     he          _    ac  ^a-^ah  +  h-       _       ah 

■     ''-a2  +  62'  y-a-^  +  62-  *'     ^-       a  +  b      '^""^Tt* 

_              a  +  a'               6' -6  „            ^            _,, 

a6  +  a6"  ^     a6  +  a6  '  ^ 

j^            2             1,  -            7)a          r6 

3^2  q          P 
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mm'(m  +  m')         mm' (m  -  m') 


ql-pm    ^     mp-lq  '2a        ^         2a 

14.     2;  =  fl-i-6,  y  =  a-h.  15.     ^  =  3<i,    t/=-25. 

ah'  +  aV  ^     ab'  +  ah  ^ 

18.     x  =  m-Tl,  y  =  m-{-L  19.     x=t,   v  =  — 

20.     2:  =  a-l-c,  y  =  a-h.  21.     a:  =  a^-6^,    y  =  a^^l-/. 

XXIV.    Page  188. 
1.     40.  2.     60.  3.     55.  4.     £2.  125. 

5.  Silk  9-5.    Calico  9o?.  per  yard.     6=     54.  7.     42. 

8.  48,  23.  9.     21^'  past  one.      10.     17y^'  past  three. 
11.     32^j-'  past  six.      12.     b\^'  past  two.       13.     378,  2ia 

14.     15  persons ;  5  shillings.     15.     8  yards  at  4.^.  &d. ;  16  yards  at  4& 

16.  17,  15.  17.     3  miles  per  hour. 
18.     54,  19.     2-i  miles  per  hour. 

o 

20.  21^'  and  54^'  past  seven.     At  5^'  past.  21.     — . 

22.      10p.m.;  halfway.   23.    l|  hours.  24.     £200. 

25.     30  miles.  26.     £36000.  27,     £200. 

28.     4  and  3  gallons.      29.     -  and  -  of  a  pint.  30.     -£^  miles. 

5         5  p-rq 

31.     Ill  and  126  miles.  32.     Coffee  to  chicory  as  7  to  2. 

r     2c 
33.     c-6anda-clbs.     34.     _,  -^  yards.         36.     60  miles. 

2a     0  ' 

XXV,   a.     Page  194. 
1.      ±5.  2,      ±4.  3.     3,  -25.  4.     1,  -25. 

6.  3,  7.  6.      ±8.  7.     3,  -6.  8.     2,  -7. 

9.  9,  -4.  10.     9,  -8.  11.     31,  -11.  12.     20,  -IL 
13.     4,-17.          14,     13,-12.          15.     11,-17.  16.     8,15. 

17.  7,6.  18.     23,-1.  19.     6,  -y.  20.     ^.  -g- 

21.  ?,  -1.  22.     -,  -4.  23.      i9. 
2      3                      5 
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XXV.  b. 

Page  197. 

1. 

¥■-• 

2. 

n,^. 

3. 

3    ^ 

4. 

15       0 

6. 

I- 

6. 

^•-'i 

7. 

^    -5 
4'      ^• 

8. 

^    -3 

2'      '^• 

9. 

13       11 
3'       3' 

10. 

7    2 
4'   3" 

11. 

3       4 

I'  ~5' 

12. 

^    -3 
8'      '^• 

13. 

•    5       1 

~r  "3- 

14. 

9        3 
10'      5' 

15. 

13       2 
6'  "3" 

16. 

3       ^ 
^'  "5 

17. 

a       a 
3'  ~5' 

18. 

3a       a 

y  "TV 

19, 

7k       k 
3'      2" 

20. 

5Z:       2/5: 
~T'  "T 

21. 

4c       5c 

22. 

3       ^ 
^'  -3- 

23. 

5       ^ 
5,  -2- 

24. 

*4- 

26. 

3,  -1. 

26. 

^• 

27. 

4    11 
'    2' 

28. 

7,  2. 

29. 

11,  2. 

30. 

^■1 

31. 

13    2 
13,  3. 

32. 

«    40 
^'I3- 

33. 

o    39 

"'  "8" 

34. 

^■4 

35. 

12,  -2. 

36. 

K    23 

5,  y. 

37. 

Q^    3a 
3a,    2- 

38. 

-'  'i^^-  . 

39. 

a6 

XXV.  c. 

Page  201. 

1, 

!•-• 

2. 

^       5 
2'      ^• 

3. 

1.1- 

4. 

3±^/29 
2      • 

5. 

-.  4- 

6. 

7±V5 
2     ' 

7. 

^.4 

8. 

17±V89 
10      ' 

9. 

^'4 

10. 

l±v/13 
6      ■ 

11. 

I-  -• 

12. 

3,4. 

13. 

^>- 

14. 

7    3 
4'    2 

16. 

^--• 

16. 

4'  -• 

17. 

9        5 
10'      6' 

18. 

8       3 
3'  "4 

19. 

1  -- 

20. 

5        3 

12'      8' 

21. 

3       2 

5'  ~5 

22. 

5       7 
2'      2' 

23. 

9a       4a 
T'   "¥' 

24. 

9a     4a 

T'  y 

25. 

5&       76 
3'       3" 

26. 

76       56 
6'       6' 

27. 

2a,  26. 

28. 

2a,  -8. 

ANSWERS. 

489 

29. 

0.?-^ 

30. 

0,  ^     •-.          31.      ±2,  ±1. 
a 

32. 

±2,  ±3. 

33. 

1,  -2. 

34. 

3,  -2.            35.      ±4,   ±1. 

4 

36. 

±a,  ±6. 

37. 

2,  -.3. 

38. 

±3,  ±4.        39.     3,-2,4,-3 
XXV.    d.     Page  201b. 

40. 

4a,  -2a,  a. 

1. 

1,-1,-1. 

2. 

1,  -1,  2.        3.     1,  2,  -2. 

4. 

1,  -3,  -5. 

5. 

2,-1,-1. 

6. 

0,1,1,-2.     7.     3,2,-5. 

8. 

5,2,  -7. 

9. 

7,  -  3,  -  4. 

10.     -2a,  -2a,  4a.        11. 

0,  6a 

,  6a,  -  12a. 

12. 

105,  -3  05. 

13.     3-90,   -  -90.             14. 

•66, 

-1-66. 

15. 

18-55,   17- 

i5. 

16.     0-99,   101.               17. 

3-18, 

2-32. 

18. 

•55,  --22. 

19.     1-4,   -6. 

n/\ 

«/    /r       1, 

a. 

/r:ii\         ly  .AT  a           Tf\.ATC 

20.  ^(v/5-1),   -^(V5+l).     7-416,  - 19^416 

21.  i(a±v'a2-4c2).     13-292,  2-708. 

XXVI.    a.     Page  203. 

1.  x=n,   11;       2/=  11,   17.  2.  a;  =  37,  14;  2/  =  14,  37. 

3.  .r  =  53,  21;       y  =  21,  5.3.  4.  a;=14,  -9;  y  =  9,   -14. 

5.  a:  =  27,  -19;    2/  =  19,  -27.        6.  a;  =  4.3,  -25;  y  =  2o,  -43. 

7.  x  =  71,   13;       2/=13,  71.  8.  ic  =  33,   -41;  y  =  ^l,  -33. 

9.  a:  =  52,   -74;    y  =  74,  -52.      10.  a:  =  43,  -51;  y=-51,  43. 

11.  x  =  29,  -47;    y  =  47,  -29.      12.  a;  =  22,  -87;  2/=-87,  22. 

13.  x=±8,  ±5;    y=±5,  ±8.      14.  a;=±13,  ±1;  y=±l,  ±13. 

15.  x=±^,  ±7;    y=±7,  ±4.      16.  a:=13',   3;  y  =  S,  13. 

17.  a:=10,  5;         2/  =  5,   10.  18.  x  =  9,   -5;  y  =  5,   -9. 

19.  a;  =  12,  -6;      y  =  6,  -12.        20.  x=n,  -8;  y  =  8,  -11. 

21.  x  =  9,  4;  2/  =  4,  9.  22.  x  =  5,  4;  y  =  4,  5. 

23.  x  =  l,  -4;        2/  =  4,  -7.  24.  a;=10,  4;  2/  =  4,   10. 

25.  a:=12,   -2;      y  =  2,   -12.        26.  x=l;  y=l. 

27.  a;  =  4,   3;  y  =  3,  4.  28.  «  =  -;  y=^. 


29.     a;=±l;  y=±\. 


a'  ^-6* 
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1.  X-- 

3.  X- 

6.  X- 

7.  X- 

9,  X- 
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XXVI.  b.     Page  205. 


u. 

13. 
15. 
17. 


7,  4;  2/  =  4,  7. 

14,  9;  y  =  9,  14. 

11,  -7;  y=7,  -11. 

±6,  ±4;  y=±4,  ±6. 

±9,  ±5;  y=±5,  ±9. 


6    8 
5'    3' 

4,  2; 

5,  3; 
8,   -2; 


X  =  :r,     ^ 

a;: 


2/  = 


19.     x  =  b,  1  5 


8  6 

3'  5* 

2/  =  2,  4. 

2/  =  3,  5. 

2/=2,  -8. 

2/  =  l,  5; 


2. 
4. 
6, 
8. 
10. 

12. 

14. 
16. 
18. 


a:  =  8,  5  ;  y  =  5,  8. 

x  =  1,  -5;  y  =  5,  -7. 

a;  =  13,  0;  y^O,  -13. 

x=±7,  ±3;  y=±3,  ±7c 

a;=±9,  ±3;  2/=  ±3,  ±9. 

x=±%,  ±5;  y=±5,  ±6. 

x=l,  -3;  2/-3,  -7. 


I 


x  =  4.,  -2; 
a:  =  5,  1  ; 


20.     c.  =  g, 


1 

5' 


y  =  2,   -4. 

2/=l,  5. 
1       1 


XXVI.  c.     Page  20a 


1. 

X 

3. 

X 

6, 

X 

7. 

X 

9. 

X 

11. 

X- 

13. 

X 

15. 

X 

16. 

X 

18. 

X 

20. 

X 

21. 

X 

=  4,  -I;  y  =  ^,  -20. 

=  12,  8;  y  =  2,  -2. 

=  4,  7;  y  =  l,  10. 

-1    _Zi       -A  11? 

~  '      17'  ^~   '  17" 


—  Q 


2/  = 


/,    -: 


1 


2.  a;=±3;        y=±2. 

4.  a;-2,  ^;     y  =  5,  3. 

6.  a:  =  4,  -3;   y=\,   -|. 

8.  ..±2,±^;,=  ±1,±-|, 

10.  x=±A,  ±6;     y=±2,  ±4. 


:±3,  ±4;     2/=  ±2,  ±5.    12.     a;=±|±^;     y=±|,  ±| 

:±2,  ±1;     y=±l,  ±2.    14.     x=±2,  ±5;     y=±3,  ±6. 
■■±1,  ±^y3;  2/=  ±2,  T3V3. 

±3,  ±36;    2/=  ±5,  T-^.         17.     a;  =  5,  3;     2/==3,  S. 
7,  -6;         2/  =  6,  -7.  19.     a:  =  6,  -2;  2/  =  2,  -6. 

:7,  1,  4±V28;  2/=l,  7,  4T^/28. 

:4,  3,  6,  2;        2^  =  1  2,  1,  3. 
22.     x  =  2,  I  4,   1;         2/=2,  6,  1,   12. 
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XXVII.    Pa3e  211. 

1.  IS.  2.     45,  9.  3.     7,  8.  4.     3.  5.     15,   12. 

6.  9.  7.     7  hours.  8.     7,  5.  9.     90  yards,  160  yards. 

10.  55  feet,  30  feet.     11.     36',  60'.  12.     6. 

13.  5  shillings.  I'L     12.     15.     Ninepence.      16.     3  feet. 

17.  4  inches.  18.     121  square  feet.  19.     Fourpence. 

20.  40,   12 ;   30,   16  yards.        21.     56.       22.     .50.      23.     25. 

24.  6§  miles.  25.     75.       26.     20,  30  miles  an  hour. 

27.  40  and  45  miles  an  hour.  28.      10  gallons. 

29.  A,  16;  B,  14.        30.     Distance,  12  miles  ;  rate,  8  miles  an  hour- 


31. 

^(-lis'5). 

32 

3-7  cm.,  2-3 

33. 

^P  =  20-9cm.,  BP=l2-9cm. 

35. 

8 '4  cm. 

36. 

2  6  cm.,  1*6  cm. 

37. 

9  cm.,  4  cm 

39. 

(i)  3.  4;     (ii)  5,  6;     (iii)  5-2,  O'S ; 

(iv) 

5-7,  2-3. 

XXVIII.  a.     Page  216. 

1.  (x'2  +  4a:  +  16){2;2-42:-rl6).  2.     {9a^--^Zah  +  h''-){9a' -Zab  +  b% 

3.  {x^  +  3xy  +  y'^){x^-3xj/  +  y'^).      4,     {7n^  +  4mn-n^){m'^-'imn-n^. 

5.  (a:2  +  2jry-y2)(a;2_  2x^-2/2). 

6.  (2x2  +  9xy-  3j/2)  (2a:2  -Qxy-  3y^). 

7.  (2^2  +  Qmn  +  Siv^)  {2m^  -  6mn  +  Bji^). 

8.  (3x2  +  2.-y  +  2y2)(3x2-xt/  +  2?/2). 

9.  (x2  +  3xy-5y2)(x2-3xy-02/2). 
10.  (4a2-6a6  +  62)(4a2  +  6a6  +  62). 
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15. 

17. 
19. 
21. 
23. 
25. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 

40. 

41. 
42. 

43. 

44. 
45. 

46. 


ALGEBRA. 


«^10V^-2a6  +  100 


\  ^      /x    4\/rc2     1     16\ 


18.  {m-5n){2n  +  Sm){2n-^m). 

20.  {xh^  +  y^){xy  +  z){xy-z). 

22.  {mn-p){pm-n). 

24.  {2x  +  3y){a^  +  xy). 

26.  {ax+{a+l)}{{a-l)x  +  a\. 


5   ■  "/ V  25 
(y-3a;)(a;  +  y)(a;-y) 
{ax  +  h)(bx  +  a). 
{a^  +  hx){a  +  x). 
{3ab-2x){2ax-3b). 
(2x-3y){a'  +  xy). 
{x-a){Sx-a-2b). 
{ax  +  2{b  -  c)y}{2ax  -  (36  -  4c)y}. 
{{a-l)x  +  a}{{a-2)x  +  {a-l)\. 
{(a+l)x-{b-l)y}{ax  +  by). 
(6  +  c-l)(62  +  c2  +  l-6c  +  c  +  6). 
{a  +  2c  +  l)(a^  +  4c^+l-2ac-a-2c). 
{a*+b+  2c)  (a2  +  62  +  4c2  _  a6  -  26c  -  2ca). 
(a-36  +  c)(a2  +  962  +  c2  +  3a6  +  36c-caV 
(a-6-c)((x2+62  +  c2  +  a6-6c  +  ca). 
(2a  +  36  +  c)  (4a2  +  96^  +  c^  -  6a6  -  36c  -  2ca). 
(a^  -  9a;2  +  81 )  (a;2  +  3x  +  9)  (a:2  -  3a:  +  9). 
(a"  -  4^262  _  ^4)  (^3  +  52) (ce  +  5)  ((3^  _  ^,), 

(a  +  6  +  c  -  (Z)  (a  +  6  -  c  +  c?)  (c  +  cZ  +  a  -  6)  (c  +  c?  -  a  +  6). 

1 


x  +  l 


X-; 


'^^\Q)\^''^4r)\^  '  2JV    2, 
{^  +  'f){x!^  +  y^){x'^+y'^){x-\-y){x-y). 

{o(fi  +  a;^^/3  +  y^)(:x^  -  x^y^  +  y^){x^  +  xy  +  y^){x^-  xy  +  y^){x+y){x-'y). 

(l  +  l\(l-A{a-2x){a'^  +  2ax  +  4x''). 

(a;2  +  2/2)  (a;4  _  a;2y2  +  2/4)  (a;  -  22/)  {x^  +  2xy  +  4i/2). 
(a;2  +  4)  (re*  -  4a;2  + 16)  (x  + 1 )  (a;2  -  X  + 1 ). 
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49.  {x-\-\){x^-x+\){x'^  +  A){x  +  2){x-2). 

50.  (a;-l)(a:2  +  a;+l)(4x2  +  9)(2a;  +  3)(2x-3). 

XXVIII.  b.     Page  220. 

1.     4a:2-49y2  + 42^/2 -922.  2.     ^:x^  +  2Q3?y^  +  '^^y^. 
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9.  -40 J.  10.     7-2.  11.     9-7.   *  12      25a;. 

13.  a  +  old.         14.     80a -796.      15.     964,  9780     16.     3-2,  25-2. 

17.  -387,  -18900.  18.     -9f,  -99f.  19.      -4U,  -361. 

20.  544,  4864.     21.     779.                22.     -483.  23.     980|^. 
24.  -55691.         25.     493.                26.     140.  27.     p\ 
28.  a-(4-a).        29.     "ll^H^l        30.     pq(p-4).  31.     30,  3. 
32.  25,   -3.          33.      16,   -1.          34.     24,  2j.  35.      14,  -1. 
36.  20,  4.             37.     7,  2a.             38.     20,  -2x. 
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XXXm.  b.     Page  293. 

2.     13,  10,  7, 3.     3,  1,  -1, 


1.  4,   IL  18, 

*•  1.  -^>   -2,  5.  4,  5i,  7, 6.  -11,4,19....... 

7.  43.  8.  -95.  B.  -^. 

10.  68,  65, 26.      11.  91|,  90 J, 70 J. 

12.  -6l|,  -63^, -2^.  13.     6-4,  5-6, -5-6. 

14.  8J,  8^,  ......  2J=    15.  14  or  15.  16.  8  or  25. 

17.  9  or  86.  18.  13  or  20.  19.  7  or  8. 

20.  11  or  24.  21.  12,   13,   14.  22.  1,  4,  7. 

23.  7,  11,  15,  19,  23.  24.  2,  5,  8,  11,  14.     25.  131. 


L     48,  384. 

4.     -1    ~-L. 

27'      2187 

7,     512. 
10.     -  32«. 
13.     162,  54,  18. 


3. 


16       1^     S 
^^'     27'    9' 

19.     1,  127J. 

22.     _1_,  61^. 
1458      ^  *  ''  ^ 


XXXW.  a.    Page  297. 

2  1      1 

■  2'   1^ 

5.  128,  1. 

8,  -4374. 

11.  sc^P-\ 

14.  ^  2,  8,  32. 

17.  384,  765. 

20.  ^  12i|. 


3.     1,    4. 

*    16 

6.     1,  625. 
243 


9. 


16 


12-     i 


25. 

28. 


1281 
2560' 
4369 
8192" 


1.365 
2048' 


26 


3j      40(3  +  ^/3) 
3 


29.     ^(3^-1). 

32.     N^^(«''-l). 
a-  1 

34.     364(V6  +  v^). 


15.  -28,  14, ^ 

18.  -1458,  -1092 

21.  30|,  45f. 

27.  5ff. 


30.     |(l-2n 


33. 


585,,/2-29£ 


i 
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XXXIV.  b.    Page  300. 

1-     27.        2.     24.        3.     1.  4,     l.  5.     1.  6.     ?i 

3  bo 

7.     E         8.     1.       9.     I  10.     1.  11.     A,         12.     '^. 

29  15  3  6  33  66 

„       1  ,.555  ,.      2187     729    243 


16. 


27  8    4'   2  256'    128     64 


23.    9(3s-6  +  2,/2)  ^^    2„^C2„  +  l)-|(l -^). 

SXXV.    Page  304 

^-    I         ^-    ff  ^-    -*•         *■    I  '-l'-''' 

6.    4,2.  IJ,....  7.    -.i.  4,  4 8-     3f-       '•     If 

10.     i.         11.     -?_.       12.     1.  13.     ^-y'.  14.     54,  -l. 

t  a-i-b  X  X  ■       » 

16.     3,  4,  6.       16.     li,   \\,  2,  3.       19.  .  35^8Jj.  20.      171 

».     f{(i>  +  3)a-(p-3)4.'22.    l^f,.  23.     -I'S.   31.    ^".-J^^,^ 

37.     |.  3«.     'i(^..^i(l-i,).  39.     «(3„  +  o). 

Miscellaneous  Examples  V.    Page  307. 
;  1.  7.     4s'2.  8.     5.  10.     52,  78,  91  yards. 


r^7.i 


12.     (1)  x'-^^x-"^.  (2)  (a-f6)2.       13.      -i?.     14.      (1)     -,.     (2)    ^. 

i  Cl  (X~  o 

^^-     ;^rp-  21.     2.               23.      -5,-2,1,4,7,10,13. 

24.     1,4,7, ,.  25.     1.               26.    (1)   275:    (2)    -1705. 

28.     -2,0,2,4,6,  29.     18[l-r|Vl             30.     1.          31.     a  +  h. 

32      3r22       63    69  75    81    87          ^      /^    o/io^^ft^    ^       /ox    2315 

"2"-       2"'   2"'  2"'    2"'   2"-        ^-     ^^^    9(19a  +  64a:).     (2)    -g^. 
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37.     10.      38.     (1)    s  =  ^^^^;  /= -32»-i.     (2)     s=-2n;   1=1-4^. 


39.     1  and  9. 


40.    1+1  +  ^  + 


41.     8  and  2. 


XXXVI.    Page  317. 

1.     Rational.       2.     Rational.  3.  Equal,  but  opposite  in  sign. 

4.     Imaginary.     5.     Imaginary.  6.  Equal,  but  opposite  in  sign. 

7.     a:2-2a;-15  =  0.  8.  a;^  +  20a;  +  99  =  0. 

9.     x^-2ax  +  a^--b^  =  0.  10.  12a;2- 28a; +15  =  0. 

11.     15a;2  +  2aa;-8a2  =  0.  12.  8x2-7a;  =  0 
4 

18,  a;2+4a;+l=0.  19.  30a;2  +  (6a-56)a;-a6  =  0.  20.  4a;2-16a;  +  9  =  a 
21,  {a'^-b^)x^-2{a^  +  b^)x  +  a'^-b^=0.  22.  4abx'^-2{a'^  +  b'^)x  +  ab  =  0. 
23.     £iz2pr^  2^      g^  -  4pr     ^^      _gr       gg      g^  -  4;?rg^  +  2p  V 

27.     g^^(3pr-gg)      28.     QJ^pr-q"^) 


13.      -J. 

'±2/7  22 

15.     Sum  -,  difference  -^,  sum  of  squares  -— .    17.     a;^  -  6a;  +  4  =  0. 


po 


ply. 


30.     h^x^-{a?-Zab)x^-b  =  ^. 
32.     8a;2_20a3a;-a6  =  0. 


29.     P=p[p^-^q),Q  =  (f. 

31.     2&2^9ac. 

35.     2px'^-{p'^  +  ^q)x  +  2pq=Q. 

XXXVII.  a.    Page  323. 


1.     120,  5040,  56,  300.  2.     (1)  2520.     (2)  5040.  3.     8. 

4.     126.  6.     6.  6.     36.  7.     7  or  8.  8.     2100. 

9.     455,  816;  (r=15).      10.     242880.    11.     1596000.    12.     504000. 

XXXVII.  b.     Page  328. 

1.  (1)  9979200.  (2)  151200.  (3)  166320.  2.  420,  360.  3.  18. 

4.  1023.       5.  w".       6.  168168.       7.  34650. 

8.  120,  144.    9.  1296.     10.  180.         11.  11520. 

13.  78.        14.  (n-2)(n-3)|w-2. 

XXXVIII.  a.    Page  333. 

1.  a;4 +  3^  +  24x2  + 32a; +  16. 

2.  a;5+15a;4  +  90a;3  + 270x2  + 405a; +  243. 

3.  a^  +  la^x  +  2\a^x'^  +  35a%3  +  35^3^4  +  2\a'^x^  +  7aa:«  +  x\ 
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5.     1  -  lOy  4-  40?/2  -  S(V  -^  80y^  -  32y^. 

7.     64- 96^  +  60^- 20a;3  +  15^_3^+|!. 

^    21a6     189a5    945a^    2835q3    olOSa^    5i03<z    2187 

9.     a»a:»  +  9a'a;«y  +  36aVy2  a.  84a3iV  +  l'26ax^y^ 

126.r^y^  ,  84r^y^    36.rV"  ,  9xi/^    y» 
a  a"^  a°  a'       a* 

10.     220^.  11.     -USy^.  12.     21875ri36-*. 

13.  5440:^.  14.     210_  ,5      5103^=_ 

a*  16 

16.     -20.  17.     ^^2^.  18.      -2431(>a:25. 

19.     2.r*J-36:c2  4.ig,     20.     32  -  40a;2  +  lOr*.       2L     11520. 
.3.    -^.^  .3.    7.20.  ^    l^. 

XXXYirr.  b.     Page  33a 

1.     The  8*.  2.     The  9'\  3.     The  2^-^  and  3^. 

4.     The  7^  5.     The  ll'K  &.     The  6=-  and  T"-^. 

7.  r = 7 ;  excluding  the  value  r  =  4,  which  makes  the  terms  the  same. 

'  '2m  2n 

8.  n  =  40.         9.     3r  =  3n  +  2.         10.     ^=-.  IL     ^=^-j:". 

m\m  I  ^  [^ 

12.     65536.  13.     262144. 

14.  !il^!^liliiiiiiLl!jt2)an-r+i(2xr-i, 

Ir-l 

I » 

n{n-l).       {n-r  +  2)  ^,.,  (2^)„-r+i. 

15.  a^  +  6a5+15a^^20a3+15a2-f6<i  +  l  ; 

x«  -  12x5  +  540:^  -  1 12^3  +  108x2  -  48a: -^  8. 

17      i_?^._Aa..2__L3^_      , 
4       32        128        •' 

19.     l-6a;  +  27a:2-108ar3+.... 

21.     l-12a:  +  90jr-540a:3^___ 


16. 

i4--k4^-- 

18. 

5       2o        12o 

20. 

l+3x-  +  6r*+10a:«+.. 
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1         ^  ^  *!  ^  *i 

22.     ^-±x  +  ^z''-^x^+....  23.     l-a;  +  Sx2-Sx3+.. 


1/,     3a;     15a;2    SSa:^         x  315  230945  „ 


8     16       16        32      -^.     .     ~  ,  2--      2-" 

15a;-    35^         \  315  2301 

a      2a2  +  2a3 '^•■' j'  128    '         65536 

26.     ^^2     ^x^\  27.     -4a;3^     ( -  l)'-(r  +  l)af. 

21     g        1.3.5...(2r-3)   , 
^^'         1024 '^'  2'-[r  '*'• 

29      -^a;"        (^^-l)(27i-l)-{(r-l)n-l}^, 

30.     4-95967.         31.     4-98998.         32.     1-98734.         33.     -100504, 

XXXIX.  a.    Page  347. 

,      15    ^  5  9     ?  _3    3 

1-      2'  '        '  2'  2'        '      4'   2' 

3.     5,   ^,   1-25000,  1,    -^,  'z-89,    -01.      4.     ^loga. 

5.  -5  logy.      _  6.     3,2,0,-1,-1,-4,1. 

7.  1-5705780,  5-5705780,  8-5705780.  j 

8.  7-6-23,   -000007623,  76230000.                                        _  ,, 

9.  2-8627278.                         10.     3-9242793.            11.     1-4082400.  . 
12.  -7658178.                            13.     -8644286.               14.     1-4841414.  | 

16.     log7  + 4 log 3  =  2-7535832.    17.    6 log2  +  y log 3 -^  =  3-39-22160. 
18.     ilog2  +  ilog3  +  ilog7  =  -4797536. 

19=     ^(7  log2-  31og  3  -  log 7)  =  T  9661496. 

20.     Sixty-nine.  22.    176.  23.      -398742. 

24.     -500977.  25.     2 -log  2 -log  3 -log  7  =-3767507. 

l  +  21og3-log2^3.^    ^^     |4l2i|=  1.206. 

log  3  3-2  log  2 

28,     ,-^  =  4-29.  29,     ?M4zil2^=-i.8verynearly. 

1  -  log  2  4  log  2  -  log  3 

XXXIX.  b.    Page  348c. 

1.     481-9.             2.     46-22.             3.     -1396.  4.  -008682. 

6.     342-9.              6.     -03892.            7.     8-119.  8.  44-22. 

9.     -6797.           10.     7-446.           11.      03055.  12.  3-361. 
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13. 

•7783. 

14. 

1-923.                    15. 

1-444.           16.     19-97. 

17. 

•2008. 

18. 

•00008855.            19. 

415.                20.      -7142. 

21. 

2-887. 

22. 

1-997.                   23. 

1  -936.            24.      1  -973. 

25. 

1-291. 

26. 

9-29;  2560.          27. 

9-076,           28.     178-1. 

29. 

16. 

30. 

4-616.                    31. 

9-5-29.            32.     £73. 

33. 

£514. 

34. 

20  yrs.                  35. 
XL.     Page  353 

19.                 36.      -87. 

1. 

30215. 

2.     25566556. 

3.     -244332343. 

4. 

36641 «. 

5.     3245. 

6.     143-20-241. 

7. 

123807;  1101122.         8.     3e7580. 

9.     3-2099. 

10. 

30523. 

11.     10000011. 

12. 

09  -j-  2^  +  2" 

+  2«  + 

25  +  23 -fl;  6e^  +  9e3  + 

£2  +  4€-f^. 

13. 

1736;  1^5 

;  328108.    14.     667. 

15.     203-71. 

16. 

81 -573. 

17.     -100133. 

18.     -50213;  •404052. 

19. 

7 
9' 

20.     Five. 

21.     Xine. 

22. 

Nine. 

23.     Seven. 

24.     444;   1425;  3333. 

XLI.     Page  359. 


^      1/       3?    :(?    x^ 
2-     2(^-2+3-4  + 


„      ,  a2     a3     a^ 

8.     h  =  a-\-r-^  +  ^  +  -  + 


9.     1-6487. 


10. 


(_l)r-12r_l 


X^. 


2  ^    ;^ 

2'-  +  l 
13.     


af. 


XLII.   a.     Page  362. 


1. 

3. 

5. 

8. 
11. 
14. 


2    -3 


-l±v^-27 


2        '        2      ' 
16,4 

9    I 
^'  9 

20,  11. 
0. 


17.     7,  -1,  3±2V2. 


1     1 
•2'   3^ 


2.     2,  -5,    ^dis/lO). 


4      -  2    — > 
3,  0. 
3,  -2,  1,  -6. 


12.     2,  -1. 

3    7i>y33 
10.     -,   g,        ^      . 


7.  2,^° 

10.  1,1. 

13.  -8,  -1,  0. 

16.  1,  1±2^'15. 


ifl      Q       ^     -3±\1357 
'   ~2'  I2 ' 
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3±V5    9±v/^83                       1     3±V505  .,2     8 

19.     -2—,          6        .     20.     A  -2,         ^^       .  21.     ^,   ^. 

22.     a^   1.                             23.      1,   ^.  24.      1,  ^i^ 

a                                          a-o            .  a(o-c) 

15.     a,  0.                               26.     c, — 27.     75  +  7- 

a  +  6  -  2c 

28.     8,   -2.                          29.     |,  -H  30.     a,   6. 

XLII.  b.     Page  365. 

1.     x  =  5,           y  =  2.                        2.     a:  =  4,  3;  y  =  3,  <• 

3=     x  =  7,  -2;  y-2,   -7.                 4.     x  =  8,  2 ;  2/  =  2,  8. 

5.     a;=12,  3;  y=-S,  12.                 6.     a;  =  3,  2/  =  6. 

7.     a;=^,  2/=4      8-     a:=4,  1   l(-5±v/4r);  2/=l,  4  i( -5Ts^). 


9.     a:=±10,  0;  y=±l,  ±^.    10.     x  =  1,  -f ;  y=3, 


^34     ,^  _       35  .       15 

2-.    10.     x  =  1,  -  —  ;  y=3,  --|-. 


11.  x  =  D,  2,  1±V6;   2/= -2,  -5,  -1±J6. 

12.  a;  =  |  1,  0;   y  =  l,  0,  1. 

13.  x=  -  1,  5±/s/6  ;   y=  -  1,  1  ±  A/^.     [It  may  be  shewn  that 

^"^  (x  +  l)3=27(2/  +  l)3.] 

14.  (1)     3,  2;   2,  3.         (2)     x  =  3,  -1;   y  =  l,  -3. 

15.  x=l6,  1;   2/  =  l>   16.  16.     x  =  17,  y=±S. 

17.  a:=±3,  y=±2,  2=  ±4.  18.     a;  =  5,  2/  =  6,  2  =  1,  «  =  4. 

8  3 

19.  a:=±6,  y=±o^  ^=±2'  ^^*     ^=±^'  y=±7,  2=  ±11. 

21.  x=-a±2,  y  =  b±l,  z=-c±Z.     22.     x=±o,  y=±2,  2=  ±4. 

23.  x=±7,  y=±3,  2=  ±2.  24.     a;=±3,  t/=T4,  2=  ±2. 

25.  x  =  2,  -4;  y  =  3,  -5;  2  =  0,  -2.     26.     x  =  7,  y  =  2,  2  =  4. 

27.  a;=±|,  0;  2/=±|,  0;  2=±1,  0.    28.     x  =  8,  2;  y  =  2,  8;  2  =  4. 

29.  a:=2,  -6;  y  =  5;  2  =  6,  -2.    30.     x=  -5;  y~S,  I;  z  =  l,  3. 

31.  x  =  6;  y  =  9,  4;  2  =  4,  9.  32.     a:=|y,   y  =  ^. 


ANSWEKS. 

5 

83. 
34. 

x=S,  y  =  9,  2  =  6. 

"^-^      26c     '  ^--^      2ca     '  "-^     2a6     * 
XLIII.     Page  370. 

1. 
3. 
6. 
7. 
9. 

£128855000.                                2.     87  years  nearly. 
£1287.  lOs.                                  4.     20-63  per  cent,  nearly. 
£2001.  17s.  6d.                           6.     4  per  cent. 
£3360.                                          8.     £11708.  Ss. 
£1604.                                        10.     20  years  nearly. 

XLIV.  a.     Page  374. 

7.     36.                 8.     32.                  9.     25.                11.     1-2  sq. 

cm 
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12.     y  =  3x.     Any  point  "whose  ordinate  is  equal  to  three  times  its 
abscissa. 

14,  The  Ihies  are  x  =  5,  y  =  S.     The  point  (5,  8). 

15.  A  circle  of  radius  13  whose  centre  is  at  the  origin. 

XLIV.  b.     Page  377. 
21.     32  units  of  area.  22.     1  sq.  in. 

23.     72  units  of  area.  24.     0*64  sq.  cm. 

XLIV.  c.     Page  380. 

1.  x=l,y  =  o.              2.  a;  =  2,  y=10.  3.  a;  =  3,  y=12. 

4.  x  =  3,y^-2.           5.  x  =  4:,y  =  2.  6.  x  =  Q,  y  =  8. 

7.  x=-2,y  =  ^.           8.  x  =  0,y=-S.  9.  x= -3,  y  =  0. 

10.  At  the  point  (0,  21).  11.  3x  +  4y  =  l. 

XLIV.  d.     Page  385. 
1.     y  =  x.  2.     (0,0),  (-4,  2).  5.     (2,1). 

6.  (i)  1-46,  -5-46;         (ii)  3*24,  -1-24;        (iii)  3-32,  0-68. 

7.  -5;  7.  8.      -^;  3-79,   -0-79;  *'54,   -1-54. 

9.     x  =  S,  or  6;  y  =  Q,  or  8. 
10.     The  straight  line  3x  +  4?/  =  25  touches  the  circle  x'^  +  y'  =  25  at 
the  point  (3,  4). 

XLIV.  e.     Page  394. 

3.     Each  axis  is  an  asymptote  to  the  curve,  -which  approaches 
the  axis  of  y  much  less  rapidly  than  it  does  the  axis  of  x. 

7.     x=2,'^;y  =  5,3.  8.     x  =  3,   -3 ;  y  =  2,  -2. 

9.     x  =  2;'y=-l.  31.      -1,1,2.  32.      -2,  4  41,  I'Sa 
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XLIV.  f.     Page  400. 

1.  0-52,  2-9,  11-6;  2-75,  2-3,  3-1.        3.     2  080,2  140.       4.     2-4. 

5.  -2,  4;    -9.  9.     -5andl.  10.     -2,1,4. 
12.     26-9,  38,  3-58.                    13.     0-477,  0  225,  0  350,  1-538. 

14.  3  in.  from  the  point  of  suspension. 

15.  22  lbs.,  16i  lbs.,  14|  lbs.,  13^  lbs.,  11  lbs.,  9^  lbs.,  8  lbs., 
7^  lbs.  The  curve  is  a  rectangular  hyperbola  whose  equation  is 
a:2/= 22x12. 

16.  1-5.  17.     a;=-|.  18.     (i)  1.     (ii)  1,  2,   -3. 

19.  {i)x  =  S,y=ll;orx=l^,y  =  S.  (ii)  a;=:6-43,  y  =  3-07. 
(iii)  a;  =  6,  ^^  =  2;  or  a;= -6,  2/= -2.  20.     2,2,-1. 

22.  1,1  -732,  -  1  -732.  Negative  for  values  of  a:  <  -  1  '732 ;  positive 
between  -  1  "732  and  1 ;  negative  between  1  and  1  '732  ;  positive  for 
values  of  a;  >  1  '732. 

XLIV.  g.    Page  410. 

2.  (i)  54-1  grains ;    (ii)  0  2.        3.     39*3;   91-6;   y  =  0'S9Sx. 

4.     3-85in.  ;  17-6in.  5.     54-5°  F.     86  9°  F.     F  =  32  +  |c. 

6.  y=100  +  ^;  £350;  4-250.     7.     45-96;  39-40. 

8.     £2.  12s.  ;    £3.  8s.  9.     8-1  in.  ;  24-375  oz. 

10.     (i)  £320;    (ii)  £580.  11.     y  =  ^x-10.     112;  168;  78. 

12.  5  ft.  per  see.  ;  o|  sees.  ;  v  =  5  +  4t.         13.     2-49  sq.  ft. 

14.  (i)  52  ft.  ;    (ii)  160  ft.  15.     max.  height  =  64  ft. ;    4  sees. 

16.  P  =  0-6  G^-14-4;    24.  17.     26s.;   36s.  6cZ.     18.     935°  E. 

20.  2/  =  0-21a:  +  l-37.  21.     y  =  0-4a;  +  l-6;   9-2;  3. 

22.  a  =  45-7,  6=118.     Error  =  8 -43  in  defect. 

23.  8-6;   P  =  0-14^r+0-2;   225  lbs. 

24.  a  =  ^;   b  =  3.     2;    12.  25.     a  =  3,h  =  2.     7;   4'25. 
26.     ?i  =  3,  c  =  27x10'.                   27.     w  =  l-5,  c  =  79500. 

XLIV.  h.    Page  422. 

1.     6  p.m.  ;  (i)  3.30  p.m.  ;  (ii)  7.30  p.m.      2.    (i)  2  p.m.  ;  2.52  p.m. 
3.     47  mi.  from  ^'s  starting  place  at  12.42  p.m. 

11.12  a.m.  and  2.12  p.m.  4.     27  mi. 

5.  35  mi.  from  London  at  3.33  p.m.     3.9  p.m. ;  3.57  p.m. ;  36  mi. 

6.  (i)  15  mi.  after  C's  start,     1  mi.  from  Bath  ; 
(ii)  45  3i  mi ; 

(iii)  half  a  mile  behind  A  and  B. 


f 


J 
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7.  9  mi.  from  Y  at  12.48  p.m.     12.18  p.m.  and  1.18  p.m. 

8.  40  yds.     A  16  yds.  ahead,  C  16  yds.  behind. 

9.  5  sees.  10.     5  hours  from  the  start. 

11.  7.36  p.m.  ;  3  p.m.  and  5  p.m.  ;  19  mi.  from  Y. 

12.  7  hours.     3.7  p.m.  13.     12.12  p.m.     (i)  11a.m.;  (ii)  57  mi 
14.  5  mi.                         15.     4.12  p.m.  16.     10.4  a.m. 
17.  400  yds.                   18.     £420.     20  for  £480. 

19.  After  10  sees.     400  ft.  per  sec.  ;  600  ft.  per  sec. 

20.  30  years.     £410 ;  £320. 

21.  75  in  Latin  ;  80  in  Greek.     74  and  50. 


Miscellaneous  Graphs.    Page  426. 

1.  (2,-3).      2.     (1,2).      4.     x^l,y=lS.      5.     26;  1-28  (approx.). 

6.  9  ;  2-4.                 7.     ( -  4,  5).                   8.     (3,  4),  (4,  1),  (  -  3,  2). 

13.  2-65,  1-91.          14.     2-79,  -1-79.         15.     The  pt.  (6,  5). 

16.  22.S.  Sd.;  36s.,  39.s.  5d.       17.     37;  Is.  9d.       18.     6.s.  2d.;  20-3. 

19.  (i)  x  =  2,  or  -7;    l/  =  7,  or  -2.       (ii)  a:  =  8,  or  6;    y  =  6,  or  8. 

(iii)  a;  =  3,  or  -5 "8;  y  —  5,  or  -0"6.      (iv)  x  —  d"2,  or  -1'3; 
y=  -2'9,  or  5 •7. 

20.  6-46,   -0-46;  12.  21.     52 ;  2s.  ^d.,  os. 
22.     Is.  5d.,  2s.,  3s.  8d.  ;  5  hrs.  23.     3  30,  -0-30. 

24.     18,  40,  51.  25.     90,  72.  27.     260,  5-63,  4-16,  5-77. 

28.  6  p.m.,  48  mi.  from  London.     At  4  and  8  p.m. 

(i)  B  4  mi.  behind  A  ;  C  6  mi.  behind  B.     (ii)  4.21  p.m. 

29.  4.30  p.m.,  18  mi.  from  O.     (i)  At  3  and  6  p.m.     (ii)  20  mi. 

30.  (i)  1  p.m.,  28  mi.  from  P;    (ii)  20  mi.  ;    (iii)  11.30  a.m. 

31.  29J  and  39  millions.  32.     £80  >  £240. 

33.     1-5,-1.     34.     Max.  ordinates(  =  2)atthepoints(-l,2),  (1, -2). 

35.  -1-73,  0,  1-73. 

36.  (i)  x  =  12,  or  3\       (ii)  x  =  6,  or  -3\       (iii)  x  =  2,  3,   -3.   -2\ 

2/  =  3,  orl2/  2/  =  3,  or-6/  y  =  3,2,  -2,   -3j 

37.  30-4cm.  38.     P=l-lQ  +  6 ;  £171  ;  £144 ;  £92. 
41.     17s.  ;  26s.  M.  42.     4^  mi.  per  hr. 

43.     1.30  p.m.  ;  3  : 1.         44.     24  min. 

45.     At  Northampton.      48*4  mi,,   84*8  mi.     The  quickest  run  is 
from  Willesden  to  Northampton. 
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Miscellaneous  Examples  VI.     Page  432. 
2.     -  6a  -  26  -  4:d. 


1  ,2    1 


5.     4-l2x+ 13x^-6x^  +  0^. 


8. 


11. 


■62- 


2 
3.     §aj2  +  |xy-^y2 

6      41 

9.     a;=15,  2/  =  16. 


13 

12' 


12.   ^^^-S^y^+I^^. 


11 

20" 


x^  +  24txhf  +  192x2/2  +  5121/3^ 

H.C.F.  (a;  +  2)(a;-l).     L.C.M.  (a;- l)(a;  +  2)2(a;2  +  2). 

X 


14.     x'^-y\     15.     11, 


2a2-3a  +  3.  18.    x  =  ^6  +  7a^^^8a+76^ 


9 
3 

22.     a;-^y 


19. 

a-x 

23.     -35a;  +  18y+173. 


(1)  (10^-1)  (a; +  8). 

(2)  (3a;  -  y)  {3x  +  y){9x^+ Sxy + y^)  {9x'^  -  Sxy  +  y% 


13. 

x-3y 


x  +  Sy 

21^^'  and  54^^'  past  7 

1 


26.     2. 

2 

29.     a;=-,  y  =  3&. 
a 


zX^-Sy*^. 

1 

x^  -  y^' 

2 
^=3- 


33.     2a4+i2a2  +  2. 
36,     a;=14,  y=17. 


39.     x{x^  +  y^){3x-y), 

21  crowns,  40  half-guineas. 
2a&3  +  37>4  43      3g^ 

ct2+&2  Afi    o    y 

ah{a-bf  *^'     "^^"6' 

11  ^  ^ 

a;=2.  2/=3;  oi"  a;=0,  2^=0. 


48. 


27.  x^~h 

31.  I. 

34,  884. 

37.  23(^-3x+l, 

41.  8a5. 

44.  4a; -5. 

2(a;-7)(2a;-7) 


I 


(a; -2)  (a; -3)  (a: -4)  (a; -5)" 
(2a; +  3)  (4a; +  5)  (3a; -5)  (a; +  2)  (a; -2).  50.     3s.  M. 

-5605a; +  5589.    52.     4a2  -  952  +  246c  -  16c2. 
6(a;  +  l)(a;-3)(a;-4).  55.     2(a2  +  62)(a;2  +  y2). 

x  =  3,  y  =  2,  z=\.  57.     0,  58.     a;=-5. 
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62.     94.  63.      -^^.  64.     ^x'^--x. 

x^-1  be 

65.  x=^.                   66.  (1)  (a;2+l)(a;  +  5V    (2)  (a:-192/)(x+17y). 

67.  jc=24,y  =  9,s  =  5.  68.  -^.                    69.     (2a-36  +  2c)2. 

70.  3,                             7L  x^  +  y'^  +  z\             72.     -  •2a&. 

73.  6.                             74.  (1)  3x(.r  +  9)(a;-7).    (2)  (a  +  6  +  l)(a  +  6). 

80.     640.  81.     l-^-^x'-  +  ~x^, 

lo  3 

82.     I  83.     §a;6-4a:*+!^.r3-^a:2_33^^27. 

t^  4  8  4  4 

84.     2a%'^{a-2bf{2a  +  bf.  85.     x  =  5. 

89.    3{2x-y){ox+4:y).  90.     25  shillings,  30  half-crowns.        91.     0. 
92.     x^-a^  +  ^x-'^.     Eem.   -^.  93.     60(^6-56)^ 

91.     (1)  (a-2&»)(a2  +  2a6'  +  4fti»).     (2)  {a?  +  x-l)(:i?-x+l). 

95.     x=a-26.  96.     (1,     ^,.     (2)    y'^^^.f.  , 

I3a^  2{y  +  5) 

97.  x=i,  y=-i,  z=o.  98.  jy+iijy-f;. 

99.     ^"^  -  3^  +  ^.  100.     Twelve  mioutes  past  four. 


2a -3c 


101. 


(1)  5i.     (2)  -1.  102.     (1)     -li^Lt^„     (2)     l-:r-a;3. 

a''  +  aa;  +  ar 


103.  a^-Sa  +  ~-\-,  a--.  104.  l-5x  +  \^/?-A5a^. 

105.  £20.  106.     (2a-36)(a  +  &). 

107.  (1)     2  or  ^,     (2)     5  or  |.  109.  7a:2-?  +  3. 

110.  A..  Ill        3:^2  +  7.:- 12    .  1 


2a2  (a;2_9)(a;2-l6)'    (a: -3)  (a: -4) 

U2.     H.C.r.  a;-56.     L.C.M.  6(a;  +  3a)(a:-3a)(a:-56). 
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113. 

116. 
118. 


(1)    ~  or  2d.     (2)    9  or  -3. 

2c 


114.     177.       116.     ISmUea 


{Sx  +  2yf  +  (3a;  +  2y)  (2a;  +  3y)  +  (2a:  +  3y)2  =  19a;2  +  37a;?/  +  19y*. 
(1)     {x-\-y){x  +  y){x  +  y).     (2)     mn{m-n). 


119.      (1) 


y 


=   3,    n 
=  -1,  -3/' 


=2,  -2J 


121. 
124. 
125. 

127. 

128. 

130. 

132. 

135. 
136. 
138. 

140. 

142. 

144. 
146. 

148. 
152. 

155. 

156. 
159. 
161. 


(1)  1.    (2)  ^. 
x^ 


122. 


a-b. 


(1)    x  =  a±h.     (2)    a;=3,  y=2. 
x{x  +  y  +  z)      /o\       3a;2+l 


(1) 


(2) 


z{x-y  +  zy     *  '     4a;(a;^+l)* 
(1)     {x-Sy){x  +  Sy+l).     (2)     ^(^x  +  |)  (a;-?). 

6 


123.     435. 


126.     ar^+(a+2)a;+3. 


^^i-p'  129.  (1)0^=4-  (2)  «^=^r:^^:j:^,  2/=^.!^^:^ 


131.     (1)    a;«+*+^     (2)     <ci^2/^. 


134.     x-4:  +  ~. 

X 


x  +  a. 

3  shillings. 

H.C.F.  x^  +  a^     L.C.M,  (a^»+a2)(a;2-4a2). 

(1)   -2y.    (2)  3.     137.     (a;-2a)(a;2  +  2aa;  +  4a2)(2a  +  36)(2a-36). 

(1)3.     (2)  a;  =  105,  y  =  210,  z  =  420.      139.    The  difference  is  3. 


141.     8  hrs.  36  min. 


m    aI+a^-1. 


sc^-4y^-9z^~l2y^z^. 
(1)     I     (2)    I 

(1)  ~:j.     (2)^±^'.     145.     (1)  4(V2  +  v/3).     (2)^21+^14. 


a^-2aM  +  a;^.     149,     a^+l. 


150.     Six  Shillings. 


0. 


(1)     a;  =  7  or 


153. 


(7a; +  4)  (4a; -3) 


~.     (2)    x=±5  or  ±2^3,  y=±S  or  ±^. 


(1)0.   {2)x^y'^.     157.     {p  +  l)x-{p-l).   158  ^* 


(1)     l-22»*.     (2)     3'»-2^ 


56(a;V-l) 
160.    5hrs.57',47i''. 


2  q 

(2)     |. 
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163.      1.  164.      1,  5  +  v'7. 

165.  (3y  +  2x)  (3y  -  2x)  {x  +  2){a^-2x  +  4)  {x  -  2)  {x"^  +  2x  +  4). 

166.  (1)1.     (2)'^.    167,     (1)    1.     (2)    ^U-^/V.. 

168.  H.C.r.  5.r2-l.     L.CM.  ={5x^--lf{'ix^+l){5x^  +  x  +  l). 

169.  (1)     {^lZ^.     (2)     -2|,  -8f.  170.     95.  (^  12.s.  a  dozen 

172.     0.  173.     (1)     ^^t^^^'-     (2)     i. 

174.     11.  175.     (1)     n.     (2)     2-^/3. 

176.     (1)     a7  =  2Q«'   (2)     ^=±2'    ^2'   ^^=^2'    '^^' 

^^^      ax  +  b^^  j^^g      ^jj  ^H^    (2)  27.    179.     4  miles  an  hour, 

a'^  +  x" 

181-       T"^;.'  1^2.     (1)     x^  +  y-^  +  xy-l.     (2)     --L-. 

a  +  c-2o  'Zx-i 

183.     3-2x2.  184^     (1)     2x.     (2)     10, 

185.     (1)  5,  1.     (2)  x  =  6,  2,  4;  2/  =  2,  6,4=     186.     0. 

1  2 

187.     (1)     20|-  or  16f.     (2)     x=S  or  J,  ?/=  -1  or  -. 

189.     (2a  +  l)a;-a.       190.     22: -j^,.  191.     {b  +  c){c  +  a){a  +  b\ 

192.     (1)    , ^;^~^    ^  .     (2)        ^^^ 


(a;+l)(x3-l)  ^/^TT^, 

194.     Began  at  16^'  past   3,    and    ended   27^'  past   5  ;    walked 
2  hours,  lOy-j-  minutes. 

196.      (^y^\       197.      (1)  47.     (2)  h.        199.     20.      200.      9^2 ^?/2. 
202.     17  years.     203.     12  =  4.     The  other  root  is  1.     204,     1|  hours, 

206.     a  =  %r=l',    ov  a  =  %r=-l.        207.     ( _  1)-^^+^)""". 
3        o  3  o  \^-yj 

208.     30-2i0.  209.     £1.  15s.  Qd,  ;  £377.  lOs.  211.     tte0\2\. 

212.     ^  =  ^  =  - [zero  values  are  excluded].  214.     9979200;  7560. 
^S      o      ^ 

215.     32a-^  -  240a%  +  720*3x2  -  1080a2a:3  +  glOax^  -  243x5.     The  3^  and 

4'Herms.  216.     1.  217.      -1. 

218.     (1)    2,  3,  ^~^^-;   (2)     ±1,    ±^-3:^2^/2. 

220.  13104000.  222.  2400 ;  4032000. 
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323.     Number  of  terms  =  6  ;  common  diflFerenee=2. 


:24.     (1)     S2-e0a  +  i5a?-^-^a'  +  ^a'-^^a= ;  A 


(2)     i-.  +  l..  +  Jj^  +  g^^. 
225.     Senary.       226.    4|;  1'412.    227.     5  039684.      228.     315. 
229      (1)     v^;   (2)     x--.  230.     a;^- 10a;  + 19  =  0. 

X 

231.     2-71405;  Ut.  232.     1-75;  r75 ;  -2;  5-2375439. 

233.  B  overtakes  A  at  the  end  of  the  8'''  day ;  then  A  overtakes  B 

at  the  end  of  the  15'^  day. 

nfi  11  191 

234.  (1)     u;  =  21,  y  =  6;    (2)     x  =  4,  ^;   y  =  S,   -~;   2  =  9,  ~. 

235.  a  =  2cL         236,     The  4'^  and  5''' terms.  237.     120 ;  60. 

_  on  

238.     3-698970;   -799340;  1-785248;  a^  =  =^.      239.     8x  =  syz  +  2syz, 

240.     log -2.  241.     14.  244.     (1)    3;  (2)   1-36564;  (3)  22. 

^      5.2.1.4.7...(3r-8)^^^)4-r^i^-fr  2^^      2^5^^ 

3''Lr  ^ 

247.     7^-2{a  +  h)x-i-2ab=0.  248.     2(7i  - 1)  hours. 

249.  (1)     a,   -i ^,      one  root  is  e\adently  a,  and  the  product  ot 

6  -  c       L 

the  roots  is  — - — ^—  ;        (2)     q,  P  -  q- 

o-c      J 

250.  The  series  is  the  expansion  of  (  1  -  - 


I 

I 


I 
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OPINIONS  OF  THE  PRESS. 

SCHOOLMASTER—'-  .  .  .  Has  SO  many  points  Of  excellence  as  Com- 
pared with  its  predecessors,  that  no  apology  is  needed  for  its  issue. 
The  plan  always  adoj^ted  by  every  good  teacher,  of  frequently  recapitulating  and 
making  additions  at  every  recapitulation,  is  well  carried  out." 

NATURE—''  .  .  .  We  confidently  recommend  it  to  mathematical 
teachers,  who.  we  feel  sure,  will  find  it  the  best  book  of  its  kind  for 
teaching  purposes." 

ACABEM  Y — 'We  will  not  say  that  this  is  the  best  Elementary  Algebra  for 
school  use  that  we  have  come  across,  but  we  can  say  that  we  do  not  remember 
to  have  seen  a  better.  .  .  .  It  is  the  outcome  of  a  long  experience  of 
school  teaching,  and  so  is  a  thoroughly  practical  book, ' 

EDUCA'IIOSAL  TIMES — "  .  .  .  A  very  good  book.  The  explanations  are 
concise  and  clear,  and  the  examples  both  numerous  and  well  chosen." 

EDUCATIONAL  iVjS'JFS— "  A  book  of  exceptional  value." 

OPINIONS  OF  TEACHERS. 

"  I  think  it  decidedly  the  best  of  all  books  on  Elementary  Alg;ebra 

yet  published.  Tiie  great  merit  seems  to  me  to  be  that,  while  it  is  quite  simple 
and  elemen:ary,  there  are  no  misleading  and  inaccurate  statements  which  must 
afterwards  be  unlearned.  I  shall  certainly  make  use  of  it  in  my  classes,  and 
hope  it  may  corae  into  general  use  throughout  the  country." — A.  J.  Wallis,  M.A., 
Fellow  and  LecLurer  of  Corpus  Chrisli  CoUtge,  Cambridf/e. 

"We  have  examined  your  Algebra  very  carefully  ;  and  we  agree  that  it  is 
as  perfect  as  a  book  can  be.  I  will  introduce  it  at  St.  Pauls  as  soon  as  I 
can." — C.  Pendledurv,  M.A.,  Senior  Malhemaiical  Master,  St.  PavA's  School. 

"After  cmyjloying  it  v;ith  my  evening  class  this  term,  I  feel  it  tO  be  quite 

the  best  Elementary  Algebra  that  has  yet  appeared."— k.  a.  Herman, 

M.A.,  Felloio  of  Trinity  College,  Ca/mbridge;  Late  Professor  of  Mathematics  at 
University  College,  Liverpool. 

KEY   TO   ELEMENTARY   ALGEBRA   FOR    SCHOOLS. 

Crown  8vo.     Ss.  6d. 

ANSWERS    TO   THE   EXAMPLES   IN   ELEMENTARY 

ALGEBRA.     Fcap.  8vo.     Sewed.     Is. 
ELEMENTARY  ALGEBRA  FOR   SCHOOLS.     (Chapters 

XXVIII.-XLIV.)     With  Answers.     Globe  8vo.     2s.  M. 

MACMILLAN  AND  CO.,    LIMITED,  LONDON. 


I 


Works  by  H.  S.  HALL,  M.A.,  and  S.  R.  KNIGHT,  B.A. 

ALGEBRA  FOR  BEGINNERS.  By  H.  S.  Hall,  M.A.,  and 
S.  R.  KisiGHT,  B.A.,  M.B.,  Ch.B.  Globe  8vo.  2.5.  With 
Answers.     2s.  6c?. 

EDUCA  TIOXAL  TIMES. — ^^  Algebra  for  Beginners  is  dealt  with  on  the  same  lines 
as  the  earlier  and  some>^hat  more  advanced  book.  The  learner  i3  introduced  as 
soon  as  possible  to  the  practical  and  more  interesting  side  of  the  subject,  such  as 
equations  and  problems,  while  work  wh^ch  largely  consists  in  the  manipulation 
and  simplification  of  elaborate  expressions  is  jxjstponed  till  later  on.  The  exam- 
ples for  practice  are  copious,  and  have  been  newly  composed  for  this  particular 
book ;  and,  as  heretofore,  the  explanations  are  clear,  concise,  and  simply  expressed. 

Indeed,  without  hesitation  we  pronounce  this  book  the  best  of  its  size 
which  we  have  seen." 

VSIVERSITT  CORRESPONBENT.—^ThosQ  masters  who  have  already  adopted 
Messrs.  Hall  and  Knight's  Elernentary  Algebra  in  their  schools,  will  welcome  this 
new  work  for  the  use  of  their  junior  classes.  .  .  .  The  numerous  exercises  for 
the  student  are  excellent  in  quality  and  entirely  new.   We  can  unhesitatingly 

recommend  the  book  to  the  notice  of  both  teachers  and  students. ' 

SCHOOLMA  STER — "  To  teachers  who  have  had  experience  of  either  the  Elemen- 
tary or  the  Higher  Algebra  it  will  only  be  necessary  to  say  that  this  book  is 
marked  by  the  same  qualities  whivh  have  brougrht  these  works  into  such  deserved 

repute.  To  tbose  who  are  still  in  ignorance  of  these  books,  we  can  say 
that  for  clear,  simple,  and  concise  explanation,  convenient  order  of 
subject-matter,  and  copious  and  well-graduated  exercises,  these  books 

bave,  to  say  tbe  least,  no  superiors.  Quite  early  the  student  is  introduced 
to  easy  problem  work,  which  can  only  be  looked  upon  as  an  advantage.  The  very 
numerous  exercises  are  entirely  new,  so  that  the  book  might  easily  serve  as  a 
companion  and  supplement  to  the  elementary  work." 

GUARDIAN — "It  possesses  the  systematic  arrangement  and  lucidity  which 
have  gained  so  much  praise  for  the  works  previously  written  by  the  authors  in 
collaboration. " 

ANSWERS  TO  ALGEBRA  FOR  BEGINNERS  AND 
EASY  GRAPHS.     Globe  8vo.     M. 

ALGEBRAICAL     EXERCISES     AND      EXAMINATION 
PAPERS.     With  or  without  Answers.     By  H.  S.  Hall,  M.A., 
and  S.  Pi.  Knight,  B.A.     Third  Edition,  revised  and  enlarged. 
Globe  8vo.     2s.  Qd. 
This  book  has  been  compiled  as  a  suitable  companion  to  the  Ele- 
mentary  Algebra  by  the  same  authors.     It  consists  of  one  hundred 
and  twenty  progressive  Miscellaneous  Exercis^BS,  followed  by  a  com- 
prehensive collection  of  papers  set  at  recent  examinations. 

SA  TURDAY  REVIEW — "  To  the  exercises,  one  hundred  and  twenty  in  number, 
are  added  a  large  selection  of  examination  papers  set  at  the  principal  examinations 
which  require  a  knowledge  of  algebra.  These  papers  are  intended  chiefly  as  an 
aid  to  teachers,  who  no  doubt  will  find  them  useful  as  a  criterion  of  the  amount 
of  proficiency  to  which  they  must  work  up  their  pupils  before  they  can  send 
them  in  to  the  several  examinations  with  any  certainty  of  success." 

SCHOOLMASTER. — "We  can  strontfly  recommend  the  volume  to  teachers  seek- 
kig  a  well-arranged  series  of  tests  in  algebra.  " 

MACMILLAN  AND   CO.,   LIMITED,    LONDON. 


Works  by  H.  S.  Hall,  M.A.,  and  S.  R.  KNIGHT,  B.A. 

HIGHER  ALGEBRA.  A  Sequel  to  Elementary  Algebra  for 
Schools.  By  H.  S.  Hall,  M.A.,  and  S.  R.  Knight,  B.A. 
Fourth  Edition.     Crown  8vo.     Is.  6d. 

The  Fourth  Edition  contains  a  collection  of  three  hundred 
Miscellaneous  Examples,  which  will  be  found  useful  for  advanced 
students.  These  Examples  have  been  selected  mainly  from  recent 
Scholarship  or  Senate  House  Papers. 

SCHOOL  GUARDiAX.—"'We  have  no  hesitation  in  saying  ttiat,  in  our 
opinion,  it  is  one  of  tlie  best  books  tliat  have  been  published  on  the 

subject.  .  .  .  The  authors  have  certainly  added  to  their  already  high  reputa- 
tion as  writers  of  mathematical  text-books  by  the  work  now  under  notice,  which 
is  remarkable  for  clearness,  accuracy,  and  thoroughness." 

"  It  is  a  splendid  sequel  to  your  Elementary  Algebra,  and  I  am  very  pleased  to 
see  you  have  introduced  the  essential  parts  of  the  Theory  of  Equations  in  Chap, 
XXXV.,  which  contains  all  that  is  required  of  the  subject  for  ordinary  practical 
purposes." — A.  G.  Gbeenhill,  M.A.,  Professor  of  Mathematics,  to  the  Senior  Clacz 
t/ ArtUUri/  Ojncers,  KA.  Institution,    Woolwich. 

ATBEy^UM — "The  Elementary  Algebra  by  the  same  authors,  which  haa 
already  reached  a  third  edition,  is  a  work  of  such  exceptional  merit  that  those 
acquainted  with  it  will  form  high  expectations  of  the  sequel  to  it  now  is&'sed. 
Nor  wiU  they  be  disappointed.  Of  the  authors'  Higher  Algebra  as  of  their 
Elementary  Aigtbra,  we  unhesitatingly  assert  that  it  is  by  far  the  best 
work  of  its  kind  with  which  we  are  acquainted.  It  supplies  a  want 
much  felt  by  teachers."- 

ACADEMY— "Is  as  admirably  adapted  for  College  students  as  its  predecessor 
was  for  schools.  It  is  a  well -arranged  and  well-reasoned-out  treatise,  and  con- 
tains much  that  we  have  not  met  with  before  in  similar  works.  For  instance,  we 
note  as  specially  good  the  articles  on  Convergency  and  Divergency  of  Series,  on 
the  treatment  of  Series  generally,  and  the  treatment  of  Continued  FYactions. 

.  .  .  The  book  is  almost  indispensable,  and  will  be  found  to  improve 
npon  acquaintance." 

SATDRDAT  REVIEW— "Thej  have  presented  such  difBcult  parts  of  the  sub- 
j&ct  as  Convergency  and  Divergency  of  Series,  Series  generally,  and  Probability 
with  orreat  clearness  and  fulness  of  detail.  ,  .  .  No  student  preparing  for 
the  University  should  omit  to  get  this  work  in  addition  to  any  other 
he  may  have,  for  he  need  not  fear  to  find  here  a  mere  repetition  of 

the  old  story.  We  have  found  much  matter  of  interest  and  many  valuable 
hints.  .  .  .  We  would  specially  note  the  examples,  of  which  there  are  enough, 
and  more  than  enough, to  try  any  student's  powers." 

KEY.     Crown  8vo.     10«.  6d. 

MACMILLAN  AND  CO.,  LIMITED,  LONDON. 
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ELEMENTAEY  IRIGONOMETRY.    Ty  H.  S.  Hall,  M.A.. 
and  S.  R.  KxiGHT,  B.A.     Fourth  Edition.     Globe  8vo.     4s.  Qd. 

EDUCATIONAL  REVIEW— ''The  authors  have  that  i-stinctive  kno-wledge  of 
tiie  needs,  both  of  the  pupil  and  of  the  teacher,  which  only  belongs  to  the  practical 
teacher.  ...  On  the  whole  it  is  the  best  elementary  treatise  on 
Trigonometry  we  have  seen." 

&rJiJJ>/^JV— "■  They  are  lucid  and  concLse  in  exposition,  their  methoda  are 
simple,  and  the  examples  are  judiciously  selected." 

LYCEUM— "1%  is  not  too  much  to  say  of  this  book,  that  it  is  the  very 
best  class-book  that  can  be  placed  in  the  hands  of  beginners." 

SPEAKER — "  They  here  present;  Elementary  Trigonometry  so  far  as  it  can  well 
be  treated  without  infinite  series  and  imag^inary  quantities.  The  authors  lay  a 
solid  foundation  by  insisting  on  the  thorough  comprehension  of  trigonometrical 
ratios  before  passing  on  to  other  subjects.  Logarithms  and  heights  and 
distances  have  been  treated  with  special  care.  .  .  The  full  table 
of  contents  is  a  useful  feature  of  the  book." 

CAMBRIDGE  REVIEW— '"'Sles^rs.  HaU  and  Knight's  Algebra  has  won  them  a 
reputation  which  we  think  their  Tr7<5onometry  will  sustain." 

NATURE — "This  book  can  safely  be  recommended  to  beginners,  and  it  may, 
besides  imparting  to  them  a  sound  elementary  knowledge  of  the  subject,  ingraft 
an  intelligent  interest  for  more  advanced  study." 


KEY.     Crown  8vo.     &s.  Qd. 

AEITHMETICAL    EXERCISES   AND    EXAMINATION 

PAPERS.  With  an  Appendix  containing  Questions  in 
LOGARITHMS  AND  MENSURATION.  With  or  without 
Answers.  By  H.  S.  Hall,  M.A.,  and  S.  R.  Knight,  B.A. 
Third  Edition,  revised  and  enlarged.     Globe  8vo.     2s.  Qd. 

"  In  the  Second  Edition,  the  Appendix  has  been  increased  by  a  new  series  of 
examples,  which  are  intended  to  be  worked  by  the  aid  of  Logarithmic  Tables.  In 
Tiew  of  the  increasing  importance  of  logarithmic  calculation  in  many  examina- 
tions, this  last  section  will  be  found  especially  usefuL" — From  the  Pre/act, 

CAMBRIDGE  REVIEW-"  Ail  the  mathematical  work  these  gentlemen  have 
given  to  the  public  is  of  genuine  worth,  and  these  exercises  are  no  exception  to 
the  rule.  The  addition  ef  the  logarithm  and  mensuration  questions  adds  greatly 
to  the  value." 

MACMILLAN  AND  CO.,  LIMITED,  LONDON. 
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By  H.  S.   HALL. 

A  SCHOOL  ALGEBRA.  Crown  8vo.  With  or  without 
Answers.  Part  I.  2s.  Qd.  Part  II.  U.  6d.  Parts  I.  and  II. 
3s.  6rf.  Part  III.  Is.  M.  Parts  II.  and  III.  2s.  6c?. 
Complete.  4s.  M.  Key  to  Part  I.  6s.  Keys  to  other  Parts. 
In  preparation. 

EXAMPLES  IN  ALGEBRA.  Taken  from  Part  I.  of  "A 
School  Algebra."     With  or  without  Answers.     Crown  8vo.     2s. 

ALGEBRAICAL  EXAMPLES.  Supplementary  to  Hall  and 
Knight's  Algebra  for  Beginners,  and  Elementary  Algebra. 
(Chaps.  L -XX  VIL)  With  or  Without  Answers.    Globe  8 vo.    2s. 

A  SHORT  INTRODUCTION  TO  GRAPHICAL  ALGEBRA. 

Revised  Edition.     Globe  8vo.     Is. 

OPINIONS  OF  THE  PRESS. 

SCHOOL   WORLD — "May  be  recommended  without  reservation." 

TEACHERS'  ^/D— "The  second  edition  revised  and  enlarged,  of  this 
small  but  admirable  sketch  of  Graphical  Algebra  lies  before  us,  and  we 
are  constrained  to  accord  its  appearance  with  unstinted  praise." 

EDUCATIONAL  TIMES— '' An  excellent  little  pamphlet.  .  .  . 
From  a  careful  study  of  Mr.  Hall's  descriptions  and  explanations  a 
student  without  any  previous  knowledge  of  the  subject  will  be  able  to 
obtain  an  intelligent  grasp  of  its  elements." 

-S'6^5'00iilf^57'^/2—*' This  little  book  is  invaluable.  .  .  .  Aspirants 
to  the  engineer's  office,  the  laboratory  or  workshop  will  find  it  ail  but 
indispensable." 

KEY  TO  THE  SHORT  INTRODUCTION  TO  GRAPHICAL 
ALGEBRA.     Crown  8vo.     3s.  6c?. 

EASY  GRAPHS.     Globe  8vo.     Is. 

KEY  TO  EASY  GRAPHS.    Globe  8vo.    3s.  6d. 

MACMILLAN  AND  CO.,   LIMITED,   LONDON. 


By  H.  S.  HALL,   M.A.,   and  F.  H.  STEVENS,  M.A. 

A  SCHOOL  GEOMETRY,  based  on  the  recommendations  of  the 
Mathematical  Association,  and  on  the  recent  report  of  the 
Cambridge  Syndicate  on  Geometry.    Cr.  8vo. 

Parts  I,  and  II. — Part  I.  Lines  and  Angles.  Rectilineal  Figures. 
Part  II.  Areas  of  Rectilineal  Figures.  Containing  the  sub- 
stance of  Euclid  Book  I.     Is.  Qd.     Key,  3s.  Qd. 

Part  I. — Separately.     Is.  Part  II. — Separately.     6c?. 

Part  III. — Circles.  Containing  the  substance  of  Euclid  Book  III. 
1-34,  and  part  of  Book  IV.     Ls. 

Parts  I.,  II.,  III.  in  one  volume.     2s.  Qd. 

Part  IV. — Squares  and  Rectangles.      Geometrical  equivalents  of 
Certain  Algebraical  Formulae.      Containing  the  substance  c 
Euclid  Book  II.,  and  Book  III.  35-37.     M. 

Parts  III.  and  IV.  in  one  volume.     Is.  6d. 

Parts  I. -IV.  in  one  volume.     3s.      Key,  6s. 

Part  V. — Containing  the  substance  of  Euclid  Book  VI.     Is.  6c?. 

Parts  III.,  IV.  and  V.  in  one  volume.     2-s.  Qd. 

Parts  IV.  and  V.  in  one  volume.     2s. 

Parts  I.-V.  in  one  volume,     4s. 

Part  VI. — Containing  the  substance  of  Euclid  Book  XI.  1-21,  to- 
gether with  Theorems  relating  to  the  Surfaces  and  Volumes 
of  the  simpler  Solid  Figures,     l.s.  Qd. 

Parts  IV.,  v.,  VI.  in  one  volume.     2s.  Qd. 

Key  to  Parts  V.  and  VI,     .3s.  Qd. 

Parts  I.-VI.  in' one  volume.     45.  Qd.     Key,  8s.  6c?. 

LESSONS  IN  EXPERIMENTAL  AND  PRACTICAL 
GEOMETRY.     Crown  Svo,  Is.  6c?. 

A  SCHOOL  GEOMETRY,  PARTS  L  AND  IL  AND 
LESSONS  IN  EXPERIMENTAL  AND  PRACTICAL 

GEOMETRY.     In  one  volume.     Crown  Svo.     2s.  6c?. 

A  TEXT-BOOK  OF  EUCLID'S  ELEMENTS,  including 
Alternative  Proofs,  together  with  Additional  Theorems  and 
Exercises,  classified  and  arranged.  By  H.  S.  Hall,  M.A.,  and 
F.  H.  Stevens,  M.A.,  Masters  of  the  Military  Side,  Clifton 
College.  Books  I.-VL,  XL,  and  XII.,  Props.  1  and  3.  Globe 
Svo.     4s.  Qd.     Also  in  parts  separately  as  follows  : — 


Book   I.     -        -     Is. 

Books  III.  and  IV.    -     2«. 

Books  I.  and  II.      Is. 

Qd. 

Books  III.— VI.       -     35. 

Books  II.  and  III.  2.s. 

Books  IV.— VI.        -     25.  6c?. 

Books  I.— III.    -     25. 

Qd. 

Books  v.,  VI.,  XI.  and  XII. 

Sewed,  2s. 

1  and  3.     -         -     25.  6c?. 

Books  I.— IV.   -    3s. 

Book    XI.         -        -     Is. 

Sewed,  2s.  Qd. 

IMACMILLAN  AND  CO.,  LIMITED,  LONDON. 


By  H.  S.  HALL,  M.A.,  and  F.  H.  STEVENS,  M.A. 

A  KEY  TO  THE  EXERCISES  AND  EXAMPLES 
CONTAINED  IN  A  TEXT  BOOK  OF  EUCLID'S 
ELEMENTS.  Books  I. -VI.  and  XI.  By  H.  S.  Hall,  M.A., 
and  F.  H.  .Stevexs,  M.A. ,  Masters  of  the  Military  Side,  Clifton 
College.  Crown  8vo.  8s.  Qd.  Books  I.-IV.,  65.  6d.  Booka 
VI.  and  XI.,  3.S.  Qd. 

AN  ELEMENTARY  COURSE  OF  MATHEMATICS,  com- 
prising Arithmetic,  Algebra,  and  Euclid.     Globe  8vo.     2s.  Qd. 

AN  ELEMENTARY  COURSE  OF  MATHEMATICS,  com- 
prising  Arithmetic,  Algebra,  and  Geometry.    Globe  8vo.  2s.  Qd. 

A  SCHOOL  ARITHMETIC.  Crown  8vo.  Part  I.  With 
Answers.  2s.  Qd.  Without  Answers.  2.s.  Key.  4s.  Qd. 
Part  II.  With  Answers.  2.s.  Qd.  Without  Answers.  2.s. 
Key.  6s.  Coniplfte.  With  Answers.  4.s.  Qd.  Without 
Answers.    .3.s.  Qd.     Key.     10s.  Qd.     Answers.     Complete.    Is. 

EXAMPLES  IN  ARITHMETIC.  Taken  from  "A  School 
Arithmetic."  With  or  without  Answers.  Crown  8vo.  Part  I. 
Is.  Qd.     Part  11.     2s.     Complete.     3-9. 


By  H.  S.  HALL  and  R.  J.  WOOD. 

ALGEBRA  FOR  ELEMENTARY  SCHOOLS.  Globe  8vo. 
Parts  I.,  II.,  and  III,,  Qd.  each.  Cloth,  Sd.  each.  Answers, 
4c/.  each. 


By  F.  H.  STEVENS,  M.A. 
ELEMENTARY  MENSURATION.    Globe  Svo.    3.s.  ed. 

NATVE.E — "The  large  number  of  original  examples  will  be  found  of  gi-eat 
assistance  by  teachers,  and  the  questions,  selected  from  papers  set  by  the  prin- 
ciiial  examining  bodies,  will  prove  of  service  as  tests  of  the  student's  capabilities 
in  working  out  mensiu^tion  problems." 

MENSURATION   FOR  BEGINNERS,    with  the  Rudiments 
of  Geometrical  Drawing.     Globe  8vo.     Is.  Qd. 

EDUCATIONAL  TIME'^ — "  A  considerable  amount  of  grround  is  covered,  and 

the  whole  is  written  with  raxe  judgment  and  clearness." 

GUARDIAN — "  Mr.  Stevens  seems  to  us  to  have  chosen  just  the  elements  that 
are  of  u.se  in  evfry-day  li  e,  and  in  the  notes  and  the  examples  he  has  worked  out, 
to  have  given  sufficient  illustrittion  of  right  methods." 

MACMILLAN  AND  CO.,   LIMITED,   LONDON. 
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